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Abstract

A classical result in the theory of Hopf algebras conceresuhiqueness and existence of inte-
grals: for an arbitrary Hopf algebra, the integral spacedimgnsion< 1, and for a finite dimensional
Hopf algebra, this dimension is exaclty one. We generaliesé results to quasi-Hopf algebras and
dual quasi-Hopf algebras. In particular, it will follow thihe bijectivity of the antipode follows from
the other axioms of a finite dimensional quasi-Hopf algeb¥e. give a new version of the Funda-
mental Theorem for quasi-Hopf algebras. We show that a dusdieHopf algebra is co-Frobenius if
and only if it has a non-zero integral. In this case, the spédideft or right integrals has dimension
one.

0 Introduction

Quasi-bialgebras and quasi-Hopf algebras were introdbgedrinfeld in [L], in connection with the
Knizhnik-Zamolodchikov system of partial differential ations, cf. [I4]. From a categorical point of
view, the notion is not so different from classical bialgebrwe consider an algebky, and we want

to make the category ¢i-modules, equipped with the tensor product of vector spac&sa monoidal
category. If we require that the associativity constragnthie natural associativity condition for vector
spaces, then we obtain a bialgebra structurélpm general, we obtain a quasi-bialgebra structure, that
is, we have a comultiplication and a counit Ay where the comultiplication is not necessarily coasso-
ciative, but only quasi-coassociative.

Of course the theory of quasi-bialgebras and quasi-Hopfbailts is technically more complicated than
the classical Hopf algebra theory. A more conceptual difiee however, is the fact that the definition
of a bialgebra is self-dual, and this symmetry is broken wiverpass to quasi-bialgebras. As a conse-
guence, we don’t have the notion of comodule or Hopf moduér avquasi-Hopf algebra, and results in
Hopf algebras that depend on these notions cannot be gieedrad a straightforward way. For instance,
the classical proof of the uniqueness and existence ofraltegbased on the Fundamental Theorem for
Hopf modules [24].

Hausser and Nill[[43] proved that a finite dimensional qudspf algebra is a Frobenius algebra, and has
a one dimensional integral space. Independently, Paraité/an Oystaeyer{[]19] proved the existence
of integrals for finite dimensional quasi-Hopf algebrasngghe approach developed in][26], without
using quasi-Hopf bimodules.
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and Romanian governments.
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For a finite dimensional Hopf algebkH, it follows from the Fundamental Theorem trfﬁ ®H* andH

are isomorphic as Hopf modules. In Sectjdn 2, we will see timatisomorphism survives as a léft
linear isomorphism in the case of a finite dimensional qttagf algebra. The method of proof is quite
different from the classical one: the isomorphism is cartdrd explicitly, using the projection éf onto
the integral space constructed in][19]. In Drinfeld’s amigi definition [Ip], the antipode of a quasi-Hopf
algebra is required to be bijective. Actually our prooffﬁf ®H* =~ H does not use this bijectivity, and
has as a consequence that, for a finite dimensional quadi-ddggbra, the bijectivity of the antipode
follows from the other axioms; another consequence is tieirttegral space is one-dimensional. In a
recent preprint[[32], Schauenburg gave a different prodheffact that the antipode of a finite dimen-
sional quasi-Hopf Hopf algebra is bijective.

The infinite dimensional case is treated as well. We showdhagtiasi-Hopf algebra (without the as-
sumption that the antipode is bijective) is finite dimensiahand only if the antipode is bijective and
the integral space is non-zero. The integral space of antmfitimensional quasi-Hopf algebra with
bijective antipode is zero. A semisimple Hopf algebra wijkdiive antipode is finite dimensional.
Hausser and Nill[[43] also introduced cointegrals on a fiditeensional quasi-Hopf algebra; these coin-
tegrals are elements of the dual sp&te and, using a Structure Theorem for quasi-Hopf bimodules,
Hausser and Nill prove that the space of cointegrais one-dimensional, and that all non-zero integrals
are nondegenerate. In Sectpn 3, we further investigateempials. In[[13], it is asked whether there is a
connection between the projectiontdfonto the space of integrals frofn [19], and the projectiot 6f
onto the space of cointegrals, introduced[ir [13]. This isedm Lemmd 3]2, and, as an application, we
give some characterizations of cointegrals, see Propn{gti.

In the second part of Sectidh 3, we propose an alternativeitiefi of the space of coinvariants of a
quasi-Hopf bimodule. This alternative space of coinvagas isomorphic to the Hausser-Nill space of
coinvariants, and can be used to give a second version ofithet@&e Theorem. Our alternative has nev-
ertheless two advantages, compared to the Hausser-Nibagiu first, it is invariant under the adjoint
action (cf. Lemmd 3]6). Secondly, in the finite dimensiorae; it gives rise to an alternative definition
of cointegral: we take the alternative coinvariantdHof If we write down this formula explicitely, we
obtain a formula that still makes sense in the infinite dinmred case, so we obtain a plausible definition
for cointegrals in the infinite dimensional case.

As we have already pointed out, the definition of quasi-Hdgélara is not self-dual. Actually, we can
introduce dual quasi-Hopf algebras, these are coalgebitlisa multiplication that is not associative, but
only quasi-associative. In Sectiph 4, we introduce intisgradual quasi-Hopf algebras. We were able
to prove that the rational dual of a dual quasi-Hopf algebiaisomorphic as a comodule to the tensor
product ofA itself and the integral space. This generalizes the clalsstatement for Hopf algebras
(see [2}]), but, again, we have to give a direct proof, anchetideduce the statement from a Structure
Theorem. As in the classical case, it then follows immedidteat the integral space is zero if and only
if the rational dual is zero. Also we can use the integralswestigate properties of a dual quasi-Hopf
algebraA as a coalgebra (Theoren]4.5). The existence of a non-zexgrattis equivalent té\ being a
co-Frobenius coalgebra, a QcF coalgebra, or a left semigtecbalgebra. Moreover, for a dual quasi-
Hopf algebra, all these notions are left-right symmetrigttRermore the existence of a non-zero integral
is equivalent toA being a generator or a projective object in the categoryadif dr right) comodules.

As a first application of this coalgebraic viewpoint, we filhata dual quasi-Hopf subalgebra of a dual
quasi-Hopf algebra with non-zero integral has non-zeregrals. Secondly, it follows that non-zero in-
tegrals are unique up to multiplication by a scalar. Also w&a give the connection between left and
right integrals (Proposition 4.9), and this generaliZg¢f®position 1.3]. We were able to prove that the
antipode of a dual quasi-Hopf algebra with a non-zero iatiagrinjective, but it remains open if it is also
surjective, as it is the case for a classical Hopf algebma|3@]. Our final result is Maschke’s Theorem



for dual quasi-Hopf algebras (Theor¢m 4.10), stating trdual quasi-Hopf algebra is cosemisimple if
and only there exists an integralsuch thafl (1) = 1.

When we pass from bialgebras and Hopf algebras to quagjdhieds and quasi-Hopf algebras, the ap-
pearance of the reassociator and the elemerasd 3 in the definition of the antipode, considerably
increase the complexity of computations and proofs. Thgeplkation is not new, other authors who
have been working on quasi-Hopf algebras experienced #i@md us. However, the philosophy is ba-
sically the same as in the case of usual bialgebras: the sdeanake the category é-modules into a
monoidal category. Recently, Schauenburg proposed analitee approach to proving results on quasi-
bialgebras, exploiting the categorical ideas behind gbiadgebras, and replacing the computational
arguments using the Sweedler notation by conceptual angisngsee [[32] for detail). At this moment
is not clear to us whether Schauenburg’s ideas can be usedetalternative and/or more transparant
proofs of the results in this paper.

1 Preliminaries

We work over a commutative fiekl All algebras, linear spaces etc. will be okeunadorned? means
®k. Following Drinfeld [I0], a quasi-bialgebra is a four-teplH,A, &, ®) whereH is an associative
algebra with unit,® is an invertible element il ® H®H, andA: H - H®H ande: H — k are

algebra homomorphisms satisfying the identities

(id @ A)(A(h)) = d(A®id)(Ah) P2, (1.1)
(idee)(Ah) =h®1l, (e®id)(A(h))=1xh, 1.2

forallh e H, and® has to be a 3-cocycle, in the sense that
(1ed)(dARId)(P)(Pe1) = (deid®A)(P)(Axid®id)(P), a.3)

(d®e®id)(®) =101 1. (1.4)

The mapA is called the coproduct or the comultiplicatianthe counit andp the reassociator. As for
Hopf algebras we denot(h) = 3 h; ® hy, but sinceA is only quasi-coassociative we adopt the further
convention

(A®id)(A(h) =S hay ®@hag@he, ([d@A)(Ah) =D m@hey®hey),

for all h € H. We will denote the tensor componentsdby capital letters, and the ones®f* by small
letters, namely

o= ZX1®X2®X3:ZT1®T2®T3:ZV1®V2®V3:---
cb—lzZx1®x2®x3=Zt1®t2®t3:2v1®v2®v3:--.

H is called a quasi-Hopf algebra if, moreover, there existarairautomorphisn® of the algebrad and
elementsn, 3 € H such that, for alh € H, we have:

z S(hy)ah, =¢g(h)a  and z hiBS(hy) = €(h)B, (1.5)
Y XPBSXHax®=1 and Y SxH)ax’pS() = 1. (1.6)

For a quasi-Hopf algebra the antipode is determined unyquelto a transformatiom — Ua, 3 —
BU L, S(h) — US(h)U~%, whereU € H is invertible. The axioms for a quasi-Hopf algebra implyttha
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e(0)e(B) = 1, so, by rescalingt andf3, we may assume without loss of generality th@t) =€(f) =1
ande o S= ¢. The identities[(1]2)[(1} 3) anfl (1.4) also imply that

(e@id@id)(®) = (doidoe)(®) =11l (1.7)

Next we recall that the definition of a quasi-Hopf algebratigist coinvariant” in the following sense.
An invertible elemenF € H®H is called agauge transformatioor twistif (e®id)(F) = (ld®¢€)(F) =

1. If H is a quasi-Hopf algebra arfd = SF! ® F2c H®H is a gauge transformation with inverse
F1= zGl ® G?, then we can define a new quasi-Hopf algeldgaby keeping the multiplication, unit,
counit and antipode dfi and replacing the comultiplication, antipode and the elgs® and3 by

Ar(h) =FA(h)F 1, (1.8)
O = (10 F)(id®A)(F)PAxid)(F Y (Ftel), (1.9)
aF = 5 S(GNaG?, Br =5 F'BS(F?). (1.10)

It is well-known that the antipode of a Hopf algebra is an-aotilgebra morphism. For a quasi-Hopf
algebra, we have the following statement: there exists ggtnansformatiorf € H ® H such that

fash) =Y (S 9)(a°(h), forallheH. (1.12)
f can be computed explicitly. First set
YA AN A= (Pe1)(Arid@id)(®), (1.12)
Y B'eB? 0B @B = (Awid@id)(®) (¢ @ 1) (1.13)
and then defing, d € H @ Hby
y=" SA?)aA’w SANaA* and 8= 5 B'BS(B*) @ B’BS(B®). (1.14)
f and f ! are then given by the formulas

fo= 3 (S29A%®(x"))yACRX), (1.15)
f = S AKX ax®)3(se S)(A% (X)) (1.16)

whereA°P(h) = $ hp ® hy. f satisfies the following relations:
fA(a) =y, AR)F1=2. (1.17)
Furthermore the corresponding twisted reassociator is8 (s given by
@ = (S Se (X wX?eXY). (1.18)
In a Hopf algebrad, we obviously have the identity
Zh1®h2$(h3) =h®1, forallheH.
We will need the generalization of this formula to quasi-Halgebras. Following[[11][[12], we define
pr=> prop’=YxaxBsx’), r=Yq o= XS (ax)X? (119
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For allh € H, we then have

Y A(h)pr(l@ She)] = prh® 1], 5 [1© S Y (hp)]orA(h) = (h@ 1)ar, (1.20)
and
Y A1 SE)) =101, FAeS H(p)leRA(PY) =181, (1.21)
(GrR®1)(A®id)(gR)®
= YlestX¥)esi(X?)|1es () s (fh(id©a)(graXY), (1.22)
P(A®id)(pr)(Pr®Id)
= Y (des)ax)pr)(1e fH(1e 86 @ S(x)), (1.23)

wheref =5 f1® f2is the twist defined in[(Z.15). Note that the formulas (753} (except[(Z.32) and
the second part of (T.0-1]21)) can be proved without usirdtjectivity of the antipod&.

2 Integrals in quasi-Hopf algebras

Let H be a finite dimensional quasi-Hopf algebra with an antip8dén [[L3], it is shown thaH is a
Frobenius algebra and, as a consequence, the space ofglef} integrals inH is one dimensional. The
proof in [13] relies on the fact that the antipo8és bijective. Using different arguments independent of
the bijectivity of the antipode, we will give another prodftbe existence and uniqueness of integrals in
H. In fact we will prove that, in the definition of finite dimeosial quasi-Hopf algebra, the bijectivity
of the antipode can be dropped, in other words, the bijdégtnd the antipode follows from the other
axioms. This will generalize a similar result for Hopf algas, see[[16].

Let us make our terminology consistent: by a quasi-Hopflaigewe will mean a quasi-Hopf algebra as
defined in Sectiof] 1, but without the assumption that thepadé is bijective. If the antipode is bijective,
then we will say that we have a quasi-Hopf algebra in the sehBginfeld. With this convention, our
main result is the following: a finite dimensional quasi-flafgebra is a quasi-Hopf algebra in the sense
of Drinfeld.

Recall that € H is called a left (resp. right) integral i if ht = g(h)t (resp.th=¢g(h)t), vhe H. We
denote byjiH (frH) the space of left (right) integrals id. If there exists a non-zero left integral kh
which is at the same time a right integral, théns called unimodular.

In [Lg], the Fundamental Theorem is used to prove the existamd uniqueness of integrals, and then
the bijectivity of the antipode follows. In the quasi-Hogdf@bra case, this approach will not work,
since we cannot define Hopf modules. Van Daglé [26] gave & simor direct proof of the existence
and uniqueness of integrals in a finite dimensional Hopflatgeand Panaite and Van Oystaeygr [19]
generalized Van Daele’s argument, proving the existendefbintegrals in finite dimensional quasi-
Hopf algebras. More precisely, |et be a finite dimensional quasi-Hopf algeb(a,}izﬁ a basis oH
and{ei}i:ﬁ the dual basis ofi*. Following [19] we define

P(h) = _Z(é,BS(S(XZ(a )2) X)X (@)1, (2.1)
for all h € H. Then one can show th&(h) € [, vhe H and E (€,3(P(&)B)) = &(B) = 1. It follows
i=1

that at least one of te(e) ~ 0, and ') = 0.
In order to prove the uniqueness of integrals for finite disi@mal quasi-Hopf algebras we need the
following



Lemma 2.1 Lett be a left integral in a quasi-Hopf algebra H. Then for lak H
Y hXt @ S(Xt2)ax® = Xy @ S(X?t2)ax°h, (2.2)
and
YuoSt) =Y Xt @ S(X?t)aX3p = > BXty @ S(X%t;)ax3. (2.3)
Proof. For allh € H we calculate, usind (4.5). (1.1) abe ;" that

Z thtl ® S(X2t2)0X3 = Z hlxltl ® S(h(zil)thz)cxh(ziz)Xg’
= Z Xl(hlt)l ® S(Xz(hlt)z)C(X3h2 = Z Xlt]_ ® S(thz)C(X3h.

To prove the first equality irf (3.3), we talgeXt; @ S(Xt,)aX3. First we apply the 3-cocycle condition
PR1l=(d2A®id) (P 1) (1ed ) (idoid2A)(P)(Axid®id) (D)

and then, successively using the fact that ", @L.3), {L.%), [@]7) and(3.6), we find the left hand side
of (.3). The second equality ip (.3) follows frofn (2.2). O

For a quasi-Hopf algebrldl, we introduceH* as the dual space i with its natural multiplication
(h*g*,h) = 5 h*(hy)g*(h2), whereh*,g* € H* andh € H. If H is finite dimensional, theid* is also
equipped with a natural coassociative coalgebra stru¢tu@ given by (A(h*),h@ i) = (h*,hh) and
g(h*) = h*(1), whereh* € H*, h,h" e H and(,) : H* ®H — k denotes the dual pairing. G#* we have
the natural left and rightl -actions

(h—h* 1) = (h*,W'h), (W — h,K) = (h*, hH), (2.4)

whereh, ' € H andh* € H*. This makedH* into aH-H-bimodule.
We also introduceS: H* — H* as the anti-coalgebra homomorphism dualSa.e. (S(h*),h) =
(h*,S(h)), vh* e H*,he H.

Theorem 2.2 Let H be a finite dimensional quasi-Hopf algeb|{zﬂq}i:H a basis of H with dual basis
{€};_1y of H*, and defined: [ ®H* — H, by

Bt@h’) = 3 h*(S(X?tp?)ax®)X'tp!, Wt e M b e Hx, (2.5)

where g=75 p'® p? is the element defined ifi (1}19). Then the following assetimld:

(i) 8is an isomorphism of left H-modules, Wh®H *is aleft H-modules via it ® h*) =t®h — h*
YheH,t e le,h* € H*, and H is a left H-module via left multiplication. Conseqtjgardinyle =1
The inverse o8 is given by

0 1(h) = _iP(ah) @€, YheH, (2.6)

where P is the projection onto the space of left integral$inge in (2.1).
(i) The antipode S is bijective.
(i) SO = 7 ) = S, and dim [ = 1.



Proof. (i) First we show tha® and®—! are inverses. Indeed, for dllc H we have:
SHl= n . .
o l(h) BIZD 5 (el ps(S(X2(e))ax?)ah) (€, SY2XE (€)1 PRIV
i,j=1
YIX{ (&) (1.0 P"

n

(C29 = Y (BYAGPPS(X?)ax)ay )Y iX] ple;
j=1
EL13L3 = Y YXZIBSYAXZIBSXZ) X Z%)av *h
[L3[1413[L8) = JYIRSYAXIBS(XH)ax?)ay®h=h.

For allt € ;" andh* € H* we compute
n .
6t B(teh) = Zlh*(S(xztzpz)ax3)P(ax1t1pl)®é

RIRY = Z h*(S(X*t2p) X °BS(S(Y2(€))2)aY°)e ) (€, X 1 ph) Y ()1 @ €

I] 1
®3 = Zlh* S(S(Y? t12) p3)aY 3ty p )&)Y pi@é
@Iy = Zlh* (S(S(Y?pday3pPe)tyipiee
EEy = Zlh* (S(SYIXX?)aya®XPBS(Y*x3X3) ety X @ €
E3L4Lsd = _Zih*(S(S(xl)GXZBS(XE‘))a)t@é
1=
n .
e = _Zlh*(a)t@)e' =t®h".
SinceB is a bijection and digH = dimgH* is finite, is follows thatdlmj, = 1. We are left to show that
0 isH-linear. Forallh e H,t € [ andh* € H* we have:

heteh’) = 5 h*(S(X?tzp?)ax®)hx'tip*

(%) = (h—h*,g(X?t,p?)ax3) Xt pt
— Btoh—h).

(ii) First we prove thasSis bijective. H* is finite dimensional, so it suffices to show tf&is injective.
Leth* € H* be such thaS(h*) = 0, and take G-/t € ["'. For allh € H we have

B(t®BS(h) — h") = (BS(h) — h", S(X*t2p?)ax®) Xty p*
= 3 (W, S0XPt2p?)axps(h) Xt p?
B3 = Shshep?)up
= Z(é(h*), htz p2>t1pl =0.

Since® is bijective we obtain that® BS(h) — h* = 0. Now, because/ 0 and ding fIH =1, it follows
thatBS(h) — h* = 0, for allh € H. Therefore, by[(1]6), for alt € H we have

h*(h) = 5 (W, WS ax?BSC)) = § (BS(X°) — h*, ' S(x})ax?) = 0.
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Itis not hard to see th&@ : H* — H*, S'(h*) = h* oS, Yh** € H**, is a bijective map. If we define
&1 H—H™by&(h)(h") =h"(h), vhe H,h* € H*, then we can easily show th§(e)};_175 is a basis
of H** dual to the basis{ei}i:ﬁ of H*, and it follows thaté is bijective. Moreoverg~—1! is given by

n . — . . .
& 1(h) = 5 h**(€)e,vh** € H*. In addition,§ 10 S 0& = SsoSis bijective.

i=1

(iif) We have already seen th&tis an anti-algebra automorphismtdfand dim(f,H = 1. The rest of the
proof is identical to the proof for classical Hopf algebras. d

Remark 2.3 We cannot deduce the isomorphighin Theorem 2.2 from a Structure Theorem for dual
guasi-Hopf bicomodules. IA is a dual quasi-Hopf algebra (for the complete definition theelast
Section) then the category stbicomodule*” is monoidal and\ is in a canonical way an algebra in
AafA. Thus, it makes sense to define a right dual quasi-HepicomoduleM as being a righf-module

in A(”. Denote by*M% the category whose objects are right dual quasi-Hajicomodules and
morphismsA-bicomodule maps which are also righdinear (for more details seg J22]). This definition
is dual to the one given by Hausser and Nill|[13] for quasi-Hoimodules. So, using their Structure
Theorem, by duality, we can prove a Structure Theorem fol guasi-HopfA-bicomodules and then
we can apply it in the particular cad¢ = H (hereH is a finite dimensional quasi-Hopf algebra and
A= H*, the linear dual space ¢1). But, on a hand, in order to obtak as an object if'” a5 we
need the antipod8 of H to be bijective and, on the other hand, using the definitioHadsser and Nill
for coinvariants, in the dual case we don't obtain the spddategrals inH. In consequence, if the
isomorphismB is derived from a Structure Theorem for dual quasi-Hopf imiodules then it is not the
dual case of Hausser and Nill result.

Now, letM €A M,f. First, sinceA is a coassociative coalgebra we can define the set of righta@ants
MCAA) of M as beingVI®A := {me M | p;(m) = m 1}, wherep; : M — M ®A, pr (M) = ¥ M) @ M),
me M, is the right coaction oA on M. Sincep;(m-a) = p;(m)A(a) for allme M anda € A (we denote
byM®@A>mM@A—-m-ac M,mc M, ac A the right action ofA on M), as in [4, Theorem 2.11] we
can show thaP : M — M given byP(m) := 3 mq) - B(M1))S(M(z)), M€ M, is well defined and a
surjection. Thus, the maﬁf1 ‘M — MA@ A 6_1(m) =y P(mg)) ® M3, me M, is well defined.
It is not hard to see that®A" @ A cA M2 via the structuresme a) - b := m® ab, andM®AN @ A >
mRa—Saemeaea c AoMOAN AR A me MM, abcA. In this way® * becomes a right

A-colinear map but not a morphism f#/£; moreover, we don’t know if, in genera@fl is bijective.
Under these circumstances, if we takea finite dimensional quasi-Hopf algebra there™” 1" via

n . .
Hoh— Z drehawe e H* @H®H",
i,]=1

where{e };_17, is a basis oH with dual basis{€ }i—zr of H*. Moreover, if we define
h-h*:= Y h*(S(X?h)aX®)X*hy VheH, h*eH*

then with this structuresl is not an object i 345 but p, (h-h*) = p, (h)A(h*), HeH) = [H and the
projectionP : H — [ is just the projectio defined in [Z]1). Therefore, in this caBe’ coincide with
01 defined in [2J6), so it is bijective. We notice that, in thegdrof the fact tha®~* defined by[(2]6) is
the inverse 0B, a key role is played by the relatiop (2.3) in Lemma 2.1. Stheeequality [2]3) involve
all the structures ofl as a quasi-Hopf algebra, it cannot be generalized for thevanantsM® of a
dual quasi-Hop#A-bicomoduleM. In conclusion, in order to obtaéfrom a Structure Theorem for dual
guasi-Hopf bicomodules we need the above context but ittgoovide a "suggestion” for the general
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case. Also, the same kind of problems occur when we work eititive Hopf modules[]4], instead of
dual quasi-Hopf bicomodules.

Let H be a quasi-Hopf algebra amé left integral inH. Using the fact thaH is an associative algebra,
we find thatth is also a left integral ind, for all h € H, hence the space of left (right) integralkhis a
two-sided ideal. Moreover, H is finite dimensional, then it follows from the uniquenesshaf integral
in H, that there existg € H* such that

th=p(ht, vte [ andheH. (2.7)

More preciselyu € Alg(H,k). It was noted in[[J3] that AlgH, k) is a group with multiplication given
by V€ = (Vv® &) oA, unite, and inversgi ! = po S In [[L3], pis called the modulus dfl, but, following
the classical terminology for Hopf algebras, we will gathe distinguished grouplike element. Observe
thatp = € if and only if H is unimodular. As in the case of a Hopf algebra, it followaiirthe bijectivity
of the antipode that

hr = X (h)r = u(Sh))r, vre [MandheH. (2.8)

For infinite dimensional Hopf algebras it is well known thae space of left (right) integrals H is zero
(B4, pg. 107]. In order to prove a similar result for quasigfialgebras we first need a Lemma.

Lemma 2.4 Let H be a quasi-Hopf algebra in the sense of Drinfeld and defin
A:H—-H®H, A(h)= Z hl® hg = quh1p1®q2h2p2, YheH, (2.9)

where g =3 pl® p? and g = qu ® ¢ are defined by[(1:19). If J is a non-zero two-sided ideal of H
such thatA(J) C J®H, then J=H.

Proof. From (1.2]L), we easily deduce that

T (18 S H(p2)A(P'hat) (18 S(P) = Afh), Yhe H.

This implies thatA(J) C J® H, sinceld is a two-sided ideal oH andA(J) CJ®H. Now, if €(J) =0,
then for anyh € H we haveh = 5 e(hy)h, € €(J)H =0, soJ = 0, a contradiction. Thus(J) ~ 0, and
there exista € J with €(a) = 1. Using [1.p), we obtain thfg=€(a)p = Y a1fS(az) € JH C J, soB € J.
Using (Z.6) and the fact thdtis a two-sided ideal dff, we find that 1= 5 X*BS(X?)aX3 € J, andJ =H.
O

Forh e H andh* € H*, we defineh* — h =y h*(hy)h;. For a two-sided idedl of H, we letH* — | be
the subspace dfgenerated by all the elements of the fonm— a, with h* € H* anda € I.

Theorem 2.5 Let H be a quasi-Hopf algebra in the sense of Drinfeld and | a-nero two-sided ideal
of H. Then
J=H"—1=H.

As a consequence, we obtain

() If H is a quasi-Hopf algebra with an antipode S, then H idténdimensional if and only if S is
bijective and},") = 0.

(ii) If a quasi-Hopf algebra in the sense of Drinfeld is seimigle as an algebra, then it is finite dimen-
sional.



Proof. The statement follows from LemnjaP.4 if we can show thit a non-zero two-sided ideal éf
such thaz(J) CJ®H.
Obviouslye — h = h, and thereforeé C J. For allh € H, h* € H* anda € | we have
(h"—ah = Sh qzagpz)qla pth
€29 = Y h'(d*(am)2p’She))a (ah)1p?
= S (S(hy) =) — (ahy)

andJ is a right ideal J is also a left ideal, since
h(h*—a) = 3 h*(qPazp?)hatarp
€29 = 3 h(St(h)g*(ma)zp?)at(hua)ipt
= S =s*(h) — (ha).
Write f = 5 f1® 2. Using ({Z.2P), [Z]1) and (Z.P3) we can show that

h*— (g —h)
= 3 [(g'S0¢) — h* = STH(F2X3))(g?S(¢¥) = g" = SH(f1X?))] — (X*ax))
for all h*,g* € H* andh € H. | is a two-sided ideal dfl, so the above equality shows titat — J C J.
To prove thatA(J) € J® H, we use the same arguments as[if [18, p. 12]. Takel, and write
Aa) = z a ® &, whereay,---,an € J andam.1,---,a, are linearly independent modulb For any

h* € H*, h* —a= z h*(a)a € J. The linear independence @f;1,---,a, moduloJ implies that
h*(a) =0, and thereforca1 0 (h* is arbitrary), for alli > m. We find thatA(a) € J® H, as needed.

(i) One implication follows from Theorerh 2.2. Converselgsame tha8is bijective and = j’,'} =0.
Thenl is a non-zero two-sided ideal éf and the first part of our Theorem tells us thét — 1 = H.

n J—
Thus there exisfh'}._= C H* and{t;},_t+ C ;"' such that &= S hi —t;. For anyi = 1,n we have
' ' i=1

n . . . .
Alt) = jzla'j ®bj, for some{a|};_1 € H and{b};_7 C H. Therefore, for anyr € H* andi = 1,n

n o
we haveh® —t = 3 h*(bj)a;. For allh € H we obtain that

i£1
n
h = i;h(hi*—ﬁi)

= i(h* — S (hy)) — haty

1=
n

= Zl(h* — S Y(h)) -t sincetie [F vi=Tn
i=

n n

— i; Jerff(s*l(h)b‘j)a‘j.

This shows thaH is finite dimensional, since it is a subspace of the spa{raipfi =1,

10



(i) Let H be a semisimple quasi-Hopf algebra with bijective antipdtieen Kefe) is a two-sided ideal
of H. SinceH is a semisimple lefH-module, there exists a left ideabf H such thatH = | © Ker(g).
Ker(e) has codimension 1 iHl, hencel has dimension 1. Write £t + h, witht € 1, h € Ker(g). t ~ 0,
because ¥ Ker(¢). It follows thatl = kt, since dim(l) = 1. For allh’ € H, we haveh't € I, and also
ht =¢(h)t + (W —e(l)1)t with e(h)t € | and (W —&(l)1)t € Ker(g). Since we have a direct sum, it
follows thath't = g(h')t, andt is a non-zero left integral ifl. From (i), it then follows thaH is finite
dimensional. O

Remarks 2.6 (i) Let H be a quasi-Hopf algebra in the sense of Drinfeld. TlSéﬁH) = j’rH and

dimy /i = dimy . Therefore, ifH is infinite dimensional theri”™ = [ = 0.

(i) Let H be a finite dimensional quasi-Hopf algebra arainon-zero left integral itd. Theoren{2]5
implies thatH = H* —t so the map

8: H"—H, B(h") =h" -t =" h"(tp’)q'tsp, Vh* € H* (2.10)
is bijective. Moreoverf is a leftH-linear, where the lefd-action onH* is given by the formula
h-h* =h* — S1(h)

for hc H andh* € H*. If H is a classical Hopf algebra, théris also leftH *-linear where théd *-actions
onH* andH are given by convolution arigt — h =y h*(hy)h; respectively. This means thitis a left
cyclic H*-module generated by a left non-zero integral.

3 Cointegrals on quasi-Hopf algebras

In the first part of this Section we study the cointegrals omaefidimensional quasi-Hopf algebra (so
the antipode of is bijective).

Definition 3.1 [[3] Let H be a quasi-Hopf algebra, M an H-bimodule apd M — M ®H an H-
bimodule map. The(M, p) is called a right quasi-Hopf H-bimodule if thefollowing ations hold:

(idu ®€) op =idy, (3.1)

®- (pidu)(p(m)) = (idy ®A)(p(m)) - ®, ¥Yme M. (3.2)

A morphism between two right quasi-Hobf-bimodules is aH-bimodule mapf : M — M’ satisfying
plof=(fwid)op. Mt is the category of right quasi-Hopi -bimodules and morphisms of right
quasi-HopfH-bimodules.

We will use the Sweedler type notation

p(m) =S My @M(y), (P@idm)(P(M)) = Mo @M1 @M, etc.
Let H be a quasi-Hopf algebra amd a right quasi-HopH-bimodule. We defin& : M — M, by
Em =} Xt myg) - BS(X2m(y))aX3, (3.3)
forallme M.

M = {neM|E(n) =n}

11



is called the space of coinvariantsMf We also have (cf.[J]13, Corollary 3.9])
M ={neM|p(n) =Y E(X"-n) - x*ox}. (3.4)

We have the following structure Theorem for right quasi-Hepbimodules (se€[[13, Theorem 3.8]).
The map
v: MM @H M, v(n@h)=n-h,Yne M heH (3.5)

is an isomorphism of right quasi-Hopf-bimodules. Heré®  H is a right quasi-HopH-bimodule

via the structures- (n® h) -b = YE(a;-n) ® azhb and p(n@ h) = SE(x'- n) @ x2hy @ x3hy, ¥n €
N,ah,b € H. The inverse ob is given by

ZE )) ®@My), Yme M. (3.6)

Now, letH be a finite dimensional quasi-Hopf algebra; recall that thgpade is then automatically
bijective. Let{e };_15 be a basis i1 with dual basis{€ };_17 in H* and consider

U=Yg's)egsa), V=3 s (fp)as(fph, (3.7)

wheref = 5 f1® 2 is the element defined by (1]15); = yg' ® ¢?, andgr = S q' ® ¢ and pr =
s pt @ p? are defined as if (1]19). FollowinfJ133," is right quasi-HopH-bimodule. The structure is
the following

h-h*-h = S(h) = h* — S}(h), Vh K cH,h*cH, (3.8)

n .
p(h*) = Zle'*h*®e., vh* € H*, (3.9)
i=
where the (non-associative) multiplicatien H* @ H* — H* is given by
(h*xg",h) = 3 h* (VU )g" (V?hoU?), vh*,g" e H",he H. (3.10)

The coinvariants\ € H*** are called left cointegrals dd and the space of left cointegrals is denoted
by £. Thus dim £ = 1 and the projectioft : H* — L is given by

(E(h).h) = __§1<é o, B(S (g (cPe)S(B))), (3.11)

for all h* € H* andh € H. HereA(h) = 5 Vh;Ut®V?hU?, for anyh € H. The transposg&’ : H — H
is given by

ET(h) = _;(é ®id,A(S H(qhHhS (q?e)S(B))), YheH (3.12)

and provides a projection onto the space of right integral$.iMoreover, the dual pairing ® j’rH — Kk,
A®r — (A,r) is nondegeneratd, [13, Lemma 4.4].

WhenH is an ordinary Hopf algebra the left cointegralstdrare precisely the left integrals H* (i.e.,
an elemenh € H* such thaty A(h)hy = A(h)1,vh € H). For quasi-Hopf algebrad we will give some
characterizations for left cointegrals. First, we needta@oformula for the projectior (3.11), giving the
connection between the projectién

onto the space of left integrals defined py]2.1) and the ptioje E", defined by [(3.12). This provides
an answer to a question raised [in][13].

12



Lemma 3.2 Let H be a finite dimensional quasi-Hopf algebra and E the mefindd by[(3.31). Then,
for all h* € H* and he H, we have:

(E(h"),h) = (n",SH(P(S()))). (3.13)

In particular, if E is the transpose maj (3]12) and: Pl — " is the projection [[2]1) then Eh) =
SL(P(S(h))), forallh e H.

Proof. Takef =5 fle f2=yFleF2andf1=Sg'®g? =y G'® G? as in (L.1b) and[(1.16). Itis

easy to see that
Y o'S(®a) =B, YSBfHfP=a, T BS(f?)=Sa) (3.14)

and we compute, fdn* € H* andh € H:

EW)N = 3o AS @S SB)

EITTD  — 3 (eSS () )0 h)S(B) (.S (i) o))
=1

CABITIY - (¢SS (1) (eag'SXP)ax®s 1(p)

=1
(7S H(1) (62 PSXY))

@I - 3 (eSS (1) (e P giCias (prixieiah)
2
(5 (14) (e 2FEXGP)

ERED - 3 ASS ) SErCBR (.S H ) @)

EBEID) -~ 5SS (@S (0SS Ha)xip)

(h*,sH(S(@))s H(F)X?)

I - 5 € hsSepser iier s
(h,s74(S(e)1)s *(fX'gp))
BI13LY) = i(e‘ g S(hS((e))2)S(X?)aXg?a)) (h*, S (X (ey)1)
BI4LI9RTD = (. SHP(Sh))).
The last assertion follows easily by (3.13) ahd (3.12). O

Lemma 3.3 Let H be a finite dimensional quasi-Hopf algebra and E* — L the projection [(3.71).
Then
E(h* — S“l(h)) = u(h)E(h*), V¥h* € H* and he H, (3.15)

= uh)A(W'S(hp), VhH € H, (3.16)

where s the distinguished grouplike element 6f H
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Proof. The relations[(3:15) follow easily fronf (3]13) and the fawattP(h) € "', ¥h € H. To prove
(B.18), let{e };_15 be a basis i with dual basis{€ },_15 in H* andgr the element defined by (1]19).
For allh,h’ € H andA € £ we have:

MSH ) = (E(A),SH(h)H)
B132) = <e' BS*(a*(e)2)S(M)h) (A, S (a*(a)1))

=}

=] ‘

= 3 (e, BS (e (e))2n2)S(M)) (A, S (a' (€))1h))

=1
EIBT = YIE( ;5*1 (hy)).W'S(hy))
BT = S uhAHShy).

O

Proposition 3.4 Let H be a finite dimensional quasi-Hopf algebra and u th eimystished grouplike
element of H. For A € H*, the following statements are equivalent:

(@) Ais aleft cointegral on H;
(b) for allhe H, we have
5 MS (NS H(a'gh)S (1S H P
Zu arx') (M hS H(FHgPS(0x%)) aPx*S (S H(F2)g); (3.17)
(c) forallheH, we have

T MSL(fHU)SL(F2)Ut = S p(adxt) (A, hS(d®)) .

Here f=5 fl® f2, qR Sqt®g? and U= yU'®U? are defined respectively by (1115), (1.19) and
B, and fr=3g'®0

Proof. (a) = (b). Suppose that is a left cointegral. As before, we write=5 fl1® f2=SFl@F2 =
SFReF 1= =5G0G?=yG'®G? gr=3yq'®¢ andpr = 5 p'® p?. Using (3}),

(B-3), (3-9) and[(3.15), we find that
> MVZhUAVIMUT = 5 HOEA(hS)) (3.18)

for all h € H, and we compute that

3 H(EDxt) (A hS ()P S(ap@)) xS (S (F2)gh)

BRI = YAVIsHahhs H(FHgPl U Vs H(ghhs *(fHg?ut
s s H(f)gh
BALLH = S S H(FlaphhS HFHIGHUA) S H(FPazp’)mS H(F*f3G?)
guls {(s(f%)gh)
2T = SAS SIS HFHDHEBG?SXY))S H(S(h)2)S H(F?13)

giG'S(X?)as (S (f)g's(x?))
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CIEIY = YA S HSh)yS H(SXP)FH)E)S H(Sh)2)S HSX?)F?13)
9GS (SH(S(XH) )G
BI3LY = YA SHSNYSHEXO)FH))SHSh))
S HSHS(XY F2)BS(X?)F213)
EIEIdH = YA S HSh)S HIXY)SHS(h)2)S H S HFAIX®)BFHX?)
2

BIALT) = Y (s XSh))S (S Hax®)X?s(h))
EI9EIY) = SASHfHhs Ha'gh)s (F)hS(dPg?).
(b) = (a). Assume thah € H* satisfies[(3.17). It follows fron{ (1.]11) that
T A(S Hathy)?he = 3 Ex) (S P PSEp))S HPgSAE),  (3.19)
forallhe H and

(A SHP(S)))

BIBIY = S wax)(ASHIBS(F)S(gH)S (@) S(h)g*S(azx))
BId = S uaExH\hS(e)S(ghag’s(d))

BIALIL2Y = Ah),

and it follows from Lemmd 3]2 that e L.
(c) = (a). Repeating the computations of the first part of the proof @hima[3.2, we find that the

projectionE (cf. (8.11)) is given by
(E(h"),h) = _i(é,hs(fz)sz((a)lU HS(B)) (", S () (e)2U?), (3.20)

for allh* € H, h€ H. Using (3:2D), we can compute tHafA) = A, SO\ € L.
(a) = (c). Assume thak € L. We calculate

3 u(aix) (\ hSpd)) g™

BIBBI® = S AVISHgHhUP)VHS (g Ut
EALIILZY = S ASH(FHhU?s (Ut
and the proof is complete. d

Remark 3.5 Formula [3.1P) is equivalent tp (3]17), and can be viewedhather characterization of left
cointegrals. In the case of a Hopf algebfa, (8.19) takesdime f

(S H(h))hy = A(S ()1
which is the well-known statement thais a left integral if and only i\ o S~ is a right integral.

Observe that our Definition of cointegral only makes sensinéncase wherél is finite dimensional:
indeed, we need a dual basistbfin order to makeH* into a right quasi-Hopf bimodule (s¢e]3.9). Also
the equivalent characterizations from Proposifion) 3.4 enad sense in the infinite dimensional case,
as they involve the distinguished element, which can onlydékned in the finite dimensional case.
Nevertheless, the cointegral has a lot of applicationserfitiite dimensional case (sde][13]).

15



Following [§, Lemma 4.1], we now give an alternative defwnitifor the space of coinvariants of a right
quasi-HopfH-bimoduleM:

={neM|p(n) =Y x"-n-SHEX®) @ XX BSOEX?) 2} (3.21)

Using this definition, we will prove a second Structure Thaorfor right quasi-Hopf bimodules. For
M ey MH, we define

E: M—M, E(m Zm -BS(M(y)), Yme M. (3.22)
It follows that
=3 E(pt-m) .p?, E(m ) =Y X*-E(m)-§(X 2)ax3, Vme M. (3.23)
By [[[3, Proposition 3.4], we have
E(m-h)=¢(h)E(m), E(h-E(m))=E(h-m), h-E(m ZE (hy-m)-hy (3.24)
for allme M andh € H. and therefore the maps
E: M _ MCH and E; MCH _, e (3.25)

are each others inverses. In the case of a classical Hogfralgthe map£ andE are equal to the
identity on M = M Moreover, in this cas#°* is invariant under the left adjoirt-action
he>m:= Y h;-m-Shy), in the sense thd (h>m) = heE(m), he H, me M. In the quasi-Hopf case
the projectionE generalizes this property. More precisely, if we definren= E(h-m), then by [1B,
Proposition 3.4], we have that E(m) = S[hi—E(m)] - h,. Now, as in the Hopf algebra case, we will
prove thatM®* is invariant under the left adjoird -action.

Lemma 3.6 Let H be a quasi-Hopf algebra, M a right quasi-Hopf H-bimaaul
(@) Im(E) € M°_ If n € M then ne M < E(n) = n.

(b) M°H is a left H-submodule of M, where M is considered a left H-nteslia the left adjoint action,
that is >m= S h;-m-Shy), for all h € H and me M.

Proof. (a) Letme M andd = 5 &' ® 2 be given by [1.34). Then
P(E(M) = 5 moo)-B1S(My1))1® Mo 1)B2S(M(1))2

ETITI) = Y mog -3'S(May,) f @moy&S(my),) f?
(LI4L3LT) = S moy XBS((Mg)x°)2X3) £ @ myg 1) )X BS((Myg)x°)1X?) 2
B2LILH = Sx-mg 33(x3x3 1) L@ x®XIBS(EX?) f2

> xt-E(m) - SpEX°) f1®x2x1[3S(x§x2) f2.

Therefore IfE) C MCH implying immediately one implication of the second partonGersely, if
n e M then

E(n) = 3 ne)-BS(ny
@ZIBTH = yxn s<x2xlss<xix2>ax%x3>
(E?) = n
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(b) If M is anH-bimodule then is not hard to see thdtis a left H-module via theH-actionh>m =
S hi-m-S(hy), he€ H, me M. Using (3.2B), [3.34) and (1.20) we have tBgh>m) = h>E(m) for all
heH, me M. By part (a), we see that® is a leftH-module under the left adjoint action. O

Let H be a quasi-Hopf algebra amd a right quasi-HopfH-bimodule. We already have seen that the
mapE : M®H — M s an isomorphism. It is alsd-linear since

E(h-n) = E(E(h-n))
B=x3B29 = SE(ph-n)-p?
E20B29 = > h-E(pt-n)-p’Shy)
B2y = heE(n)

for allh € H andn € M, -
MCH is a left H-module, so, by[[]3, Lemma 3.2 @ H becomes a right quasi-Hopf-bimodule
with the following structure:

a-(n@h)-b= Y ai>n®azhb, p'(n®h) = 2x1>n®x2h1®x3h2 (3.26)

for all a,b,h € H andn € M. We can now state the second Structure Theorem for righti-trleysf
bimodules.

Theorem 3.7 Let H be a quasi-Hopf algebra and M a right quasi-Hopf H-birated Consider M @ H
as a right quasi-Hopf H-bimodule as ip (3}26). The map

VIMF @H — M, U(noh) = X*-n-S(X?)ax*h (3.27)
is an isomorphism of quasi-Hopf H-bimodules. The inverseisfiven by the formula
Vfl(m) = ZE(m(o)) ® M(y). (3.28)

Proof. We have seen thati® =~ McH gre isomorphic as leftd-modules, and thereforgl® @ H =~
M & H as quasi-HopH-bimodules (in both cases, the structure is determined §yl{émma 3.2]).
From the Hausser-Nill Structure Theorerh [[13, Theorem)3iBjollows thatM = M** @ H as quasi-
Hopf H-bimodules. Thus we find that®* @ H =2 M as quasi-HopH-bimodules, and it is straightfor-
ward to verify that the connecting isomorphism is exautly d

Remark 3.8 Theorem[3]7 can be proved also in a direct way, without usiegHausser-Nill Structure
Theorem. This proof is straightforward, but long and tecahi However, it has the advantage that it is
independent of the bijectivity of the antipode, which makerore general in the infinite dimensional
case. Atfirst sight, the Hausser-Nill definition of coinzartis makes use of the bijectivity of the antipode;
however, a careful inspection of their definition and theoqf of the Structure Theorem shows that we
do not really need the bijectivity.

The antipode of a finite dimensional quasi-Hopf algebra jechive, so its duaH* is a right quasi-
Hopf H-bimodule with structures defined ifi (B.8], 3.9). The canantsA € H*°" are called left
alternative cointegrals o, and the space of left alternative cointegrals is denoted byH**°. From
Theoren{ 3]7, we obtain immediately the following result:

Theorem 3.9 Let H be a finite dimensional quasi-Hopf algebra. Thendira: 1.
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Applying ([-3) and [(T]5), we find that€ H* is an alternative left cointegral if and only if
> MVZhUZVIhUT = S A(S (X phhS(S(XP) 1)) X3 pPS(X?) £2 (3.29)

for all hc H. (8.29) can be used to extend the definition of left alteveatiointegral to infinite dimen-
sional quasi-Hopf algebras.

4 Integrals for dual quasi-Hopf algebras

Sullivan’s Theorem[[33] asserts that the space of left iratisgon a Hopf algebra has dimension at most
one. Various new proofs of this result have been given inmmegears, se€ [P5][][3]1[]6] and [21]. The
aim of this Section is to give a proof of the uniqueness ofgraks on a dual quasi-Hopf algebra. Our
approach is based on the methods developef in [3].

ThroughoutA will be a dual quasi-bialgebra or a dual quasi-Hopf algeBalowing [17], a dual quasi-
bialgebraA is a coassociative coalgebfawith comultiplicationA and counite together with coalgebra
morphismaM : A® A — A (the multiplication; we writeM (a@b) = ab) andu: k— A (the unit; we write
u(1) = 1), and an invertible elemete (A® A® A)* (the reassociator), such that foralb, c,d € Athe
following relations hold:

z ag(bic)d(ag, by, c0) = z ¢ (a1, b1, c1)(azbz)cy, 4.1)
la=al=a, (4.2)

Z ¢(a1, bl,Cldl)q)(azbz,Cz,dz) = Z q>(b1,cl,d1)¢(a1, b202,d2)¢(a2, b3,C3), (4.3)
d(a,1,b) =e(a)e(b). (4.4)

Ais called a dual quasi-Hopf algebra if, moreover, theretetisantimorphisng of the coalgebra& and
elements, 3 € H* such that, for alh € A:

> S@)a(az)az=a(@l, » aif(az)S(as)=p(a)l, (4.5)

S (21B(20), S(as),a(as)as) = T ¢~ (S(a), a(2p)as, B(as)S(as)) = £(a). (4.6)
It follows from the axioms thau(l)B(l) =1, so we can assume thafl) = 3(1) = 1 and,S(1) = 1.
Moreover [4.B) and (4.4) imply

d(1,a,b) =¢(a,b,1) =¢(a)e(b), Va,be A 4.7)

If A= (AM,u,¢,Sa,p) is a dual quasi-Hopf algebra, thé\i?“°P is also a dual quasi-Hopf algebra.
The structure maps are

¢op,cop(aa bv C) = ¢(C> b» a)v S)p,cop = S> C(op.cop = B andBop.cop =a
If Ais a dual quasi-bialgebra, théi is an algebra, with multiplication given by convolution,damite.

Definition 4.1 A map T< A*is called a left integral on the dual quasi-bialgebra A ifla=a*(1)T for
any & € A*. Left integrals on APC°P are called right integrals on A.
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The set of left (right) integrals oA is denoted byj, (J;). We keep the same notation as in Secfjon 3 but
we will specify every time which kind of integral we are usingis clear thafl € A* is a left integral if
and only ify T(ax)a; = T(a)l for allac A. || is a subspace ok*. Moreover, as in the Hopf algebra
case,f, is a two-sided ideal in the algebsd.

Let A*™@ pe the left rational part of*. A" is the sum of rational left ideals of the algel#s see [24,
Ch. 11]. Note thatA*"® C A* and

a* c A*rat =

n
3(&)i_s S A" and (g );_tz € Asuch thab"a” = Zlb*(a;)ai*, vb* e A" (4.8)

It follows that /; C A", In particular, ifA*"® = 0, then}, = 0.

Later in this Section we will show that the left and right caital parts ofA* are equal, justifying our
notation. As in the Hopf algebra case, we first describe tinmection betweed*™ and ;. It is well-
known thatA*"@ is a rational leftA*-module, and this induces a rightcomodule structure oA
defined by

p: AT Ao A p(a =Y ag @ay,  b'a =Y b*(ay)a, (4.9)
for all b* € A*. This can be rewritten as follows

Za ®a; @Za a al_Za ) VaEA (4.10)
Now, define the map : A® A— A* by
o(a®b)(c) =¢(c,a,b), Va,b,ce A. (4.11)

o is convolution invertible, the inverse! is given byo~1(a®b)(c) = ¢~1(c,a b), for all a,b,c € A.
We introduce the following notation, f@* € A* anda € A:

a'~—a=9Sa) —a cA".
For alla* € A" we defineP* (a*) by
Pia) =% B(afl))a(s(afs)))0(52(51?4)) ® S(&y))) (8 ~— Sa(s))- (4.12)

We now claim thaP*(a*) € [}, for all a* € A", Indeed, for alb* € A*, we calculate

ELED = Y (b'aBay)Sags))a(SEs))0 (@, S (a), S@)

(@0 azSZ( 7))
EIQED = 3 Blap) (b, a(S(afs)a(Sajy))S(a))) o (ae, S(ajg)). Sa)
( (0)73352( a7)))

(E3[213) = Y b(a)(P'(a),a) = (b'P*(a’),a).

Proposition 4.2 Let A be a dual quasi-Hopf algebra amd A® A — A* the map defined i (4.}11). Then
0" : J,®A— A" given by

8" (Twa) = o(S(as),a(as)ar)(T — as)o~*(S(as) @ B(S(a2)) S’ (an)), (4.13)

is an isomorphism of right A-comodules.
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Proof. In the situation wheré\ is finite dimensional, the proof follows from Theorgm]2.2 hyatity.
This is why we restrict to proving th&* is well-defined and has an inverse, leaving other detailedo t
reader. Foa* € A*, T € [, anda € A, we compute that

(@0 (T ®a),b)
3 a*(b1)¢ (b2, S(as), a(a6)ar) T (bsS(2a) )0 (bs, S(aa), B(S(@2)) S (1))
BY = (& bi(S(@s)a(ar)as))d (b2, S(8s),80) T (DsS(2a))
~(ba, S(ag), B(S(a2))S(2u))
BD = >{(as—a)T,bS@))d(b, Sas),a(as)ar)
¢~ (b3, S(as),B(S(a2))S (a1))
Z a'(a) (0" (T®ay),b)

hence
ag (Towa) = Za*(az)e*(T ®ay). (4.14)

From (4.8) it is follows tha®*(T @ a) € A*"®, as needed.

J ®Ais arightA-comodule with structure induced by the comultiplicationf and it follows then from
(.9) thatd* is right A-colinear.

We claim that the inverse & is given by

0 1. A*rat—>/®A 0+ 1 ZP* ar (415)

wherep(a’) = 3 &, ) € AT @ Als defined as in[(4]9). Itis clear that Lis well defined. To show
that®* and@ 1 are each others inverses, we need the following equalitesnyT € |, anda,b € A:

> ¢(az,S(bz), a(bs)ba) T (a3S(bs))as

= > ¢(a1,S(bz),a(bs)bs) T (a2S(by))bs, (4.16)
T(aSb)) = ¢(a1,S(bz)a(bs),baB(bs))T (a2S(by))
= > 0(B(a)az, S(b2),a(bs)ba) T (agS(by)). (4.17)
Note that these formulas are the formal dualq of| (2.2) arR).(2. O

Corollary 4.3 Let A be a dual quasi-Hopf algebra. ThetfA= 0if and only if ; =

Corollary 4.4 Assume that a dual quasi-Hopf algebra A has a non-zero l&fgial. Then the the
antipode S is injective. If A is finite dimensional, then #if¢ integral space has dimension 1, and the
antipode S is bijective.

Proof. Let T be a non-zero left integral, and assume @) = 0. LetS be the algebra antimorphism
dual toS. If 8 is the map defined by (4]13) then for afl € A* andb € A we have:

(6" (Te BS(a z B(az)a" (S(as)) (8" (T @a),b)
z B )$ (b1, S(as),a(as)ar) T (b2S(as))
¢7l(b3,5(33)7 B(S(az))sz(al))
BEID = Ya'(S@s)T(biS(as))o (b2, S(as), B(S(a2))S (aa)) = O.

20



Since6* is bijective andT /4 0 it is follows thatBS(a*) — a =0, for anya* € A*. Thusy B(az)as ®
S(az) = 0 and therefore
> Blas)a @@ ®ag®as® S(ae) = 0.

By (#-8) we obtain that = 5 ¢ 1 (S(az),a(as)as, B(as)S(as) )as = 0, andSis injective.
If Ais finite dimensional the®*™ = A*. We obtain tha®* : [, @A — A* is an isomorphism of right
A-comodules. The final assertion is then obvious. O

Let C be a coalgebra an@* the dual algebra. The@ is a left (right)C*-module under the left (right)
action— (—) of C* onC given byc* — c= Y c*(cp)c1 (c— ¢ =y c*(c1)Cp), for all ¢* € C* andc e C.
Recall thatC is called a left (right) quasi-co-Frobenius coalgebra K& cF coalgebra) if there exists
an injective morphism of left (rightC*-modules fronC to a free left (right)C*-module. The coalgebra
C is called left (right) co-Frobenius if there exists a monopiism of (left) rightC*-modules fromC

to C* or, equivalently, if there exists a bilinear fotm C & C — k which is left (right) non-degenerated
andC*-balanced, i.e. ib(c,x) = 0 for anyc € C (resp. b(x,c) = 0 for anyc € C) thenx =0 and
b(x — c*,y) =b(x,c* —y) foranyx,y € C, c* € C*.

Finally, C* is a left (right)C*-module, so we can consider the left (right) rational par€Cof We will
denote thiC*-submodule o€* by C/™ (resp.C;™"). Cis called a left (right) semiperfect coalgebra if
the category M (M) of left (right) C-comodules has enough projectives or, equivale@iii# (C;')

is a dense subset @ (in the finite topology, se€][1]]][7] for the Definition). FoWing [3], if C is a
left and right semiperfect coalgebra thgff® = C;"@ := C*a, C*"@ js dense irC* andC is projective
generator in the categori€sif and M°.

It is known that a left (right) co-Frobenius coalgebra is f (Bght) QcF coalgebra and a left (right)
QcF coalgebra is a left (right) semiperfect coalgebra, batdonverse implications are not true. There
are examples showing that none of the three concepts iddbttsymmetric. However, iH is a Hopf
algebra all these concepts are equivalerititbaving non-zero left (or right) integrals. We prove now
that a similar result holds for dual quasi-Hopf algebrascdgx for the implicatior(i) = (ii), the proof

is identical to the proof of{[7, Theorem 5.3.2], so we omiteté.

Theorem 4.5 Let A be a dual quasi-Hopf algebra. Then the following assestare equivalent:
(i) A has a non-zero integral.
(ii) A'is a left co-Frobenius coalgebra.
(i) A is a left QcF coalgebra.
(iv) A'is a left semiperfect coalgebra.
(v) A has a non-zero right integral.
(vi) A'is a right co-Frobenius coalgebra.
(vii) A is a right QcF coalgebra.
(viii) A'is a right semiperfect coalgebra.
(ix) A is a generator in the categoRM (or in MA).
(X) A is a projective object in the categoyM (or in MA.)

Proof(i) = (ii) LetT € A" be a non-zero left integral. We define a bilinear fdrmA® A — k as follows:
b(a,b) =0"(T ®b)(a), Va,bec A, (4.18)
whereb* is the map defined as ifi (4}13). Then, foral € A anda* € A* we compute:
b(a~—a",b) = Za*(al)b(az,b)
(F18) = (@0 (Twbh),a
(B14[41§ = Ha'(b)b(abs)=Db(aa" —b)
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proving thatb is C*-balanced. Now we prove thhtis left non-degenerate. X< A such thab(a,x) =0
for anya € Athen6*(T @ x) = 0, and it follows from Propositioh 4.2 that= 0. Thusb is C*-balanced
and left non-degenerate, 8ds a left co-Frobenius coalgebra. O

By [B, Proposition 2.2], any subcoalgetieof a left semiperfect coalgeb@is itself left semiperfect.
As a consequence of Theor¢m]4.5, we therefore have

Corollary 4.6 Let A be a dual quasi-Hopf algebra with non-zero integralbef any dual quasi-Hopf
subalgebra B of A (i.e. a subcoalgebra B of A which is closedeumultiplication of A,1 € B and
S(B) C B) has non-zero integrals.

We proceed with a proof of the uniqueness of integrals fot quasi-Hopf algebras. First, bf|[7, Remark
5.4.3], if C is a left and right co-Frobenius coalgebra, &nds a finite dimensional righ€-comodule,
then dimHome- (C,M) < dimyM (Recall thatM andN are in a natural way lef€*-modules).

Proposition 4.7 Let A be a dual quasi-Hopf algebra with non-zero integraleftimy f; = dimy f, = 1.

Proof. Ais a left and right co-Frobenius dual quasi-Hopf algebra bedrem[4)5. k is a right A-
comodule, and, = Homa: (A k). Thus, |, has dimension at most 1, so this has dimension precisely
1 sincefr/: 0. Now, if we replace the dual quasi-Hopf algelawith A°PC°P then we obtain that
dimy f; = 1. O

A result of Radford [20] asserts that a co-Frobenius Hopélalg has bijective antipode. It is not known
if a similar result holds for a co-Frobenius dual quasi-Halglebra. To this end, we would need the dual
version of Lemmd 2]4, without the assumption that the adge bijective. However, we know that the
antipode of a co-Frobenius dual quasi-Hopf algebra is iive¢Corollary[4.1). We apply this to prove
the following result:

Lemma 4.8 Let A be a dual quasi-Hopf algebra with a non-zero left inkégr and antipode S. Then
T oS is a non-zero right integral on A. In particuld( ;) = /..

Proof. We omit the proof, since it is identical to proof ¢f [7, Lemma &]. O

The right integrall’ o Scan be described more explicitly. Indeed,Adbe a dual-quasi Hopf algebra with
non-zero left integral . Then, for alla* € A*, Ta" is also a left integral an@ia” = x(a*) T for some map
X from A* to k. SinceTa*b* = x(a*b*)T = x(a*)x(b*)T andT = ()T, x is an algebra map.

Let G(C) be the set of grouplike elements of a coalgeBraFrom (4.5) and[(4]5), it follows that a
grouplike elemeng in a dual quasi-Hopf algebra is invertible, agd: = S(g).

The following result generalizef] [2, Proposition 1.3].

Proposition 4.9 Let A be a dual quasi-Hopf algebra with a non-zero left ingdr. Then there exists a
grouplike element g in A such that

() Ta* =a*(g)T, for any & € A*;
(i) S(T) = A(g — T), whereA € A* is given byA(b) = 5 a(bz) ¢ 1(S(b1),bs, g), for all b € A.

Proof. SinceT /£ 0, there exists € A such thafl (a) = 1. We will show that

g=a~—T=>5 T(a)a
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has the required properties. As in Sectjpn 3, we denote-bgnd — the usual left and right action
respectively ofA on A*, that is

(b—a",c) = (a*,ch) and (a* — b,c) = (a",bc).
It is easy to show that
(@) b = Y (@« by)(b’ by); (4.19)
b— (a*b*) = Z(bléa*)(bgéb*). (4.20)
Letx € A** be defined as above. For afl € A", we have that
X(a") =x(@)T(@) = (Ta',a) = 3 T(ay)a'(a) = (@', ¥ T(an)az) = a’(g).

and therefor&a* = x(a*)T =a*(g)T, for anya* € A*. gis a grouplike element, becaugés an algebra
map.

(i) Define A : A — A* given by A(b)(c) = S a(bz)d1(S(b1),bs,c) for anyb,c € A. Is follows that
A(b) = A(b)(g), for anyb € A, and/A(1) = €. Moreover, by[[4]1),[(4]5) and (i) we have that

ZK(bg)[(T +S(by)) « bg] = TA(b) =A(b)T YbeB. (4.21)
Now, the relation in (ii) follows from the following computian, for allb € A:
(Ng—=T),0) = 3 A(b)(T = bz,0)T(a)
(i) = T Ab)(T(T—by)a)
EZABT) = 3 (Ab){(T — Sby)T] = bs}.a)
= 3 T(S(by))(A(bz)(T +bg),a) sinceT €

(N1)T,a)((T),b) sinceS(T) € J,, see Lemm§ 48
s

XT),b).

We conclude this paper with a Maschke type theorem for duasieidopf algebras. L&t be a coalgebra
andM a rightC-comodule. Recall tha¥l is called cosemisimple if for any subcomodNeof M there
exists aC-colinear maprt: M — N such thatrtoi = id, wherei : N — M is the inclusion mapC is
called cosemisimple if any rigl@-comodule is cosemisimple.

Theorem 4.10 For a dual quasi-Hopf algebra A,the following statements eguivalent:
(i) Aisacosemisimple coalgebra;
(i) A, viewed as a right A-comodule via comultiplication,cosemisimple as an A-comodule;
(iii) there exists a right integral Te A* such that T1) = 1;

(iv) there exists a left integral E A* such that T1) = 1.
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Proof. (i) = (ii). is trivial.

(ii) = (iii). Letu: k— A be the unit map oA. k is trivially a right A-comodule. Sincei is injective
there exists ar-colinear magl : A — ksuch thafl (1) = 1. This means thak is a right integral forA
andT (1) = 1.

(iii) = (iv). LetT be a right integral om\ such thafT (1) = 1. ThenT is a left integral orA°*°P and
T oSis a right integral onA°*<%, by Lemma[4]8. Thereforel o Sis a left integral forA, and since
T(1) =1 it follows that(T 0 S)(1) = 1.

(iv) = (i). LetT € J, be such thaf (1) = 1 andM a right A-comodule. TherM ® A is also a right
A-comodule rightA-actionid ® A. pm : M — M ® Alis an injective rightA-colinear map. Moreover, the
mapwy : M ®A— M given by

wv(M@a) =5 o(ag)d (M), S(az), a)B(Mz) T (M2 S(a1))my), (4.22)
is right A-colinear (by [4.36)), andw o pm = id (by [@.5%) and[(4]6)).

Now, if N is an A-subcomodule oM, then there is &-linear mapft: M — N such thatftoi = id,
wherei is the inclusion map: N — M. We definert: M — N, 1= wy o (Ti®id) o py, Wherewy is
the corresponding magp (4]22) for the rightomoduleN. Is not hard to see that® id is A-colinear,
hencertis A-colinear. It also follows from the above considerationst flio i = id, proving thatA is a
cosemisimple coalgebra. d
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