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1. ON DEPENDENT ELEMENTS

In this section we study the dependent elements 

of a map f: R: R→→R, R, wherewhere R is a R is a ringring..

TheThe dependentdependent elementselements are are thethe elementselements aaєєR R whichwhich

satisfysatisfy thethe relationrelation f(x)a=f(x)a=axax, for , for allall xxєєR.R.

If If therethere existsexists no no nonzerononzero elementelement a a whichwhich satisfiessatisfies

thatthat relationrelation, , wewe cal cal thethe mapmap f a f a freefree actionaction..

FreeFree actionaction mapsmaps alsoalso willwill bebe studiedstudied in in thisthis sectionsection..

The main idea is to study the functions satisfying

f(x)a=ax, for all xxєєR R andand some some fixedfixed elementelement aaєєR.R.



Example 1
If R has an identity element and a is invertible, 

we can characterize all functions with dependent 

elements a.

The function f(x)=axa-1 has a for dependent 

element, because f(x)a=axa-1a=ax.

Furthermore, if f(x)a=ax for all xxєєR, R, thenthen

f(x)=axa-1. 



Example 2
If Ra=R then given any xxєєR, R, therethere existsexists some some 

zzєєR R suchsuch thatthat zaza==axax..

LetLet f(x) f(x) pickpick oneone suchsuch zzєєR. R. ThenThen f(x)a=f(x)a=zaza==axax..

NoticeNotice thatthat f is f is notnot necessarilynecessarily additiveadditive nornor

multiplicativemultiplicative..



Theorem 1
Given f: Rf: R→→R R withwith dependentdependent elementelement a, a, thenthen

I=I={x{xєєRR| ax=0} is an ideal.| ax=0} is an ideal.

Remark 1
If f is not 1-1, then f(x)=f(y) implies x-yєєI, for all 

x,yєєR.R.

Remark 2

I=I={x| ax=0}={x| ax=0}= {x| {x| f(x)af(x)a=0}.=0}.

Remark 3

The kernel of f is contained in I.



Theorem 2
The set H={x| {x| aannxx=0 for some n} is an ideal.=0 for some n} is an ideal.

We now look at annihilators of a on the other We now look at annihilators of a on the other 

side.side.

There are a lot of them.There are a lot of them.

But they do not form an ideal.But they do not form an ideal.

Theorem 3
Given f: R→R with dependent element a, then 

{f(xy)-f(x)f(y)}a=0, and {f(x+y)-f(x)-f(y)}a=0.

Definition 1

W=W={w{wєєRR| | wawa=0}.=0}.

Theorem 4

W is a left ideal.



Theorem 5
WRa is a two sided ideal.

Theorem 6
WRan is an ideal, for any natural number n.

Remark 4

ThereThere is a is a decreasingdecreasing chainchain ofof twotwo--sidedsided idealsideals

...... 12
⊇⊇⊇⊇⊇⊇
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Theorem 7
Given f: Rf: R→→R R bebe a a homomorphismhomomorphism withwith dependentdependent

elementelement a, a, thenthen f(W)af(W)a22=0, =0, wherewhere W is W is defineddefined in in 

DefinitionDefinition 1.1.

Theorem 8
fn(W)an+1=0, for any natural n.

Remark 5

If If aRaR=R, =R, thenthen WR=0 WR=0 andand W is a trivial ideal.W is a trivial ideal.

Remark 6

If f(R)=R, then WR=Wf(R) is contained in W 

and W is an ideal.



Remark 7
f(I) is contained in W.

Remark 8
If we define f´(x)=f(x)+w(x) for any choice of 

w(x) in W, then f´also works for the dependent 

element a, that is f´(x)a=(f(x)+w(x))a=f(x)a=ax.

Remark 9

LetLet W, f W, f bebe as as defineddefined aboveabove. . ThenThen

is a subring. is a subring. 

MoreoverMoreover, , {a}, {a}, f(Rf(R) and W are contained in Q.) and W are contained in Q.

{ }WWxRxQ ⊂∈= |



Remark 10
The subring Q contains a.

The restriction of f maps Q into Q.

And, of course, f(q)a=aq, for all qєQ.

In Q, W is a two sided ideal.

It is not obvious that we can define f on the

equivalence classes of Q/W because we do not

know that W is invariant.

Yet is should be possible because modifying f by

elements in W always yields a valid function

with dependent element a.

Pick any representative from each equivalence

class. Then: f´(x+W)(a+W)=(f(x+w)+W)(a+W)=

=f(x+w)a+W=(f(x)+f(w))a+W=f(x)a+W, because

f(W)a is contained in W.



Theorem 9
Ω={xєR| xR is contained in W} is an ideal of R.

Theorem 10
f(R)a=aR is a right ideal.

Theorem 11

RaRa is a is a twotwo sidedsided ideal.ideal.



Suppose that a and b are both dependent elements

for f. 

Thus f(x)(a+b)=f(x)a+f(x)b=ax+bx=(a+b)x.

So the sum of two dependent elements is also a 

dependent element.

Since f(f(x))ab=af(x)b=abx, then the product fo

two dependent elements is a dependent element

for f(f(x)).

Consequently, fn(x)an=anx.

This yields the following descending chain of

ideals:

...... 132
⊇⊇⊇⊇⊇⊇
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Theorem 12
(Ra)n is contained in Ran.

Theorem 13
If a is nilpotent, then Ra is a nilpotent ideal. 

In a semiprime ring, if a is nilpotent, then a=0.



Remark 11

LookLook atat thethe subring subring generatedgenerated byby a a andand thethe

functionfunction f. f. 

OneOne cancan writewrite thethe basisbasis as as productsproducts ofof thethe formform

aakkbb11bb22......bbnn, , wherewhere thethe bbiis are s are defineddefined inductivelyinductively..

TheThe original Boriginal Biis are Bs are B11=={f(a),f(a{f(a),f(a22),),……,,f(af(ann),),……} } 

and by taking all finite products.and by taking all finite products.

NowNow close Bclose B1 1 byby takingtaking allall imagesimages byby f. f. 

ThisThis is Bis B22. . 

NowNow close Bclose B22 byby takingtaking productsproducts andand thenthen allall

imagesimages byby f, etc. f, etc. 

WhenWhen twotwo monomialsmonomials are are multipliedmultiplied, , thethe resultsresults

are are simplifiedsimplified byby bringingbringing allall ofof thethe singletonsingleton aa´́ss

to to thethe leftleft end.end.



Remark 12

LeftLeft multiplicationmultiplication byby a is 1a is 1--1 1 butbut notnot ontoonto..

Remark 13

RightRight multiplicationmultiplication byby aa´́ss collapsescollapses thingsthings..

If If oneone multipliesmultiplies byby a a largelarge enoughenough powerpower ofof a, a, 

thethe wholewhole termterm collapsescollapses to a to a singlesingle powerpower ofof a.a.

RemarkRemark 1414

If R is If R is kk--torsiontorsion--freefree, , wherewhere k is a k is a fixedfixed numbernumber, , 

andand f f satisfiessatisfies some some dependencedependence relationrelation whichwhich is is 

homogeneoushomogeneous andand suchsuch thatthat thethe coefficientscoefficients do do 

notnot addadd upup to zero, to zero, thenthen a a generatesgenerates a trivial ideal.a trivial ideal.



Assume f(x)a=Assume f(x)a=axax. . 

SinceSince pfpf(x)p(x)p--11papa==pfpf(x)a=(x)a=paxpax, , wewe findfind thatthat

g(x)=g(x)=pfpf(x)p(x)p--11 is a is a functionfunction thatthat hashas dependentdependent

elementelement papa..

If R is a If R is a ringring ofof nxnnxn matricesmatrices, , byby thethe aboveabove

statementstatement wewe maymay assume assume thatthat a is in a is in rowrow

canonical canonical formform sincesince g(x)g(x)papa==paxpax, for , for allall xxєєR.R.

If a is If a is invertibleinvertible thenthen f(x)=f(x)=axaaxa--11 andand wewe knowknow g g 

exactlyexactly..

If a is If a is notnot invertibleinvertible, , thenthen thethe rowrow canonical canonical formform

ofof a is a is notnot thethe identityidentity matrixmatrix..



SupposeSuppose thatthat thethe iithth columncolumn ofof a does a does notnot containcontain

a a stairstair stepstep oneone..

TheThe productproduct aEaEiiii hashas thethe samesame iithth columncolumn ofof a a andand

allall otherother entriesentries are zero.are zero.

ThisThis matrixmatrix aEaEiiii cancan notnot bebe obtainedobtained byby anyany leftleft

multiplicationmultiplication..

ThusThus allall elementselements aEaEiiii mustmust bebe zero zero andand thethe iithth

columncolumn ofof a a allall zeros.zeros.

ButBut wewe cancan putput thisthis columncolumn ofof zeros zeros anywhereanywhere in in 

thethe matrixmatrix byby a a rightright multiplicationmultiplication..

WeWe cannotcannot do do thatthat byby a a leftleft multiplicationmultiplication..

ThereforeTherefore a a cancan havehave no no nozeronozero entriesentries..

ThereforeTherefore a=0.a=0.

SoSo for for thethe ringring ofof nxnnxn matricesmatrices, , anyany nonzerononzero

functionfunction is a is a freefree actionaction..



Assume Assume thatthat A is a prime A is a prime ringring andand f(x)a=f(x)a=axax..

ThenThen RaRa is na ideal.is na ideal.

If If awaw=0, =0, thenthen ((RaRRaR)()(RwRRwR) is ) is containedcontained in in 

RawRRawR=0, =0, andand soso in in thethe prime case, w=0.         (*)prime case, w=0.         (*)

If f(p)=0 If f(p)=0 thenthen f(p)a=ap=0 f(p)a=ap=0 andand soso p=0.p=0.

If f(p)=f(q) If f(p)=f(q) thenthen 0=(f(p)0=(f(p)--f(q))a=a(pf(q))a=a(p--q) q) soso p=q.p=q.

ThereforeTherefore in a prime in a prime ringring f is 1f is 1--1.1.

If f(p)a=0 If f(p)a=0 thethe ap=0 ap=0 andand soso p=0.p=0.

If W=If W={x{xєєR| R| xaxa=0=0} then W is a left ideal, } then W is a left ideal, 

RWf(RRWf(R) is contained in W and ) is contained in W and f(R)f(R)∩∩WW=0, =0, 

because because f(xf(x))єєW W meansmeans f(x)a=0 f(x)a=0 thenthen

0=f(x)a=0=f(x)a=axax=0.=0.

SinceSince axax=0, =0, thenthen fromfrom (*), x=0.(*), x=0.



SinceSince x=0 x=0 thenthen f(x)=0.f(x)=0.

ThereforeTherefore f(R)f(R)∩∩LL(a)=0, (a)=0, wherewhere L(a) is L(a) is thethe leftleft

annihilatorannihilator ofof a in R.a in R.

f(p+q)a=a(p+q)=ap+f(p+q)a=a(p+q)=ap+aqaq=f(p)a+f(q)a.=f(p)a+f(q)a.

SoSo (f(p+q)(f(p+q)--f(p)f(p)--f(q))a=0, f(q))a=0, soso ““f(x)f(x)RaRa”” is is additiveadditive..

f(f(pqpq)a=)a=apqapq=f(p)=f(p)aqaq=f(p)f(q)a.=f(p)f(q)a.

SoSo (f((f(pqpq))--f(p)f(q))a=0, f(p)f(q))a=0, soso f(x) is f(x) is sortsort ofof

multiplicativemultiplicative..



Theorem 14
If R is a ring and aR is contained in Ra for some 

aєR, then there is a dependent function with

dependent element a.

Corollary 15

If aR is contained in Sa for some subset S of R, 

then g(R) is contained in S.

Corollary 16

Let f(x)a=ax be a dependent function with its 

dependent element a. 

Then S= Range f={f(x)| xєR} gives that aR is 

contained in Sa, which is a characterization of 

all dependent functions with their dependent 

element.



The following construction seems to be way too 

complicated.

Take any ring R and any element a.

Let Q=<(x1,x2,…,xi,…)>, where axi=xi+1a, for 

every i.

Q is closed under coordinatewise addition and 

coordinatewise multiplication.

If ayi=yi+1a for all i and azi=zi+1a for all i, then 

a(yi+zi)=(yi+1+zi+1)a for all i.

So a(yizi)=(ayi)zi=yi+1azi=yi+1zi+1a for all i.

Let Hi be all the coordinates appearing in the ith

slot.

Then Hi+1a=aHi.



Also notice that one can start anywhere in the 

sequence, so Hn is contained in H1 for all n.

Then the set of all first coordinates H=H1 is a 

subring which satisfies aH is contained in Ha, 

and conversely, if f(x)a=ax then the sequence 

(x,f(x),f(f(x)),…) has the above property.

fi+1(x)a=afi(x), or 

H={x: for each n, there exists yn s.t. anx=yna
n}.

H is closed under addition and multiplication so 

is a subring.

Essentially, we are saying that each element in 

the ring has an infinite number of predessors.

They are etc … f(f(f(x))),f(f(x)),f(x),x, i.e., 

yn=fn(x).



Theorem 17 
If R is a ring with identity and a is an element in 

R with left inverse b, that is, ba=1, then 

g(x)=axb is a dependent function with 

dependent element a.

Definition 2
If R is a ring with two dependent functions f an 

g with the same dependent element a, we say 

that f and g are equivalent if f(x)a=g(x)a for all 

xєR.

It might not be true that f(x)=g(x) for all xєR, but

at least (f(x)-g(x))a=0.



If f is a dependent function with dependent 

element a, let W={w| wa=0}, then any 

dependent function f can be modified by adding 

elements of W to it.

It will still be a dependent function with 

dependent element a, i.e., if u: R→W, then 

g(x)=f(x)+u(x) is a dependent function with 

dependent element a,

g(x)a=(f(x)+u(x))a=f(x)a=ax.

We classify all dependent functions on simple 

rings with identity element.

We show that they are all equivalent to some 

g(x)=axb for some elements a an b.

If a=0, then choose b to be zero also.

When a is not zero then b is the left inverse of a.



Theorem 18
Assume that R is a simple ring with identity element.

If there exists a function f: R→R such that f(x)a=ax, for 

all xєR, then f is equivalent to g(x)=axb for some bєR.

We can define a dependent map for an element a if a has a 

“partial inverse”. That is, if there exists an element b such 

that ba acts like an identity on a, i.e., if (ba)a=a.

Theorem 19
If a,bєR such that Ra=R and ba2=a, then R has a 

dependent map with dependent element a.

Theorem 20
If R is a simple ring not necessarily with id and f is a 

dependent function with dependent element a≠0, then

Ra=R and there exists bєR s.t. ba2=a and the function g 

defined by g(x)=ayba,  where x=ya, is equivalent to f.



2. ON THE RELATION f(x)a=bx

In this section we study some kinds of mappings f: 

R→R which satisfy the condition f(x)a=bx, for all 

xєR and some fixed elements a,bєR.

This property is a generalization of the definition of

one dependent element.



Definition 1

Let R be a ring. Let f: R→R be a mapping.

We call that a is associated with b in R if f(x)a=bx,  

for all xєR.

We shall denote by

A(f)={(a,b)єRxR: f(x)a=bx, for all xєR}, the set of 

associated pairs of f.

Theorem 1

A(f) is an additive subgroup of RxR.

Theorem 2

If (a,b)єA(f) then (an,bn)єA(fn) for every natural n.



Definition 2

A derivation D of a ring R is an additive mapping 

D: R→R  which satisfies D(xy)=D(x)y+xD(y) for 

every x,yєR.

Definition 3

A generalized derivation is a mapping G: R→R  

which is additive and satisfies G(xy)=G(x)y+xD(y) 

for every x,yєR, and some derivation D in R.

Theorem 3

Let R be a semiprime ring and let g: R→R be a 

generalized derivation related with a derivation 

d: R→R. If (a,b)єA(g), then ab=ba.



Theorem 4

Let R be a 2-torsion-free prime ring and let d,g and h 

be nonzero derivations of R.

Suppose f be the mapping x→d(g(x))+h(x).

If (a,b)єA(f), then ba=0.

Theorem 5

Let R be a prime ring and let T be a nonzero left

centralizer of R. 

If (a,b)єA(T), then aєZ(R), the center of R. 



Definition 4

A left centralizer T of a ring R is a mapping T: R→R 

which is additive and satisfies T(xy)=T(x)y for every 

x,yєR.

Theorem 6

Let R be a semiprime ring and let T be a nonzero left

centralizer of R. If (a,b)єA(T), then ab=ba.

Theorem 7

Let R be a prime ring and let g be a generalized

derivation of R related with a derivation d of R.

Assume that θ: R→R is such that θ(x)=[g(x),x].

If (a,b)єA(θ), then ba=0.



Definition 5

Let R be a ring and let α be a nonzero mapping of R. 

An additive mapping D: R→R is called an 

α-derivation if D(xy)=D(x)y+α(x)D(y) holds for all

x,yєR.

Theorem 8

Let R be a prime ring and let d be a nonzero

α-derivation, where α is na homomorphism of R.

Assume that θ: R→R is such that θ(x)=d(x)+α(x).

If (a,b)єA(θ), then (a,b)єA(α) or ab=ba.



Theorem 9

Let R be a semiprime ring and let f and T be two left

centralizers of R.

Assume that θ: R→R is such that θ(x)=(f◦T)(x).

If (a,b)єA(θ), then ab=ba.

Corollary 10

Let R be a prime ring and let f and T be two left

centralizers of R.

Assume that θ: R→R is such that θ(x)=(f◦T)(x).

If (a,b)єA(θ) then b=0 or aєZ(R).

One detail report on derivations can be found in

AshrafAshraf, M.; Ali, A. , M.; Ali, A. andand HaetingerHaetinger, C.,, C., OnOn derivationsderivations

in in ringsrings andand theirtheir applicationsapplications, , TheThe AlligarhAlligarh Bull. Bull. ofof

MathMath.  .  2525(2) (2006) 79(2) (2006) 79--107.107.
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