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Introduction

We consider here not necessarily commutative ringsR and they not necessarily have identity elements.

De�nition 1 A map d: R! R is a derivation if dis additive and d(ab) = d(a)b+ ad(b), for all a; b 2 R.
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Rings with derivations have been studied in manypapers in the last 50 years. Many questions have beenconsidered.Relationships between derivations and the structureof rings.Powers (or products) of derivations andcommutativity of rings (Posner's theorems).Other results: Jensen, CreedonThey were already generalized in several directions.
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Posner's Theorems (1957):1st: d1, d2 derivations, R prime, char(R) 6= 2, d1 � d2derivation ) d1 = 0 or d2 = 0.2nd: d derivation, R prime, [x; d(x)] 2 Z(R), 8x 2 R) d = 0 or R is commutative.
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Latelly, in 1998, T. Creedon extended the Posner'sFirst Theorem to semiprime algebras, proving that ifthe product of two derivations in an algebra A is aderivation, then the product maps the algebra into thenil radical nil(A) (the intersection of all prime ideals ofA). Thus, if the product of two derivations in asemiprime algebra is a derivation, then the product iszero.Moreover, Creedon obtained conditions proving thatthe product of two derivations maps the algebra into theJacobson radical.These problemas didn't have been studied in theHD context. 6



� I.N. Herstein, \Lie and Jordan structures insimple, associative rings", Bull. Amer. Math. Soc.67 (1961), 517-531� I.N. Herstein, \Topics in ring theory", Univ. ofChicago Press, Chicago, 1969
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Herstein's Theorem for Derivations

De�nition 2 An additive mapping d : R! R issaid to be a Jordan derivation if d(a2) = d(a)a+ ad(a)is ful�lled for all a 2 R.Theorem 3 (Herstein) Assume that R is a primering of char(R) 6= 2. Then any Jordan derivation of Ris a derivation.(The result is no loger true if char(R) = 2, theconverse is obviously true.)
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M. Bre�sara extended this result to semiprime rings.Later on Bre�sarb studied triple derivations.Recall that d : R! R is said to be a Jordan triplederivation (JTD, for short) of R ifd(aba) = d(a)ba+ ad(b)a+ abd(a); 8a; b 2 R:

a\Jordan derivations on semiprime rings", Proc. AMS 104 (4)(1988), 1003-1006b\Jordan mappings of semiprime rings", J. Algebra 127 (1989),218-228
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He gave another proof of Herstein's Theorem forsemiprime rings showing thatTheorem 4 Let R be a 2-torsion-free semiprimering and d a Jordan triple derivation of R. Then d is aderivation of R.It turns out that every Jordan derivation of a2-torsion-free ring is a Jordan triple derivation.So, Bre�sar's result proves that any Jordanderivation is a derivation (for semiprime rings with no2-torsion-free elements).
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If R is a ring, R has a Lie structure by the bracketproduct [x; y] = xy � yx, for x; y 2 R.Following C. Lanski and S. Montgomerya, a Lieideal of R is any additive subgroup U of R with[u; r] 2 U for all u 2 U and r 2 R.a\Lie structure of prime rings of characteristic 2", Paci�c J. ofMath. 42 (1) (1972), 117-136
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Also, R. Awtar extended the Herstein's Theorem toLie idealsa by proving that if U is a Lie ideal of a primering R of char(R) 6= 2 such that u2 2 U , for everyu 2 U , and d: R! R is an additive mapping such thatd jU is a Jordan derivation of U into R, then d jU is aderivation of U into R, as we will clear latelly.a\Lie ideals and Jordan derivations of prime rings", Proc. AMS90 (1) (1984), 9-14
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Following B. Hvalaa, an additive mappingF : R! R is called a generalized derivation if thereexists a derivation d: R! R such thatF (xy) = F (x)y + xd(y) holds for all x; y 2 R.We call an additive mapping F : R! R a Jordangeneralized derivation if there exists a derivationd: R! R such that F (x2) = F (x)x+ xd(x) holds forall x 2 R.a\Generalized derivations in rings", Comm. Algebra 26 (4)(1988), 1147-1166
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M. Ashraf and N. Rehmana showed that in a2-torsion-free ring R which has a commutator nonzerodivisor, every Jordan generalized derivation on R is ageneralized derivation.a\On Jordan generalized derivations in rings", Math. J.Okayama Univ. 42 (2000), 7-9
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Generalized derivations have been studied byanalysts in the context of algebras on certain normedspaces.By a generalized derivation of an algebra A oneusually means a map of the form x ax+ xb, where aand b are �xed elements in A.Hvala called such maps generalized inner (or innergeneralized) derivations for they present a generalizationof the concept of inner derivations:f(x) = ax+ xb) f(xy) = f(x)y + xdb(y);where db(y) = yb� by is an inner derivation.
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In the theory of operator algebras, they areconsidered as an important class of the so-calledelementary operators, that is, operators where

x nXi=1 aixbi:Hvala's concept of generalized derivation coversboth concepts of derivations and of generalized innerderivations.Moreover, generalized derivations with d = 0 coverthe concept of left multiplication:f(xy) = f(x)y; 8x; y 2 R:
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Higher Derivations

Assume that R is an algebra over the rational �eldQ and d: R! R is a derivation. Then, if we putdn(x) = dn(x)n! we have that relation:8n � 1; a; b 2 R; dn(ab) = Xi+j=n di(a)dj(b): (1)

So d de�nes a sequence d0; d1; : : : ; dn; : : : such thatd0 = idR, d1 is a derivation and (1) holds.De�nition 5 A sequence of additive mappingsD = fd0; d1; : : : ; dn; : : :g is said to be a higher derivation(HD, for short) of R if the above relation (1) holds.17



Note 6 HD have been considered for the �rst timein 1936 by H. Hasse and F.K. Schmidta andindependently by O. Teichm�ullerb.Note 7 HD have been considered and appliedmainly in commutative rings in many papers, but no somuch in noncommutative rings.a\Theorie der h�oheren Di�erentiale in einem algebraischenFunktionenk�orper mit vollkommenem Konstantenk�orper bei be-liebiger Charakteristik", J. Reine Angew. Math. (Journal f�urMathematik) 175 (1936), p. 50-54b\Di�erentialrechnung bei Charakteristik p", J. Reine Angew.Math. (Journal f�ur Mathematik) 175 (1936), p. 89-99
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Examples of Higher Derivations

Example 8 Let K be any �eld and de�ne in K [x],di(xj) = �ji�xj�i, where �ji� = 0 if i > j.Then D = (di)i�0 is a HD of K [x].
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Example 9 Let R = K [x]hy; zi (K �eld,char(K ) 6= 2), a 2-torsion-free prime ring. ThusZ(R) = K [x]. Let D = (dn)n2N be a sequence of additivemappings of R such that d0 = idR and, for every n � 1,dn(x) = pn(x); where pn(x) 2 K [x];dn(y) = qn(x; y; z); where qn(x; y; z) 2 R;dn(z) = rn(x; y; z); where rn(x; y; z) 2 R;dn(aj) = nPi=0 di(aj�1)dn�i(a); 8j � 2;

where a = x, y, or z. Then D is a HD of R.Reciprocally, every HD of R is of this type for somepi(x), qi(x; y; z), ri(x; y; z).
20



There is an interesting relation betweencommuting �nite HD and commuting derivations dueto D.R. Malma.a\Simplicity of Partial and Schmidt Di�erential OperatorRings", Paci�c J. of Math. 132 (1) (1988), p. 85-112
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Example 10 Let k 2 N . Given derivationsd1; : : : ; dk, or a �nite HD (d0; d1; : : : ; dk), andi = 1; : : : ; k, we put d(i;k) = Pj(1)+:::+j(i)=k dj(1) : : : dj(i):Assume that k! is invertible in R.(a). If Æ1; : : : ; Æk are (commuting) derivations, thenthe rules d0 = idR, dr =Pri=1 Æ(i;r)i! de�ne a(commuting) HD (d0; d1; : : : ; dk) on R;(b). If (d0; d1; : : : ; dk) is a (commuting) HD on R,then the rules Ær = rPj=1 (�1)j+1d(j;r)j de�ne (commuting)derivations Æ1; : : : ; Æk on R.These processes are inverse each to the other.22



Herstein's Theorem for Higher Derivations

Based on Bre�sar and on Awtar we extendedHerstein's theorem for HD.� C. Haetinger, \Deriva�c~oes de ordem superior em an�eisprimos e semiprimos", Ph.D. thesis, UniversidadeFederal do Rio Grande do Sul: Brasil (2000), 1-64.� M. Ferrero, C. Haetinger, \Higher derivations and atheorem by Herstein", Quaest. Math. 25 (2002), 1-9.� C. Haetinger, \Higher derivations on Lie ideals".Seleta do XXIV CNMAC (SBMAC - Brasil). S�erieTend^encias em Matem�atica Aplicada e Computacional,vol. 3, parte 1, no. (1). 141-145 (2002).23



De�nition 11 Let D = (di)i2N be given. Then Dis called:1. a Jordan higher derivation (HJD, for short) if forany n � 0 we have
dn(a2) = Xi+j=n di(a)dj(a); 8a 2 R;

2. a Jordan triple higher derivation (JTHD, for short)if for any n � 0 and a; b 2 R we have

dn(aba) = Xi+j+k=n di(a)dj(b)dk(a):
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Our Results on HD

In the main result we assume that the Lie ideal U isnot contained in Z(R) and u2 2 U , 8u 2 U .A Lie ideal of this type will be called an admissibleLie ideal.Similarly as above, if U is a Lie ideal of R, then D issaid to be a HD (JHD, JTHD) of U into R in the casethat the above corresponding conditions are satis�ed forall a; b 2 U .
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Theorem 12 Let R be a 2-torsion-free semiprimering (resp. prime, char(R) 6= 2 and U an admissible Lieideal). Then every JTHD of R (resp. of U into R) is aHD of R (resp. of U into R).Theorem 13 Assume that R is 2-torsion-free andU is a Lie ideal of R such that u2 2 U , 8u 2 U . Thenevery JHD of R (resp. of U into R) is a JTHD of R(resp. of U into R).Corollary 14 (Herstein's Theorem) Assume that Ris 2-torsion-free and semiprime (resp. prime,char(R) 6= 2 and U an admissible Lie ideal). Thenevery JHD of R (resp. of U into R) is a HD of R (resp.of U into R). 26



One can ask whether the result of Corollary 14 forLie ideals is also true in the semiprime case. We includein the paper an example by M. Bre�sar showing thatwithout some additional assumption this is not the case.The result proved by Awtar also holds trivially forLie ideals contained in Z(R). We were unable to answerthe question on whether the corresponding result is alsotrue for HD.
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Generalized Higher Derivations

De�nition 15 Let F = (fi)i2N be a family ofadditive mappings of R such that f0 = idR. F is said tobe: � a generalized higher derivationa (GHD, for short)if there exists a HD D = (di)i2N of R such that for everyn 2 N we havefn(ab) = Xi+j=n fi(a)dj(b); 8a; b 2 R;

aA. Nakajima, \On generalized higher derivations", TurkishJ. of Math. 24 (3) (2000), 295-31128



� a Jordan generalized higher derivation (JGHD, forshort) if there exists a HD D = (di)i2N of R such thatfor every n 2 N we have
fn(a2) = Xi+j=n fi(a)dj(a); 8a 2 R;

� a Jordan generalized triple higher derivation(JGTHD, for short) if there exists a HD D = (di)i2N ofR such that for every n 2 N we have

fn(aba) = Xi+j+k=n fi(a)dj(b)dk(a); 8a; b 2 R:

29



It is clear that in the case of De�nition 15, f1 is aJordan generalized derivation.Similarly, if U is a Lie ideal of R, then a family ofadditive mappings of R, D = (di)i2N is said to be a HD(JHD, JTHD) of U into R and a family of additivemappings of R, F = (fi)i2N is said to be aAs we have mentioned above, the main purpose ofthis lecturea is to adress the following result.aCortes, W.; Haetinger, C.; \On Jordan generalized higherderivations in rings", Turkish Journal of Mathematics 28 (2004),1-10 (to appear)
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Let U be a Lie ideal of a ring R that veri�es u2 2 U ,for every u 2 U . A Lie ideal of this type will be called asquare closed Lie ideal.Theorem 16 Let R be a 2-torsion-free ring whichhas a commutator right nonzero divisor and U a squareclosed Lie ideal of R. Then every Jordan generalizedhigher derivation of U into R is a generalized higherderivation of U into R.Note 17 Since U = R is obviously a square closedLie ideal of R, then Theorem 16 is also true for JGHDof R.
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In particular, if fi = di for every i 2 N , we have thefollowingCorollary 18 Let R be a 2-torsion-free ring whichhas a commutator right nonzero divisor and U a squareclosed Lie ideal of R. Then every JHD of U into R is aHD of U into R.Note that Corollary 18 states our result on HDwithout the semiprimality condition.We include an example by M. Bre�sar showing thatthe semiprimality and the right nonzero divisorcommutator assumptions are independent each other.
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Furthermore we prove the next theorem, whichgeneralizes our other result on HD.Theorem 19 Let R be a 2-torsion-free ring and Ua Lie ideal of R. Then every Jordan generalized higherderivation of U into R is a Jordan generalized triplehigher derivation of U into R.One can ask whether our result on JTHD is alsotrue for Jordan generalized triple higher derivations.We were still unable to answer this question.
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Note: we could have considered an alternativede�nition for a JGHD in De�nition 15: instead ofsupposing D as a HD, we could have taking D just as aJHD of R.In fact, with this assumption, we could prove ourmain Theorem in the same way as we did.The following example shows that the assumptionsof our Corollary 18 and our Herstein's Theorem on HD(Corollary 14) are independent each other. Thisexample is due to M. Bre�sar who kindly allowed us toinclude it here.
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Example 20 A semiprime ring may not contain acommutator nonzero divisor.Take commutative semiprime rings, or semiprimerings R containing a nonzero central idempotentelement e 2 R such that eR is commutative.Conversely, a ring may contain a commutatornonzero divisor, but is not semiprime.Let R = T2(A1) be the ring of the 2� 2 uppertriangular matrices with entries in the Weyl algebra A1(polynomials in x; y such that xy � yx = 1). Then R isnot semiprime, but the commutator of scalar matricesgenerated by x and y is the identity matrix.
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Finally, we give some well known examples of ringsthat have commutators nonzero divisors.Example 21 1. Any noncommutative ring withoutzero divisors, the matrix algebra over a division ring.2. Consider the 2� 2 matrix algebra M2(D) over adomain D with 1. Let Eij be the usual matrix units.Then the commutator [E12; E21] = E11 � E22 isinvertible.When char(D) 6= 2, then in M3(D) we have that[E12 +E23; E21 � E32] = E11 � 2E22 + E33 is a nonzerodivisor.
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Clearly variations of this will work for Mn(D)where D is a noncommutative domain (just consider2� 2 block diagonal matrices and a 3� 3 block at thebottom if n is odd). This block matrix idea will alsowork for the ring of all (countably in�nite) row andcolumn �nite matrices over a domain.In rings like R = F [x; y]=(x2), the zero divisorsmust lie in xR or Rx, so [x; y] is regular.Of course once one has suitable examples of primerings, then direct sums give examples for semiprimerings.
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In The Future: : :

(R. Awtar, '88): Let R be a non-commutative primering of characteristic 2, and let d be an additivemapping from R into itself satisfyingd(xy + yx) = d(x)y + xd(y) + d(y)x+ yd(x) andd(x3) = x2d(x) + xd(x)x+ d(x)x2, for all x; y 2 R.Then d is a derivation of R.
38



(Ashraf and Rehman, '00): Let R be a 2-torsion freeprime ring and let U be a Lie ideal of R such thatu2 2 U for all u 2 U . Is d is an additive mapping of Rinto itself satisfying d(u2) = 2ud(u) for all u 2 U , thend(uv) = ud(v) + vd(u) for all u; v 2 U .
39



Now we want to address a question studied in onepaper with Miguel Ferreroa.Some of these results are contained in the Ph.D.thesis of the lecturerb.a\Higher derivations of Semiprime Rings", Communications inAlgebra 30(5) 2002, 2321-2333b\Deriva�c~oes de Ordem Superior em An�eis Primos e Semipri-mos", Ph.D. thesis, Universidade Federal do Rio Grande do Sul:Brasil (2000), p. 1-64
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HD with Linear Relations

Throughout this part R is a semiprime ring, that is,I CR and I2 = 0) I = 0.It is well known that if R is semiprime it has a(right or left) ring of quotients Q such that if I CeR andf : RI !RR, 9q 2 Q such that f(a) = aq, for all a 2 I.Note that the center C of Q is a von Neumannregular commutative ring. If I CR, then ILAnn(I) isessential in R. So the mapping f : ILAnn(I)! R,f(a+ b) = a de�nes an idempotent element eI 2 Q witheI(a+ b) = eIa = a, for all a 2 I.
41



A derivation d: R! R is algebraic if there exista1; : : : ; an 2 R, an 6= 0, such that nPi=0 aidi(x) = 0, for allx 2 R.Algebraic derivations have been studied �rst byV.K. Kharchenkoa in a celebrated paper, then by A.Leroy and J. Matczukb in prime rings and by A.Ouaritc in semiprime rings.a\Di�erential Identities of Prime Rings", Algebra i Logika 17(2) (1978), p. 220{238 = Algebra and Logic 1 (1978), p. 155{168b\Derivations et Automorphismes Algebriques d'Anneux Pre-miers", Communications in Algebra 13 (6) (1985), p. 1245{1266c\D�erivations et Automorphismes Alg�ebriques d'Anneaux Semi-premiers, C. R. Acad. Sci. Paris 314 (1) (1992), p. 241-244
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It is well known that if R is semiprime andd : R! R is a derivation of R, then d can be uniquelyextended to d?: Q! Q and d? jC : C ! C.

In the above paper of A. Leroy and J. Matczuk theauthors proved that d is R-algebraic (Q-algebraic), d? isR-algebraic (Q-algebraic), d? jC is C-algebraic(Q-algebraic) are all equivalent conditions.
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If d : R! R and 9a 2 R such that d(x) = xa� ax,then d is said to be inner. Notation: d = Æa.If d: R! R, R prime, and there exists q 2 Q suchthat d = Æq jR, then d is said to be X-inner (afterKharchenko).Theorem 22 (Kharchenko) Assume that R isprime and d is an algebraic derivation of R. Ifchar(R) = 0 or char(R) = p is greater than the degreeof algebraicity of d, then d is X-inner.It is then natural to study relations Pni=0 ridi = 0,for a HD D = (di)i�0.
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Our Results

Proposition 23 Assume that R is semiprime andD = (di)i2N is a HD of R. Then there exists a uniqueextension of D to a HD D? = (d?i )i2N of Q. Also D? jCis a HD of C.De�nition 24 Assume that R � S or S � R. Wesay that D satis�es an S-linear relation (S-LR, forshort) on R if there exist a0; a1; : : : ; an 2 S, an 6= 0,such that nPi=0 aidi(x) = 0, for all x 2 R.
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Theorem 25 Assume that R is semiprime andD = (di)i2N is a HD of R which satis�es an R-LR ofminimal lenght n on R. Then there exist I CR andq0 = eI ; q1; : : : ; qn�1 2 eIQ such that nPi=1 qn�idi(x) = 0,

for all x 2 R. Moreover, the relation nPi=1 qn�idi = 0 isminimal on R, eId1 = Æq1 andeIdm = Æqm � m�1Pi=1 qidm�i, for all 2 � m � n.
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Applications

First Application: If R is prime we can write theabove relation: d1 = Æq1 . Moreover,26666666664
Æq1Æq2Æq3...Æqm
37777777775 =
26666666664

1 0 : : : 0 0q1 1 : : : 0 0q2 q1 : : : 0 0... ... : : : ... ...qm�1 qm�2 : : : q1 1
37777777775| {z }A(m;q)

�
26666666664

d1d2d3...dm
37777777775 :

47



This gives a generalization of Kharchenko's result:

Æq1 = d1 ) d1 = Æq1Æq2 = q1d1 + d2 ) d2 = Æq2 � q1Æq1d3 = Æq3 � q2Æq1 � q1(Æq2 � q1Æq1)...
It is clear that A(m; q) is invertible for any m � n,and so the above relations can be written usingmatrices.
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Second Application:Theorem 26 Assume that R is a semiprime ringand D is a HD of R. Then the following conditions areequivalent:1. D satis�es an R-LR on R;2. D satis�es a Q-LR on R;3. D? satis�es an R-LR on Q;4. D? satis�es a Q-LR on Q.

Furthermore, if one of these equivalent conditionsholds, then the minimal length of the relations is alwaysthe same. 49



In this case this is no more related withC-algebraicity. The next example gives a HD D suchthat satis�es an R-LR, but D? does not satisfy a C-LR.Example 27 Let R = K hx; yi. De�ne D = (di)i2Nby d0(r) = r, di(r) = (�1)i(yir� yi�1ry), 8r 2 R, i � 1.Then d2(r) + yd1(r) = 0, for every r 2 R, and Dsatis�es an R-LR of length 2 on R.Nevertheless D does not satisfy a C-LR on R, whereC is the extended centroid of R.
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Recall that C = K . If for ci 2 K , 0 � i � n� 1, wehave dn + n�1Pi=0 cidi = 0, then

(�1)n(ynr � yn�1ry) + n�1Xi=1(�1)ici(yir � yi�1ry) + c0r = 0;

for every r 2 R. In particular, for r = x we obtain

(�1)nynx = (�1)n+1yn�1xy�n�1Xi=1(�1)ici(yix�yi�1xy)�c0x;

which is clearly a contradiction.
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Some Open Problems on HD

HD and Partial Actions: the concept of a partialaction of a group G on an abstract set X was introducedby R. Exel in 1998 as a family of partial bijections of Xsatisfying natural compatibility conditions.It also can be de�ned as a partial homomorphism(partial representation) from G to the symmetric inversesemigroup I(X) of X, a rather natural concept studiedin the theory of inverse semigroups.
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Recently, in a pure algebraic context, partialrepresentations and partial actions of groups on algebrashave been studied by a lot of researchers which observedthe relevance of partial actions in model theory, grouppresentations, and various aspects in the theory ofsemigroups.Given a partial action of a group on an object it isnatural to ask whether it is a restriction of a globalaction (globalization or enveloping action) de�ned on abigger object. Globalizations of partial actions where�rst considered by F. Abadie in his PhD Thesis of 1999.How could we insert HD in the partial actioncontext? 53



HD and Hopf Algebras: the notion of action of aHopf algebra in an algebra is enough general so that theideas of action of a group in an algebra byautomorphisms, or of action of a Lie algebra byderivations, or, still, to graduation by a �nite group, forexample, are dealt by an uni�ed way.This property of the Hopf algebras theorycontributed for the appearence, in the 80', of a interest,by researchers in noncommutative ring theory, in thestudy of the action of Hopf algebras and in the search ofgeneralizations of known results already concerningaction of groups by automorphisms and of Lie algebrasby derivations. 54



How could we insert HD in the Hopf algebrascontext?I think we can consider the following structure:R �! khx1; x2; : : : ; xni;�(xy) =Xxi 
 xj ;�(1) = 0:

Considering powers of one usual derivation, wewould have didj = di+j .Since didj doesn't imply di+j , then R must have thealgebra as a free ring, without relations.55
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