120003471_AGB_030_005_R1.san

COMMUNICATIONS IN ALGEBRA, 30(5), 2321-2333 (2002)

HIGHER DERIVATIONS OF SEMIPRIME
RINGS

Miguel Ferrero' and Claus Haetinger”

"nstituto de Matematica, Universidade Federal do Rio
Grande do Sul, 91509-900, Porto Alegre — RS, Brazil
E-mail: ferrero@mat.ufrgs.br
“Departamento de Ciéncias Exatas e Biologicas, Centro
Universitario UNIVATES, 95900-000, Lajeado — RS, Brazil
E-mail: chact@fates.tche.br

ABSTRACT

In this paper we study higher derivations of prime and
semiprime rings satisfying linear relations. We extend several
results which are known for algebraic derivations and we
prove some other results.

INTRODUCTION

Derivations of prime and semiprime rings have been extensively stu-
died in the last 50 years. In particular, algebraic derivations were considered
in several papers ([6—8, 13]).

Let R be a semiprime ring, Q the left Martindale’s quotient ring of R
and C the extended centroid of R. If d: R — R is a derivation of R, then
d can be uniquely extended to a derivation ¢ : Q — Q. When R is a
prime ring [8] and later on when R is semiprime [13], different types of
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algebraicity were related. It was proved that the following conditions are
equivalent: d is R-algebraic; ¢ is R-algebraic; d is Q-algebraic; d* is Q-
algebraic; d is C-algebraic; d* is C-algebraic. Also it is a well-known result
that if d is algebraic over a prime ring R, then d is X-inner [6], provided
that char(R) = 0 or char(R) = p is greater than the degree of algebraicity
of d.

On the other hand, higher derivations (HD, for short) of a ring R have
been studied in many papers mainly in commutative rings (see, for example,
[1, 9—11]), but also in non-commutative rings ([2] and [3]). Note that
if d: R— R is a derivation of an algebra R over the field of rational
numbers, then putting d; = 4 we have that D = (d;),., is a higher derivation
of R. Thus the derivation d is algebraic over R if and only if there exists a
relation Y 7, ridi(x) = 0, for all x € R and some elements ro, 7y, ..., r, # 0
in R.

There is another situation in which higher derivations satisfying a
linear relation naturally appear. Assume that R is an algebra of finite
dimension over a field K. Then every HD D = (d;),., Where d; is K-linear
for every i, satisfies a K-linear relation and then an R-linear relation, since
Endg(R) is of finite dimension over K.

Consequently, it is natural to study higher derivations which
satisfy linear relations on a semiprime ring R. This is the purpose of our
paper.

Assume that R is a semiprime ring and D = (d;),. is a higher deri-
vation of R. Then there is a unique extension D* = (d),., of D to a higher
derivation of Q. One of the main results of this paper states that the fol-
lowing conditions are equivalent: there exists an R-linear (Q-linear) relation
for D on R; there exists an R-linear (Q-linear) relation for D* on Q. This is
an extension of the result mentioned above. The corresponding relation with
C-algebraicity is no more true in this case.

Also, if R is a prime ring and D = (d;),.,; is a higher derivation of R
which satisfies a minimal linear relation of the type >\ ridi(x) = 0, for all
x € R, wherer; € Rand r, # 0, we give a description of dy, s, . . ., d, in terms
of X-inner derivations of R. This result is an extension of the result which
states that an algebraic derivation is X-inner, provided that char(R) = 0 or
char(R) = p is greater than the degree of algebraicity of d.

In the first section of the paper we prove the main results mentioned
above. Some additional results and examples are given in Sec. 2.

Throughout this paper T denotes an arbitrary ring and by R we always
denote a semiprime ring, not necessarily with an identity element. Also, Q
denotes the left Martindale ring quotients of R and C the center of Q, i.e., the
extended centroid of R. Thus when R is a prime ring, C is a field. Finally,
N is the set of natural numbers including 0.
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1. MAIN RESULTS

Recall that a family of additive mappings D = (d;),. of a ring T is
said to be a higher derivation (HD, for short) if dy = idy and for every n € IN
we have d,(ab) = 37 di(a)d,—i(b), for all a,b € R ([5], Exercise 4, p. 532).

Assume that D = (d;),. is @ HD of a semiprime ring R. Then D can
be extended in a unique way to a HD D* = (d}),.., of Q. This result is an
easy extension of a well-known result for a derivation d, but we could not
find it in the literature. So we include a sketch of the proof for the sake of
completeness.

Proposition 1.1.  Let R be a semiprime ring and D = (d;);cn; a HD of R. Then
there exists a unique HD D* = (d}),.n; of Q such that d; |r = d,, for every
ne N.

Proof. Note that if /is and ideal of R, then d,_;(1"*!) C I'*!, for any i <n
in I\,

We define d(q) by induction. Put djj = idp. Assume that ¢ € Q and
take an essential ideal 7 of R such that /g C R. Suppose that df(g) has been
defined and I'*'ds(q) C R, for all i < n. Then we put

n—1
ad,(q) = d,(aq) — Z dy—i(a)d;(q),
i=0
for every a € I"*!. Now is easy to complete the proof. |

Assume that D = (d;)
either SC T or TC S.

«en is @ HD of a ring T and S is a ring such that

Definition 1.2.  We say that D satisfies an S-linear relation on T if there exist
ag, i, ... ay # 0 in S such that 3":_, a;d;(x) = 0, for every x € T.

In this case we will simply write D satisfies an S-LR on T, for short.
The above relation will be written as Y ; , a;d; = 0. The integer n is called
the length of the relation. If »n is minimal among the lengths of all the
relations, then the relation is said to be a minimal relation and the integer n
is said to be the S-length of D on T, or simply the length of D if there is no
possibility of misunderstanding.

If the ring S has an identity element and in the relation above we have
a, = 1, then the relation is said to be a monic relation. The length of a monic
relation and the monic length of D are defined similarly.

Recall that a derivation d: R — R is said to be inner if there
exists @ € R such that d(x) = xa — ax, for every x € R. This derivation is
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usually called the inner derivation adjoint to —a € R and will be denoted
here by d,,. Also, if d: R — Ris a derivation of R and there exists ¢ € Q such
that d(x) = 04(x), for every x € R, then d is said to be X-inner [6]. In this
case we will denote d again by J,.

If I is an ideal of the semiprime ring R and A(I) is the annihilator of I
in R, then the ideal 7@ A(I) is an essential ideal of R. Thus the mapping f:
I® A(I) — R defined by f(a + b) = a, for every a € I and b € A(I), defines
an idempotent element of the extended centroid of R. In the following we
denote this idempotent by e;. For a€l and b€ A(I) we have
ef(la+b) = (a+b)er=a.

Theorem 1.3.  Assume that R is a semiprime ring and D = (d;),c; is a HD of
R which satisfies an R-linear relation of minimal length n on R. Then there
exist <R and qo = er,q1,...,qn-1 € €1Q such that >\, qn—id;(x) = 0, for all
X € R. Moreover, the relation ., q,—id; = 0 on R is minimal, e;d, = g4, and

—1
eldm( - q,” E Ql m— 1

foreveryxeRand2§m<n.

Proof. Denote by I the set of all the elements @ € R such that there exist
ap,ay ...,a, 1 € Rwith ad,(x) + Z"_l a;d;(x) = 0, for all x € R. Then I'is a
non-zero left ideal of R. Also, if a € I and b € R, from Y , a;d;(bx) = 0,
where @, = a, it follows that 77 (3=} '~ @ xdi(b))d;(x) = 0 and hence
ab € I. Consequently, 7 is an ideal of R

By the minimality of n we have that for a €/ the elements
ao,ai,...,a,—y of Rsuch that Y7 , a;di(x) = 0, for every x € R, are uniquely
determined, where a, = a. Thus the mappings ¢, : I ® A(I) — R given by
pila+b)=a; for acl and b€ A(I), are well-defined left R-homo-
morphisms. Therefore there exist ¢o =er,q1,...,q9, € ;Q such that
ai=q@(a+b)=(a+b)q,_;, for every acl, be A(I) and i=0,1,...,n.
Also we have

(a+ b)(e/d,(x) + Zq,, = = ad,(x) + Zaja_’j(x) =0.

Consequently e;d,(x )+Z 0 gn—jdi(x) =0, for every x € R, since R is a
semiprime ring and 7 ® A( I) is an essential ideal of R.

Note that the above relation is a Q-linear relation of minimal length
for D. In fact, assume that ) " pidi(x) = 0, for all x € R, where p; € Q,
pm# 0 and m < n. Take an essential ideal H of R such that Hp; C R, for all i,
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and choose an element b € H with bp,, # 0. Then >_7" bp;di(x) = 0, for
every x € R, which contradicts the minimality of n.

For x,y € R we have 0= Y0 gy () = 1 o(4mh i1k ()
di(x). Also > yqn—idi(x) = 0. Substracting both relations and using the
minimality of n we obtain > ;¢ ¢u—i—xdk(y) = yqu—;, for all y € R and
i=0,1,...,n—1.

In particular, fori=n—1we get q1y + qod\(y) = yqu and thus e;d; =
04, Also, for any 2 < s <n we have e;d;(y) = d4,(y)— Zl | qids—i(), for
every y € R. Finally, this implies that yq, = e;d,(y) + Zk Gn—idr(y) = 0 and
consequently ¢, = 0. The proof is complete. |

As a particular case of Theorem 1.3 we have the following corollary
which gives the expression of (d;),.,., in terms of inner derivations of Q
when R is prime. This result can be considered as an extension of the
Kharchenko’s result on algebraic derivations of a prime ring already men-
tioned in the introduction [6].

Corollary 1.4.  Assume that R is a prime ring and D = (d;),.; is a HD of R
which satisfies an R-linear relation of minimal length n on R. Then there exist
q0=1,q1,....,qu1 € Q such that >\, gu—id; = 0. In particular, D satisfies
a monic Q-linear relation of length n on R. Moreover, dy =0, and
dp(x) = 0y, (x) = D00 11 qidm—i(x), for every x € R and 2 < m < n.

Remark 1.5. The relations in Corollary 1.4 can be written using matrices.
In fact, for every m < n we have

gth dl
d
q2 2
| =Amaq) | |,
54/” dm
where ¢ = (q1, ..., ¢,—1) and the matrix 4(m, q) is the m x m matrix over Q
defined by
B! 0 0 0 0]
q 1 0 0 0
q2 q1 1 0 0
Ama =\ ¢ ¢ q 0 0
L 9m—1  4m-2 4m-3 ... {1 1 |

It is clear that A(m, ¢) is invertible for any m < n and so
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dl g(II

d 4

:2 = A(qu)_l :12 )
d, 5

qm

where A(m, q)"" = (b;),,.,, is given by
bii = 17
by =0, ifi<}],
!
b/+i,i = b/+1’1 = — Zj:l b/JrI,j,lqj7 for 1 < [ <m-— 1.
|

Now we prove the following lemma which is related to Corollary 1.4.

Lemma 1.6. Assume that T is a ring, ai,a,... € T and D = (d;),cn is
defined by induction as do = idr, di — 64, and dw(x) = 8a,(x) — 3!
aidy,_i(x), for every x € Tandm > 2. Then D is a HD of T. Furthermore, if a,
is a linear combination of {1, ay, ..., a,_1} with coefficients in Z(T), the center

of T, then D satisfies a monic T-linear relation on T of length n.

Proof. 1t is clear that d; is an additive mapping, for all i, and d; is a
derivation of 7. By induction we assume that dy(xy) = > 1 di(x)ds—i(y),
for all x,y € R and s < m. Then we have

dﬂl(xy - 5(1”7 xy Za dm i xy

3

—1
= 5071:( )y + Xéam Z al d] - z—/(y)

~.
Il
<)

+ dl(x)dm—l(y) —d (x)dm—l(y)

m—1 /-1

xXa; — aix — Z ayd)_g )> du_i(y)

1=2 s=1 ;-1
= X(0q, (v) — ardn1(y) — Za;dm,[(y))
=2
m—1
+ Zdl(x)dm l(y (5(1,“ ()C Zal m— z >
11[1:—11 m—i—1
- Z ai Y d(x)dni ()

s=1
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= de (y) + Z dl(x)dm—l(y) + dm(x)y - am—IXdl (y)

m—=2  m—i—1

+arxd, () =Y ai Y di(xX)dni ()
=1 =0

m—1 -1
+ Z <a,x + Z axdlS(x)> d-1(y)
=2

m m—1 -1

- g d/ m 1 atdl— m l(y)
=0 =2 i=1
m—1 /-1 m

+ Z Z asdlﬁr (x)dmfl(y) Z d[ m 1

=2 s=1

~

Therefore, d,(xy) = >_%  di(x)d,—i(y) for every x,y € T and for all n > 1.
The first part follows.

Now assume that a, = )" - ajA, + A, where i .4 € Z(T). Then 6,,=
27;11 04,2, and so dy(x) = — > 71" 11 aid,_i(x) + Z 5{,,.}5,. Note that by the
definition of D every ¢, is a linear combination of d; with coefficients in T’
for i <j. The result easily follows. |

Remark 1.7. By Lemma 1.6, for the elements ¢;,...,q,—1 of Q given in
Corollary 1.4 we can define mappings from Q to Q by g1 =, and g,,(¢q) =
4., (q) — S qigm-i(q), for every g€ Q and 2 <m <n, where ¢, = 0.
Hence Corollary 1.4 implies that these are the unique extensions df of d; to
Q for i < n. More generally, the expressions obtained in Theorem 1.3 for

erd,, define in a similar way the unique extensions d;, in e;Q, 1 <m < n.

Note that if D = (d;),c; is @ HD of a ring T and e is a central idem-
potent of T, then d;(e) = 0 for every i > 1. In fact, if dj(e) =0 for | <i<n,
then d,(e) = d,(e*) = 2d,(e)e. Hence d,(e)e = 2d,(e)e, so d,(e)e =0 and
it follows that d,(e) = 0. We use this in the next result.

Now we are in a position to prove one of the main results of this paper.
If D is a HD of the semiprime ring R, then we denote by D* = (d),. the
unique extension of D to Q. We have:

Theorem 1.8. Assume that R is a semiprime ring and D is a HD of R. Then
the following conditions are equivalent:

(i) D satisfies an R-LR on R,
(ii) D satisfies a Q-LR on R;

(iii) D* satisfies a Q-LR on Q;
(iv) D* satisfies an R-LR on Q.
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Furthermore, if one of these equivalent conditions holds, then the minimal
lengths of the relations is always the same.

Proof. The implications (iv) = (iii)) = (ii) and (i) = (ii) are tautologies.
Also, implications (ii) = (1) and (iii) = (iv) follow from the fact that every
O-LR on T can be reduced, by multiplying by a suitable element from R to
an R-LR on T, for T = R, Q, respectively. It remains to prove (i) = (iii).

Assume that Z?:o rid; =0, r; € R, r, # 0 is a minimal relation for D
on R. So by Theorem 1.3 there exist a non-zero ideal I of R and ¢; € ¢,0,
0 <i<n—1,such that >% | g,—idi(x) =0, for every x € R, where ¢y = e;.
Moreover, e;d; = d,, and e;d,, = J,, — Z:’;l qidp_i, for 1 <m < n.

By the above remark we have that di(e;R) C e/R, for every i € N,
where ¢;R is a semiprime ring having ¢;Q as left Martindale ring of quo-
tients.

On the other hand, choose any elements ¢,.1, gn12,--- € ¢;Q and put
gn = 0. By Lemma 1.6 the family of mappings G = (g;),. of ¢;Q defined by
go = ide,0, g1 = 04, and g,, = 9, — Z’,’;l qigm—i, for m > 1, defines a HD of
¢;0 such that

n—1 n—1

eign = 54],, - Z qi8n—i — — Z qi8n—i-

i=1 i=1

Therefore G satisfies a Q-linear relation on ¢;Q.

Now extend G to a HD of Q by defining G |(1_.,)0= D* |(1—))0- Since
gi |r=d;, for 0 < i < n, it follows that g; = df and so D* satisfies a Q-linear
relation of length n on ¢;Q. However, note that the above relation is
obviously satisfied on (1 — ¢;)Q and thus on Q. The proof is complete since
the rest is clear. |

Remark 1.9. If R is a prime ring and D is a HD of R which satisfies an
R-linear relation of minimal length n on R, then by Corollary 1.4 D satisfies
a monic Q-linear relation on R of the same length n. The converse is clearly
true. Thus in this case we can add another equivalent condition in the
statement of Theorem 1.8: D satisfies a monic Q-LR on R. Furthermore,
the length of D* on Q concides with the monic length of D*.

2. ADDITIONAL REMARKS

It is clear that if D = (d;),.\ satisfies a C-linear relation, then D
satisfies a Q-linear relation. For a derivation d of a semiprime ring R it is
proved that d is algebraic over R if and only if it is algebraic over C ([8],
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[13]). It is a natural question to ask whether a similar result holds for a HD.
The following example shows that this is not the case.

First note that for any ring 7 and a € T, the sequence D = (d;);cn
defined by dy(t) = ¢, di(t) = (—1)'(a't — @' 'ta), for every t € T, i > 1, is a
HD of T (cf. [12]).

Example 2.1. Let R = K(x,y) denote the free ring in the indeterminates
x and y over a field K. Define as above D = (d;),.n; by do(r) =r,
di(r) = (=1)'(0'r — y"1ry), for every r € R, i > 1. Then dy(r) + ydi(r) =0
for every r € R and so D satisfies an R-LR of length 2 on R. Nevertheless D
does not satisfy a C-LR on R, where C is the extended centroid of R.

In fact, recall that C= K ([14], Theorem 2.5). If for ¢; € K,
0<i<n-—1,wehaved,+ Oc, d; = 0, then

(=1)"("r — " —|—Z ci(y'r =y 'ry) + cor =0,

for every r € R. In particular, for » = x we obtain

(=1)"y"x = (=) — Z (=1 ei(y'x =y 'xp) — cox,

which is clearly a contradiction. |

For a derivation d of a prime ring R it is known that if d is algebraic
over an ideal I of R, then d is algebraic over R ([8], Théoréme 1.9). The same
result holds for higher derivations. More generally we have:

Theorem 2.2. Let D = (d;);o be a HD of a semiprime ring R and I denote
an essential ideal of R. If D |;= (d; |1),cn Satisfies an R-linear relation on I,
then D satisfies an R-linear relation on R.

Proof. Itis known that /is a semiprime ring and the left Martindale ring of
quotients of I is equal to Q. Assume that y . ,ridi(a) =0 for every a € I,
where r; € Rand r,, # 0. Thus I(3"7_ ridi(a)) = 0, for every a € I, so we may
assume that the relation has coefficients in /. Take a relation of this type of
minimal length and argue as in Theorem 1.3. So we can find an idempotent
e of C and elements gy = ¢ 141592, - 2 - € eQ such that Y7 | g,—id; =0,
ed, = 0, and ed,,(x) = d,,(x) — 371" qm_idi(x), for every x € Iand m < n.

Now define g, : Q0 — Q, for 0 <m <n, by gy =idp, g1 =9, and
gm =90y, — 21"711 qm—id;, where ¢, = 0. By Lemma 1.6, we can complete
G = (gi)y<i<, to @ HD of Q by choosing arbitrary elements qnil,- ... In this
way we have a HD G = (g;),cn of O such that eg, +>_7 _1 Gn—jg; = 0 in Q.
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Note that g; |.;/= d; |er, for 0 < i < n. Since the extension of a HD of el
to the quotient ring eQ is unique, we obtain g; |.o= d’ |, for 0 <i <n.
Hence eds;(x) + Z;I L —id; (x) = 0, for every x € eR. Since di((1 —e)R) C
(1 —¢)Q for all j, the last relation holds also for x € (1 — e)R. Consequently

dn(x) + 30 ! gu_jd;(x) = 0, for every x € R. This completes the proof. M

Example 2.3. Of course we can have monic relations of various lengths.
For example, if R is a simple ring with an identity, Z(R) is the center of R,
a€ R\ Z(R) and D = (d;),cn; is the HD of R defined by dy(x) =x
di(x) = (=1)'(@'x — d"'xa), for all x € R, i>1, we have the relations
dry+ady =0,ds+ ady =0 and ds + (a + ¢)ds + acd; = 0, for any ¢ € Z(R).

Note that {1,a} is linearly independent over C meanwhile the sets
{1,a,0} and {1,a+ ¢, ac} are linearly dependent. [ |

Now we study a criterious for recognizing when a Q-monic relation is
minimal, where Q is the left Martindale ring of quotients of a prime ring R.

Theorem 2.4.  Assume that R is prime, q1,q>, ... € Q and D = (d;),c; is the
HD of Q defined by dy=idg, di =0d,,, dn =70, —Z:”llq, i for all
m > 0. If di(R) C R for every i > 1, then D |gr= (d; |r);en is @ HD of R.
Moreover, in this case D |r satisfies an R-linear relation on R if and only if
there exists n such that q, is a linear combination of 1,qy,...,q,—1 with
coefficients in C. Finally, the length of D |r is equal to the smallest integer n
which satisfies this condition.

Proof. By Lemma 1.6 and the assumption D |g is a HD of R. Also, the
same lemma shows that if there exists an integer n such that ¢, is a linear
combination of 1,¢y, ..., ¢, 1 with coeflicients in C, then D satisfies a monic
QO-linear relation of length n on Q. Thus Theorem 1.8 implies that D |z
satisfies an R-linear relation of length m < n on R.

Now, assume that D |g satisfies an R-linear relation on R and let s be
the length of D. By Corollary 1.4 there exist py,ps,...,ps—1 € Q such that
dy =0y, dy =9, — > i llp,d,,, ; for 1 < m < s, where p; = 0.

Note that d,, = J,, and so there exists ¢; € C such that ¢, — p; = 1.
We claim that for every ¢ <s we have ¢, — p; — ZJ’ llch, —j = ¢, where
¢, ¢; € C. Since py =0 this implies that g :Z/ 11 ¢jqs—j+ ¢, and so the
claim completes the proof.

Assume, by induction, that ¢; — p; — ZJI;} ¢iqi-j = ¢, where ¢, ¢j € C,
for [ < m <s. We have

m—1 m—1

q,,, qu m—i 5Fm —|—Zp, m—i

m—1

qm - pm Zd Qm i~ Pm— I)
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Note that by Remark 1.5
i i
di=7 byoy = bijir1dy,
=1 =1

where (b;),,..,, is the matrix 4(m,q)”" defined in the remark. Thus, putting
qo = 1, by the inductive assumption we obtain

f1m - Pm Zd Qm i~ Pm— 1)

— i m—i
= E E :bi—/+1,15q, > " im-i-
=1 = =1
m—1 m—1

= Z Zbl 141, 15(1,201%71 i—j

=1 =l
m—1 m—I[ 7(l1+/7 1)

= Z thléq/ Z Cidm—(h+1-1)—j

=1 h=1 j=1
m—1 m—I m—(l+j-1)

:Z ZCJ a Z bt Gm—(h+11j-1)

m—1

= E Cm—15q1-
=1

(The last equality holds because (b;;)A(m, g) is the identity matrix).
Hence

5 m—1 - 0
An=Pm=) | Coidl
m—1

and consequently there exists ¢,, € C such that g, — p — > 1_, Cm—iq1 = Cm-
The proof is complete. |

As an immediate consequence of Corollary 1.4, Lemma 1.6 and
Theorem 2.4 we have the following:

Corollary 2.5. Assume that R prime and D = (d;),.n; is a HD of R which
satisfies a monic relation Y ., qu—id; = 0, where g; € Q for 1 <i<n-—1and
qo =1. Then the given relation is minimal if and only if the set
{1, 91,92, -,qu-1} is linearly independent over C.

Suppose that R is a prime algebra over the field of rational numbers
and d is an algebraic derivation of R. Then d is X-inner and D = (d;);cn
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defined by d; = ‘;’—,, for i € N, is a HD of R. Since d is algebraic over R, D
satisfies an R-linear relation. So by Corollary 1.4 the first terms of D are
determined by inner derivations of Q. The following theorem gives the
precise expression of d,, for all m. The proof of this result is done by
induction and requires tedious computations. So we will omit it here.

Theorem 2.6. Assume that R is an algebra over the field of rational numbers
and d is the inner derivation adjoint to —a € R. Then for every m > 2 we have

1

) = s 3 (<) GO (),

(1T (m_[)!)z =0 — i)l

m
for every x € R, where d,, = %

Remark 2.7. When R is a prime algebra of characteristic p, then the for-
mula from the above theorem holds for any 2 < m < p. Using Theorem 2.6,
Theorem 2.4 and Corollary 2.5 one can easily get another proof of a well-
known result which states that if R is a prime ring and d is the X-inner
derivation of R adjoint to g € Q, then d is algebraic over R of degree n < p
if and only if ¢ is algebraic over C of degree n ([8], Lemma 1.4). Thus
Theorem 2.4 can be considered as an extension of this last result.
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