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This work is based on the Chapter 5 of the

Ph.D. thesis of M.S. Tammam El-Sayiad, en-

titled Prime and semiprime rings endowed

with some kinds of mappings, Beni suef

University (Egypt), 2008.
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In this lecture me concentrate our study on

Jordan left centralizers.

The first result will characterize rings with a

Jordan centralizer T .

Such rings have a T invariant ideal I, and I is

the union of an ascending chain of nilpotent

ideals.

Also, we include an application of this result.

The material in this chapter 5 is contained in

Hentzel, I.R.; Tammam El-Sayiad, M.S.:

Left centralizers on rings which are not semiprime,

Rocky Mountain J. Math. (to appear).
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Introduction, Definitions and Preliminary Results

A (left) centralizer for an associative ring R

is an additive map satisfying

T (xy) = T (x)y, ∀x, y ∈ R.

A (left) Jordan centralizer for an associative

ring R is an additive map satisfying

T (xy + yx) = T (x)y + T (y)x, ∀x, y ∈ R.
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We characterize rings with a Jordan central-

izer T .

Such rings have a T invariant ideal I.

T is a centralizer on R/I.

And I is the union of an ascending chain of

nilpotent ideals.

Our work requires char(R) 6= 2.

This result has applications to (right) cen-

tralizers, (two sided) centralizers, and gener-

alized derivations.
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Let R be a ring and T : R → R be a left

Jordan centralizer.

We define a function h: R×R → R by

h(x, y) = T (xy)− T (x)y.

It is immediate that T is a (left) centralizer

⇔ h(x, y) = 0, ∀x, y ∈ R.
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The intent is to study Jordan centralizers on

rings wich are not semiprime.

Let N(R) be the (Baer lower) radical of R,

i.e., R/N(R) is semiprime.

We show that h(R, R) ⊂ N(R).

We do not show that T (N(R)) ⊂ N(R).
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This lecture will focus on the T invariant ideal

generated by H = h(R, R).

We show that I is the union of a chain of

nilpotent ideals.

This shows that I ⊂ N(R).

This follows us to prove that T is well-defined

on the cosets of R/I and that this map is a

centralizer on R/I.
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Throught this lecture, we use the letter P to

represent the set of absolute left annihilators:

P = {x ∈ R; xR = 0}.

P is a two sided ideal of R.

T will be a left Jordan centralizer.

We will be using repeated applications of T .

In particular:

T0 = x; Tn+1(x) = T (Tn(x)).

The ◦ product or the symmetric product is

defined by

x ◦ y = xy + yx.

10



Lemma 1: Let T be a (left) Jordan central-

izer on a ring R. Then
∑

i+j=n

T i(x)T j(x) =
∑

i+j=n

T i(xT j(x)).

Lemma 2: Let R be a ring and T a Jordan

centralizer on R. The function h is defined by

h = T (xy) − T (x)y. The function h satisfies

the following:

(i). h(x, y) + h(y, x) = 0;

(ii). 2h(xy, z) = −h(x, y)z +h(y, z)x−h(z, x)y;

(iii). h([x, y], z) = −h(x, y)z;

(iv). h(x, y)[z, w] + h(z, w)[x, y] = 0,

∀x, y, z, w ∈ R.
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Lemma 3: More properties of h.

(i). h(xy, z) = −h(xz, y);

(ii). h(xy, z) = +h(y, xz);

(iii). h([x, y]z, w) = 0,

∀x, y, z, w ∈ R.

Lemma 4: More properties of h.

(i). h(x, y)[z, w]R = 0;

(ii). Tn(h(x, y))[z, w]R = 0;

(iii). h(x, y)Tn(h(z, w)) ⊂ T (P ) + P ,

∀x, y, z, w ∈ R.
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An extremly important result follows from

Lemma 4 (ii).

Suppose we have a product of the following

form.

It has a Tn(h(x, y)) on the left end.

It ends with an element w of R on the right

end.

The product of the elements z1z2 . . . zn which

are sandwiched between the left end and the

right end is independent of the order of the

z1z2 . . . zn.

Tn(h(x, y))z1z2 . . . znw = Tn(h(x, y))zi1zi2 . . . zinw,

for any permutation (i1i2i3 . . . in) of (123 . . . n).
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A repeated use of this is to replace terms of

the form

. . .2T i(x)T i(y) . . . ,

with

. . . T i(x+y)T i(x+y) . . .−. . . T i(x)T i(x) . . .−. . . T i(y)T i(y) . . ..

This allows us to reduce the problem to the

case when the arguments of the two adjacent

elements are equal.

This is necessary when we apply Lemma 1.

We shall refer to the elements which are sand-

wiched between Tn(h(x, y)) on the left and

an element of R on the right as a sandwiched

string.

Remember that the order of the elements of

the sandwiched string is immaterial.
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Lemma 5: Using the ◦ to denote the sym-

metric product x ◦ y = xy + yx.

(i). (h(R, R)) ◦ h(R, R))R = 0;

(ii). h(x, y)h(z, w)h(u, v)R = 0,

∀x, y, z, w, u, v ∈ R.

Lemma 6: Let h1 and h2 be elements of

H = h(R, R). Then Tn(h1) ◦ Tn(h2) is equal

to a linear combination of terms of the form

T i(H)T j(H) or T k(P ),

where i + j = 2n, i 6= j and 0 ≤ k ≤ 2n + 1.

Remember that P is the set of absolute left

zero divisors of R.

In particular we can reduce the exponent to

be less than n for one of the factors with the

addition of terms involving T k(P ).
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Theorem 7: Any sandwiched product in-

volving at least 2n terms of the form T i(P )

with 0 ≤ i ≤ n is zero.

Theorem 8: Any sandwiched product of enough

terms of the form T i(H) with i bounded is

zero.

Proof. The general idea of the proof is to use

Lemma 6 to introduce a significant number

of instances of T i(P ) into eqch sandwiched

string. Then the string evaluates to zero by

Theorem 7. The total lenght involved will

be two more than the total length of the

sandwiched string to account for the left and

right ends:

2 + 3× 2n × 22n+1 = 2 + 3× 23n+1.
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Main Results and Applications

Theorem 9: Let T be a (left) Jordan cen-

tralizer on a ring R.

Let h(x, y) = T (xy)− T (x)y, ∀x, y ∈ R.

Let I be the T -invariant ideal generated by

h(R, R). Then I is the union of nilpotent

ideals. T is well-defined on R/I. And T is a

centralizer on R/I.

Proof. We use the notation 〈X〉 for the ideal

of R generated by the set X.

Let H0 = 〈h(R, R)〉.
Inductively, define Hn+1 = Hn + 〈T (Hn)〉.
It is clear that each Hn is an ideal, and by

Theorem 8, each Hn is nilpotent of index

≤ 2 + 3× 23n+1.

Letting I = ∪∞i=0Hi, I will be an invariant

because T (Hn) ⊂ Hn+1.

I is a radical ring because it is the union of

nilpotent ideals.

T is well-defined on R/I because T (I) ⊂ I.

T is a centralizer on R/I because

h(x, y) ⊂ H0 ⊂ I.
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Remark: If R is a semiprime ring, then we

can give a short proof for Zalar’s result. We

can also prove that any generalized Jordan

derivation is a generalized derivation.

Zalar, B.: On centralizers of semiprime rings.

Comment. Math. Univ. Carolinae. vol. 32,

no. 4, 1991, 609-614.

Let R be a semiprime ring and T : R → R an

additive mapping such that T (x2) = T (x)x

holds for all x ∈ R. Then T is a left cen-

tralizer of R. It is also proved that Jordan

centralizers and centralizers of R coincide.
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Theorem 10: Let R be a 2-torsion-free semiprime

ring and T : R → R a left Jordan central-

izer, i.e., T is an additive mapping and sat-

isfy T (x2) = T (x)x, for all x ∈ R. Then T is

a left centralizer, i.e., T (xy) = T (x)y, for all

x, y ∈ R.

Corollary 11: Let R be a 2-torsion-free semiprime

ring and G: R → R be a Jordan generalized

derivation, i.e., G is an additive mapping sat-

isfying the relation G(x2) = G(x)x + xD(x),

for all x ∈ R and some derivations D of R.

Then G is a generalized derivation, i.e., G

satisfies the relation G(xy) = G(x)y +xD(y),

for all x, y ∈ R and some derivation D of R.

Proof. If G(x2) = G(x)x + xD(x), where D

is a derivation, then G − D is a left Jordan

centralizer. So G−D is a left centralizer, by

the above Theorem, and so G is a generalized

derivation.
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That’s my say!

Thank you for the superhuman patience!
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Thank you for the “slaps”!
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