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ABSTRACT

In this paper we study higher derivations of prime and
semiprime rings satisfying linear relations. We extend several
results which are known for algebraic derivations and we
prove some other results.

INTRODUCTION

Derivations of prime and semiprime rings have been extensively stu-
died in the last 50 years. In particular, algebraic derivations were considered
in several papers ([678, 13]).

Let R be a semiprime ring, Q the left Martindale’s quotient ring of R
and C the extended centroid of R. If d : R ! R is a derivation of R, then
d can be uniquely extended to a derivation d? : Q ! Q. When R is a
prime ring [8] and later on when R is semiprime [13], different types of
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algebraicity were related. It was proved that the following conditions are
equivalent: d is R-algebraic; d? is R-algebraic; d is Q-algebraic; d? is Q-
algebraic; d is C-algebraic; d? is C-algebraic. Also it is a well-known result
that if d is algebraic over a prime ring R, then d is X-inner [6], provided
that charðRÞ ¼ 0 or charðRÞ ¼ p is greater than the degree of algebraicity
of d.

On the other hand, higher derivations (HD, for short) of a ring R have
been studied in many papers mainly in commutative rings (see, for example,
[1, 9711]), but also in non-commutative rings ([2] and [3]). Note that
if d : R ! R is a derivation of an algebra R over the field of rational
numbers, then putting di ¼ d i

i! we have that D ¼ ðdiÞi2N is a higher derivation
of R. Thus the derivation d is algebraic over R if and only if there exists a
relation

Pn
i¼0 ridiðxÞ ¼ 0, for all x 2 R and some elements r0; r1; . . . ; rn 6¼ 0

in R.
There is another situation in which higher derivations satisfying a

linear relation naturally appear. Assume that R is an algebra of finite
dimension over a field K. Then every HD D¼ðdiÞi2N, where di is K-linear
for every i, satisfies a K-linear relation and then an R-linear relation, since
EndKðRÞ is of finite dimension over K.

Consequently, it is natural to study higher derivations which
satisfy linear relations on a semiprime ring R. This is the purpose of our
paper.

Assume that R is a semiprime ring and D¼ ðdiÞi2N is a higher deri-
vation of R. Then there is a unique extension D? ¼ðd?i Þi2N of D to a higher
derivation of Q. One of the main results of this paper states that the fol-
lowing conditions are equivalent: there exists an R-linear (Q-linear) relation
for D on R; there exists an R-linear (Q-linear) relation for D? on Q. This is
an extension of the result mentioned above. The corresponding relation with
C-algebraicity is no more true in this case.

Also, if R is a prime ring and D ¼ ðdiÞi2N is a higher derivation of R
which satisfies a minimal linear relation of the type

Pn
i¼0 ridiðxÞ ¼ 0, for all

x 2 R, where ri 2 R and rn 6¼ 0, we give a description of d1; d2; . . . ; dn in terms
of X-inner derivations of R. This result is an extension of the result which
states that an algebraic derivation is X-inner, provided that charðRÞ ¼ 0 or
charðRÞ ¼ p is greater than the degree of algebraicity of d.

In the first section of the paper we prove the main results mentioned
above. Some additional results and examples are given in Sec. 2.

Throughout this paper T denotes an arbitrary ring and by R we always
denote a semiprime ring, not necessarily with an identity element. Also, Q
denotes the left Martindale ring quotients of R and C the center ofQ, i.e., the
extended centroid of R. Thus when R is a prime ring, C is a field. Finally,
N is the set of natural numbers including 0.
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1. MAIN RESULTS

Recall that a family of additive mappings D ¼ ðdiÞi2N of a ring T is
said to be a higher derivation (HD, for short) if d0 ¼ idT and for every n 2 N

we have dnðabÞ ¼
Pn

i¼0 diðaÞdn�iðbÞ, for all a; b 2 R ([5], Exercise 4, p. 532).
Assume that D ¼ ðdiÞi2N is a HD of a semiprime ring R. Then D can

be extended in a unique way to a HD D? ¼ ðd?i Þi2N of Q. This result is an
easy extension of a well-known result for a derivation d, but we could not
find it in the literature. So we include a sketch of the proof for the sake of
completeness.

Proposition 1.1. Let R be a semiprime ring and D ¼ ðdiÞi2N a HD of R. Then
there exists a unique HD D? ¼ ðd?i Þi2N of Q such that d?n jR ¼ dn, for every
n 2 N.

Proof. Note that if I is and ideal of R, then dn�iðI nþ1Þ 
 I iþ1, for any i � n
in N.

We define d?nðqÞ by induction. Put d?0 ¼ idQ. Assume that q 2 Q and
take an essential ideal I of R such that Iq 
 R. Suppose that d?i ðqÞ has been
defined and I iþ1d?i ðqÞ 
 R, for all i < n. Then we put

ad?nðqÞ ¼ dnðaqÞ �
Xn�1
i¼0

dn�iðaÞd?i ðqÞ;

for every a 2 I nþ1. Now is easy to complete the proof. j

Assume that D ¼ ðdiÞi2N is a HD of a ring T and S is a ring such that
either S 
 T or T 
 S.

Definition 1.2. We say that D satisfies an S-linear relation on T if there exist
a0; a1; . . . ; an 6¼ 0 in S such that

Pn
i¼0 aidiðxÞ ¼ 0, for every x 2 T.

In this case we will simply write D satisfies an S-LR on T, for short.
The above relation will be written as

Pn
i¼0 aidi ¼ 0. The integer n is called

the length of the relation. If n is minimal among the lengths of all the
relations, then the relation is said to be a minimal relation and the integer n
is said to be the S-length of D on T, or simply the length of D if there is no
possibility of misunderstanding.

If the ring S has an identity element and in the relation above we have
an ¼ 1, then the relation is said to be a monic relation. The length of a monic
relation and the monic length of D are defined similarly.

Recall that a derivation d : R ! R is said to be inner if there
exists a 2 R such that dðxÞ ¼ xa� ax, for every x 2 R. This derivation is
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usually called the inner derivation adjoint to �a 2 R and will be denoted
here by da. Also, if d : R ! R is a derivation of R and there exists q 2 Q such
that dðxÞ ¼ dqðxÞ, for every x 2 R, then d is said to be X-inner [6]. In this
case we will denote d again by dq.

If I is an ideal of the semiprime ring R and AðIÞ is the annihilator of I
in R, then the ideal I� AðI Þ is an essential ideal of R. Thus the mapping f :
I� AðI Þ ! R defined by fðaþ bÞ ¼ a, for every a 2 I and b 2 AðI Þ, defines
an idempotent element of the extended centroid of R. In the following we
denote this idempotent by eI. For a 2 I and b 2 AðI Þ we have
eIðaþ bÞ ¼ ðaþ bÞeI ¼ a.

Theorem 1.3. Assume that R is a semiprime ring and D ¼ ðdiÞi2N is a HD of
R which satisfies an R-linear relation of minimal length n on R. Then there
exist I / R and q0 ¼ eI; q1; . . . ; qn�1 2 eIQ such that

Pn
i¼1 qn�idiðxÞ ¼ 0, for all

x 2 R. Moreover, the relation
Pn

i¼1 qn�idi ¼ 0 on R is minimal, eId1 ¼ dq1 and

eIdmðxÞ ¼ dqmðxÞ �
Xm�1

i¼1
qidm�iðxÞ;

for every x 2 R and 2 � m < n.

Proof. Denote by I the set of all the elements a 2 R such that there exist
a0; a1 . . . ; an�1 2 R with adnðxÞ þ

Pn�1
i¼0 aidiðxÞ ¼ 0, for all x 2 R. Then I is a

non-zero left ideal of R. Also, if a 2 I and b 2 R, from
Pn

i¼0 aidiðbxÞ ¼ 0,
where an ¼ a, it follows that

Pn
j¼0ð

Pn�j
k¼0 ajþkdkðbÞÞdjðxÞ ¼ 0 and hence

ab 2 I. Consequently, I is an ideal of R.
By the minimality of n we have that for a 2 I the elements

a0; a1; . . . ; an�1 of R such that
Pn

i¼0 aidiðxÞ ¼ 0, for every x 2 R, are uniquely
determined, where an ¼ a. Thus the mappings ji : I� AðI Þ ! R given by
jiðaþ bÞ ¼ ai, for a 2 I and b 2 AðI Þ, are well-defined left R-homo-
morphisms. Therefore there exist q0 ¼ eI; q1; . . . ; qn 2 eIQ such that
ai ¼ jiðaþ bÞ ¼ ðaþ bÞqn�i, for every a 2 I, b 2 AðI Þ and i ¼ 0; 1; . . . ; n.
Also we have

ðaþ bÞðeIdnðxÞ þ
Xn�1
j¼0

qn�jdjðxÞÞ ¼ adnðxÞ þ
Xn�1
j¼0

ajdjðxÞ ¼ 0:

Consequently eIdnðxÞ þ
Pn�1

j¼0 qn�jdjðxÞ ¼ 0, for every x 2 R, since R is a
semiprime ring and I� AðIÞ is an essential ideal of R.

Note that the above relation is a Q-linear relation of minimal length
for D. In fact, assume that

Pm
i¼0 pidiðxÞ ¼ 0, for all x 2 R, where pi 2 Q,

pm 6¼ 0 and m < n. Take an essential ideal H of R such thatHpi 
 R, for all i,
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and choose an element b 2 H with bpm 6¼ 0. Then
Pm

i¼0 bpidiðxÞ ¼ 0, for
every x 2 R, which contradicts the minimality of n.

For x; y 2 R we have 0 ¼
Pn

j¼0 qn�jdjðyxÞ ¼
Pn

i¼0ð
Pn�i

k¼0 qn�i�kdkðyÞÞ
diðxÞ: Also

Pn
i¼0 yqn�idiðxÞ ¼ 0. Substracting both relations and using the

minimality of n we obtain
Pn�i

k¼0 qn�i�kdkðyÞ ¼ yqn�i; for all y 2 R and
i ¼ 0; 1; . . . ; n� 1.

In particular, for i ¼ n� 1 we get q1yþ q0d1ðyÞ ¼ yq1 and thus eId1 ¼
dq1 . Also, for any 2 � s � n we have eIdsðyÞ ¼ dqsðyÞ�

Ps�1
i¼1 qids�iðyÞ, for

every y 2 R. Finally, this implies that yqn ¼ eIdnðyÞ þ
Pn�1

k¼0 qn�kdkðyÞ ¼ 0 and
consequently qn ¼ 0. The proof is complete. j

As a particular case of Theorem 1.3 we have the following corollary
which gives the expression of ðdiÞ1�i�n in terms of inner derivations of Q
when R is prime. This result can be considered as an extension of the
Kharchenko’s result on algebraic derivations of a prime ring already men-
tioned in the introduction [6].

Corollary 1.4. Assume that R is a prime ring and D ¼ ðdiÞi2N is a HD of R
which satisfies an R-linear relation of minimal length n on R. Then there exist
q0 ¼ 1; q1; . . . ; qn�1 2 Q such that

Pn
i¼1 qn�idi ¼ 0. In particular, D satisfies

a monic Q-linear relation of length n on R. Moreover, d1 ¼ dq1 and
dmðxÞ ¼ dqmðxÞ �

Pm�1
i¼1 qidm�iðxÞ, for every x 2 R and 2 � m � n.

Remark 1.5. The relations in Corollary 1.4 can be written using matrices.
In fact, for every m � n we have

dq1
dq2
..
.

dqm

2
6664

3
7775 ¼ Aðm; qÞ

d1
d2
..
.

dm

2
6664

3
7775;

where q ¼ ðq1; :::; qn�1Þ and the matrix Aðm; qÞ is the m
m matrix over Q
defined by

Aðm; qÞ ¼

1 0 0 . . . 0 0
q1 1 0 . . . 0 0
q2 q1 1 . . . 0 0
q3 q2 q1 . . . 0 0

..

. ..
. ..

.
. . . ..

. ..
.

qm�1 qm�2 qm�3 . . . q1 1

2
66666664

3
77777775
:

It is clear that Aðm; qÞ is invertible for any m � n and so
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d1
d2
..
.

dm

2
664

3
775 ¼ Aðm; qÞ�1

dq1
dq2
..
.

dqm

2
664

3
775;

where Aðm; qÞ�1 ¼ ðbijÞm
m is given by

bii ¼ 1;
bij ¼ 0; if i < j;

blþi;i ¼ blþ1;1 ¼ �
Xl

j¼1 blþ1�j;1qj; for 1 � l � m� 1:

8><
>:

j

Now we prove the following lemma which is related to Corollary 1.4.

Lemma 1.6. Assume that T is a ring, a1; a2; . . . 2 T and D ¼ ðdiÞi2N is
defined by induction as d0 ¼ idT, d1 ¼ da1 , and dmðxÞ ¼ damðxÞ �

Pm�1
i¼1

aidm�iðxÞ, for every x 2 T and m � 2. Then D is a HD of T. Furthermore, if an
is a linear combination of f1; a1; . . . ; an�1g with coefficients in ZðTÞ, the center
of T, then D satisfies a monic T-linear relation on T of length n.

Proof. It is clear that di is an additive mapping, for all i, and d1 is a
derivation of T. By induction we assume that dsðxyÞ ¼

Ps
i¼0 diðxÞds�iðyÞ,

for all x; y 2 R and s < m. Then we have

dmðxyÞ ¼ damðxyÞ �
Xm�1

i¼1
aidm�iðxyÞ

¼ damðxÞyþ xdamðyÞ �
Xm�1

i¼1
ai
Xm�i

j¼0
djðxÞdm�i�jðyÞ

þ
Xm�1

l¼1
dlðxÞdm�lðyÞ � d1ðxÞdm�1ðyÞ

�
Xm�1

l¼2



xal � alx�

Xl�1
s¼1

asdl�sðxÞ
�
dm�lðyÞ

¼ xðdamðyÞ � a1dm�1ðyÞ �
Xm�1

l¼2
aldm�lðyÞÞ

þ
Xm�1

l¼1
dlðxÞdm�lðyÞ þ



damðxÞ �

Xm�1

i¼1
aidm�iðxÞ

�
y

�
Xm�1

i¼1
ai

Xm�i�1

j¼0
djðxÞdm�i�jðyÞ

þ
Xm�1

l¼2



alxþ

Xl�1
s¼1

asdl�sðxÞ
�
dm�lðyÞ þ a1xdm�1ðyÞ
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¼ xdmðyÞ þ
Xm�1

l¼1
dlðxÞdm�lðyÞ þ dmðxÞy� am�1xd1ðyÞ

þ a1xdm�1ðyÞ �
Xm�2

i¼1
ai

Xm�i�1

j¼0
djðxÞdm�i�jðyÞ

þ
Xm�1

l¼2



alxþ

Xl�1
s¼1

asdl�sðxÞ
�
dm�lðyÞ

¼
Xm
l¼0

dlðxÞdm�lðyÞ �
Xm�1

l¼2

Xl�1
i¼1

aidl�iðxÞdm�lðyÞ

þ
Xm�1

l¼2

Xl�1
s¼1

asdl�sðxÞdm�lðyÞ ¼
Xm
l¼0

dlðxÞdm�lðyÞ:

Therefore, dnðxyÞ ¼
Pn

i¼0 diðxÞdn�iðyÞ for every x; y 2 T and for all n � 1.
The first part follows.

Now assume that an ¼
Pn�1

j¼1 ajlj þ l, where l; lj 2 ZðTÞ. Then dan ¼Pn�1
j¼1 dajlj, and so dnðxÞ ¼ �

Pn�1
i¼1 aidn�iðxÞ þ

Pn�1
j¼1 dajlj. Note that by the

definition of D every daj is a linear combination of di with coefficients in T
for i � j. The result easily follows. j

Remark 1.7. By Lemma 1.6, for the elements q1; . . . ; qn�1 of Q given in
Corollary 1.4 we can define mappings from Q to Q by g1 ¼ dq1 and gmðqÞ ¼
dqmðqÞ �

Pm�1
i¼1 qigm�iðqÞ, for every q 2 Q and 2 � m � n, where qn ¼ 0.

Hence Corollary 1.4 implies that these are the unique extensions d?i of di to
Q for i � n. More generally, the expressions obtained in Theorem 1.3 for
eIdm define in a similar way the unique extensions d?m in eIQ, 1 � m � n.

Note that if D ¼ ðdiÞi2N is a HD of a ring T and e is a central idem-
potent of T, then diðeÞ ¼ 0 for every i � 1. In fact, if diðeÞ ¼ 0 for 1 � i < n,
then dnðeÞ ¼ dnðe2Þ ¼ 2dnðeÞe. Hence dnðeÞe ¼ 2dnðeÞe, so dnðeÞe ¼ 0 and
it follows that dnðeÞ ¼ 0. We use this in the next result.

Now we are in a position to prove one of the main results of this paper.
If D is a HD of the semiprime ring R, then we denote by D? ¼ ðd?i Þi2N the
unique extension of D to Q. We have:

Theorem 1.8. Assume that R is a semiprime ring and D is a HD of R. Then
the following conditions are equivalent:

(i) D satisfies an R-LR on R;
(ii) D satisfies a Q-LR on R;
(iii) D? satisfies a Q-LR on Q;
(iv) D? satisfies an R-LR on Q.
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Furthermore, if one of these equivalent conditions holds, then the minimal
lengths of the relations is always the same.

Proof. The implications (iv) ) (iii) ) (ii) and (i) ) (ii) are tautologies.
Also, implications (ii) ) (i) and (iii) ) (iv) follow from the fact that every
Q-LR on T can be reduced, by multiplying by a suitable element from R to
an R-LR on T, for T ¼ R;Q, respectively. It remains to prove (i)) (iii).

Assume that
Pn

i¼0 ridi ¼ 0, ri 2 R, rn 6¼ 0 is a minimal relation for D
on R. So by Theorem 1.3 there exist a non-zero ideal I of R and qi 2 eIQ,
0 � i � n� 1, such that

Pn
i¼1 qn�idiðxÞ ¼ 0, for every x 2 R, where q0 ¼ eI.

Moreover, eId1 ¼ dq1 and eIdm ¼ dqm �
Pm�1

i¼1 qidm�i, for 1 � m < n.
By the above remark we have that d?i ðeIRÞ 
 eIR, for every i 2 N,

where eIR is a semiprime ring having eIQ as left Martindale ring of quo-
tients.

On the other hand, choose any elements qnþ1; qnþ2; . . . 2 eIQ and put
qn ¼ 0. By Lemma 1.6 the family of mappings G ¼ ðgiÞi2N of eIQ defined by
g0 ¼ ideIQ, g1 ¼ dq1 and gm ¼ dqm �

Pm�1
i¼1 qigm�i, for m � 1, defines a HD of

eIQ such that

eIgn ¼ dqn �
Xn�1
i¼1

qign�i ¼ �
Xn�1
i¼1

qign�i:

Therefore G satisfies a Q-linear relation on eIQ.
Now extend G to a HD of Q by defining G jð1�eIÞQ¼ D? jð1�eIÞQ. Since

gi jR¼ di, for 0 � i � n, it follows that gi ¼ d?i and so D? satisfies a Q-linear
relation of length n on eIQ. However, note that the above relation is
obviously satisfied on ð1� eIÞQ and thus on Q. The proof is complete since
the rest is clear. j

Remark 1.9. If R is a prime ring and D is a HD of R which satisfies an
R-linear relation of minimal length n on R, then by Corollary 1.4 D satisfies
a monic Q-linear relation on R of the same length n. The converse is clearly
true. Thus in this case we can add another equivalent condition in the
statement of Theorem 1.8: D satisfies a monic Q-LR on R. Furthermore,
the length of D? on Q concides with the monic length of D?.

2. ADDITIONAL REMARKS

It is clear that if D ¼ ðdiÞi2N satisfies a C-linear relation, then D
satisfies a Q-linear relation. For a derivation d of a semiprime ring R it is
proved that d is algebraic over R if and only if it is algebraic over C ([8],
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[13]). It is a natural question to ask whether a similar result holds for a HD.
The following example shows that this is not the case.

First note that for any ring T and a 2 T, the sequence D ¼ ðdiÞi2N

defined by d0ðtÞ ¼ t, diðtÞ ¼ ð�1Þiðait� ai�1taÞ, for every t 2 T, i � 1, is a
HD of T (cf. [12]).

Example 2.1. Let R ¼ Khx; yi denote the free ring in the indeterminates
x and y over a field K. Define as above D ¼ ðdiÞi2N by d0ðrÞ ¼ r,
diðrÞ ¼ ð�1Þiðyir� yi�1ryÞ, for every r 2 R, i � 1. Then d2ðrÞ þ yd1ðrÞ ¼ 0,
for every r 2 R and so D satisfies an R-LR of length 2 on R. Nevertheless D
does not satisfy a C-LR on R, where C is the extended centroid of R.

In fact, recall that C ¼ K ([14], Theorem 2.5). If for ci 2 K,
0 � i � n� 1, we have dn þ

Pn�1
i¼0 cidi ¼ 0, then

ð�1Þnðynr� yn�1ryÞ þ
Xn�1
i¼1

ð�1Þiciðyir� yi�1ryÞ þ c0r ¼ 0;

for every r 2 R. In particular, for r ¼ x we obtain

ð�1Þnynx ¼ ð�1Þnþ1yn�1xy�
Xn�1
i¼1

ð�1Þiciðyix� yi�1xyÞ � c0x;

which is clearly a contradiction. j

For a derivation d of a prime ring R it is known that if d is algebraic
over an ideal I of R, then d is algebraic over R ([8], Théorème 1.9). The same
result holds for higher derivations. More generally we have:

Theorem 2.2. Let D ¼ ðdiÞi2N be a HD of a semiprime ring R and I denote
an essential ideal of R. If D jI¼ ðdi jIÞi2N satisfies an R-linear relation on I,
then D satisfies an R-linear relation on R.

Proof. It is known that I is a semiprime ring and the left Martindale ring of
quotients of I is equal to Q. Assume that

Pn
i¼0 ridiðaÞ ¼ 0 for every a 2 I,

where ri 2 R and rn 6¼ 0. Thus Ið
Pn

i¼0 ridiðaÞÞ ¼ 0, for every a 2 I, so we may
assume that the relation has coefficients in I. Take a relation of this type of
minimal length and argue as in Theorem 1.3. So we can find an idempotent
e of C and elements q0 ¼ e; q1; q2; . . . ; qn�1 2 eQ such that

Pn
i¼1 qn�idi ¼ 0,

ed1 ¼ dq1 and edmðxÞ ¼ dqmðxÞ �
Pm�1

i¼1 qm�idiðxÞ, for every x 2 I and m < n.
Now define gm : Q ! Q, for 0 � m � n, by g0 ¼ idQ, g1 ¼ dq1 and

gm ¼ dqm �
Pm�1

i¼1 qm�idi, where qn ¼ 0. By Lemma 1.6, we can complete
G ¼ ðgiÞ0�i�n to a HD of Q by choosing arbitrary elements qnþ1; . . .. In this
way we have a HD G ¼ ðgiÞi2N of Q such that egn þ

Pn�1
j¼1 qn�jgj ¼ 0 in Q.
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Note that gi jeI¼ di jeI, for 0 � i � n. Since the extension of a HD of eI
to the quotient ring eQ is unique, we obtain gi jeQ¼ d?i jeQ, for 0 � i � n.
Hence ed?nðxÞ þ

Pn�1
j¼1 qn�jd

?
j ðxÞ ¼ 0, for every x 2 eR. Since d?j ðð1� eÞRÞ 


ð1� eÞQ for all j, the last relation holds also for x 2 ð1� eÞR. Consequently
ednðxÞ þ

Pn�1
j¼1 qn�jdjðxÞ ¼ 0, for every x 2 R. This completes the proof. j

Example 2.3. Of course we can have monic relations of various lengths.
For example, if R is a simple ring with an identity, ZðRÞ is the center of R,
a 2 R n ZðRÞ and D ¼ ðdiÞi2N is the HD of R defined by d0ðxÞ ¼ x,
diðxÞ ¼ ð�1Þiðaix� ai�1xaÞ, for all x 2 R, i � 1, we have the relations
d2 þ ad1 ¼ 0, d3 þ ad2 ¼ 0 and d3 þ ðaþ cÞd2 þ acd1 ¼ 0, for any c 2 ZðRÞ.

Note that f1; ag is linearly independent over C meanwhile the sets
f1; a; 0g and f1; aþ c; acg are linearly dependent. j

Now we study a criterious for recognizing when a Q-monic relation is
minimal, where Q is the left Martindale ring of quotients of a prime ring R.

Theorem 2.4. Assume that R is prime, q1; q2; . . . 2 Q and D ¼ ðdiÞi2N is the
HD of Q defined by d0 ¼ idQ, d1 ¼ dq1 , dm ¼ dqm �

Pm�1
i¼1 qidm�i, for all

m � 0. If diðRÞ 
 R for every i � 1, then D jR¼ ðdi jRÞi2N is a HD of R.
Moreover, in this case D jR satisfies an R-linear relation on R if and only if
there exists n such that qn is a linear combination of 1; q1; . . . ; qn�1 with
coefficients in C. Finally, the length of D jR is equal to the smallest integer n
which satisfies this condition.

Proof. By Lemma 1.6 and the assumption D jR is a HD of R. Also, the
same lemma shows that if there exists an integer n such that qn is a linear
combination of 1; q1; . . . ; qn�1 with coefficients in C, then D satisfies a monic
Q-linear relation of length n on Q. Thus Theorem 1.8 implies that D jR
satisfies an R-linear relation of length m � n on R.

Now, assume that D jR satisfies an R-linear relation on R and let s be
the length of D. By Corollary 1.4 there exist p1; p2; . . . ; ps�1 2 Q such that
d1 ¼ dp1 , dm ¼ dpm �

Pm�1
i¼1 pidm�i for 1 < m � s, where ps ¼ 0.

Note that dq1 ¼ dp1 and so there exists c1 2 C such that q1 � p1 ¼ c1.
We claim that for every t � s we have qt � pt �

Pt�1
j¼1 cjqt�j ¼ ct, where

ct; cj 2 C. Since ps ¼ 0 this implies that qs ¼
Ps�1

j¼1 cjqs�j þ cs and so the
claim completes the proof.

Assume, by induction, that ql � pl �
Pl�1

j¼1 cjql�j ¼ cl, where cl; cj 2 C,
for l < m � s. We have

0 ¼ dqm �
Xm�1

i¼1
qidm�i � dpm þ

Xm�1

i¼1
pidm�i

¼ dqm � dpm �
Xm�1

i¼1
diðqm�i � pm�iÞ:
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Note that by Remark 1.5

di ¼
Xi

j¼1
bijdqj ¼

Xi

j¼1
bi�jþ1;1dqj ;

where ðbijÞm
m is the matrix Aðm; qÞ�1 defined in the remark. Thus, putting
q0 ¼ 1, by the inductive assumption we obtain

dqm � dpm ¼
Xm�1

i¼1
diðqm�i � pm�iÞ

¼
Xm�1

i¼1

Xi

l¼1
bi�lþ1;1dql

Xm�i

j¼1
cjqm�i�j

¼
Xm�1

l¼1

Xm�1

i¼l

bi�lþ1;1dql
Xm�i

j¼1
cjqm�i�j

¼
Xm�1

l¼1

Xm�l

h¼1
bh1dql

Xm�ðhþl�1Þ

j¼1
cjqm�ðhþl�1Þ�j

¼
Xm�1

l¼1

Xm�l

j¼1
cjdql

Xm�ðlþj�lÞ

h¼1
bh1qm�ðhþlþj�1Þ

¼
Xm�1

l¼1
cm�ldql :

(The last equality holds because ðbijÞAðm; qÞ is the identity matrix).
Hence

d
qm�pm�

Pm�1
l¼1 cm�lql

¼ 0

and consequently there exists cm 2 C such that qm � pm �
Pm�1

l¼1 cm�lql ¼ cm.
The proof is complete. j

As an immediate consequence of Corollary 1.4, Lemma 1.6 and
Theorem 2.4 we have the following:

Corollary 2.5. Assume that R prime and D ¼ ðdiÞi2N is a HD of R which
satisfies a monic relation

Pn
i¼1 qn�idi ¼ 0, where qi 2 Q for 1 � i � n� 1 and

q0 ¼ 1. Then the given relation is minimal if and only if the set
f1; q1; q2; . . . ; qn�1g is linearly independent over C.

Suppose that R is a prime algebra over the field of rational numbers
and d is an algebraic derivation of R. Then d is X-inner and D ¼ ðdiÞi2N
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defined by di ¼ d i

i! , for i 2 N, is a HD of R. Since d is algebraic over R, D
satisfies an R-linear relation. So by Corollary 1.4 the first terms of D are
determined by inner derivations of Q. The following theorem gives the
precise expression of dm, for all m. The proof of this result is done by
induction and requires tedious computations. So we will omit it here.

Theorem 2.6. Assume that R is an algebra over the field of rational numbers
and d is the inner derivation adjoint to �a 2 R. Then for every m � 2 we have

dmðxÞ ¼
1

ð
Qm�1

l¼1 ðm� lÞ!Þ2
Xm�1

i¼0
ð�1Þi ai

ðm� iÞ!i! dam�iðxÞ;

for every x 2 R, where dm ¼ d m

m! .

Remark 2.7. When R is a prime algebra of characteristic p, then the for-
mula from the above theorem holds for any 2 � m < p. Using Theorem 2.6,
Theorem 2.4 and Corollary 2.5 one can easily get another proof of a well-
known result which states that if R is a prime ring and d is the X-inner
derivation of R adjoint to q 2 Q, then d is algebraic over R of degree n � p
if and only if q is algebraic over C of degree n ([8], Lemma 1.4). Thus
Theorem 2.4 can be considered as an extension of this last result.
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