REPRESENTATION THEORY OF SEMISIMPLE HOPF
ALGEBRAS

S. MONTGOMERY

1. INTRODUCTION

Let H be a finite-dimensional semisimple Hopf algebra over a field k. We
usually assume that k is algebraically closed of characteristic zero. In these
notes we discuss the representation theory of such Hopf algebras, analogous
to classical results about the representation theory of finite groups. We give
fairly complete proofs of many of the results, since a number of the original
proofs have been simplified, particularly by H.-J. Schneider and M. Lorenz.

We begin with a more general discussion of finite-dimensional Hopf al-
gebras and their properties, and prove the semisimplicity criterion in terms
of the antipode proved by Larson and Radford. We then specialize to the
semisimple case, proving the orthogonality of characters and what is called
the “Class Equation” for Hopf algebras. We then give a number of applica-
tions of the class equation, related to the classification of Hopf algebras and
the dimensions of irreducible modules. We also discuss the Grothendieck
ring Ko(H) and its relation to twistings of Hopf algebras. Finally we con-
sider the Schur indicator of an irreducible representation.

Throughout H is a finite-dimensional Hopf algebra over k, with multipli-
cationm: H® H — H, unit u : k — H (given by u(1y) = 1), comultipli-
cation A : H - H® H, counit € : H — k, and antipode S : H — H. We ab-
breviate A(h) using the so-called “sigma notation”; that is, Ah =Y h1 ®hs.
For example, let H = kG, the group algebra of the finite group G. H be-
comes an algebra using the group operation, and a Hopf algebra by defining
Az =z ®x, ¢(z) = 1, and S(z) = !, for any £ € G. These maps are
extended linearly to kG.

Since H is finite-dimensional, its k-linear dual H* is also a Hopf algebra,
with structure maps given by appropriate transposes of those of H. That
iS, Mg = (AH)*, U = (SH)*, AH* = (mH)*, EH* — (’LLH)*, and SH* =
(Sg)*. Thus multiplication in H* is given by convolution, that is (fxg)(h) =
my-(f ®g)(h) = (f ®g)(Ah) = 3" f(h1)g(h2), for all f,g € H* and h € H.
Similarly comultiplication in H* is given by Af(h®1) = (mpg)*f(h®1) =
f(hl), for all f € H* and h,l € H. In particular (kG)* is also a Hopf
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algebra: convolution becomes usual pointwise multiplication of functions,
and the comultiplication can be given more explicity in terms of the dual
basis {py|z € G} of (kG)*: that is, Ap, = Zyery ® py-—1z-

There are several other Hopf algebras associated to H. H° denotes the
Hopf algebra with opposite multiplication to H but the same comultiplica-
tion, and HP? is the Hopf algebra with the same multiplication as H, but
opposite comultiplication (equivalently, H* has opposite multiplication). We
note that the antipode of both H? and H? is S;II, since the defining prop-
erty of Sy is that Sxid = id+S = ¢, where % denotes the convolution product
in Endg(H).

In general we will say a Hopf algebra is non-trivial if it is not isomorphic
to kG or (kG)* for any G. In any Hopf algebra, G(H) = {0 # h € H|Ah =
h ® h} is the set of group-like elements in H; kG(H) is a Hopf subalgebra
of H isomorphic to the group algebra of G(H). Knowing G(H), or even
whether it is non-trivial, is extremely useful.

A fundamental property of the representation theory of Hopf algebras is
that, similarly to the case of groups, the tensor product of H-modules is
again an H-module. That is, let C = gM denote the category of left H-
modules. If V,W € C, then VW € C, via h-(v®@w) := A(h)-(v®@w) = > hy-
v® ho -w, for all h € Hyv € V,w € W. This tensor product is associative
and has an “identity” I = Vj, where Vy = kvg is the ¢rivial module, that
is h - vy = e(h)vg. Thus in fact C is a monoidal category. Moreover for
each V € C, the dual module V* € C also, via (h - f)(v) := f(Sh-v) for all
h € H,f € H* and v € V; this will imply that the category C is rigid; see
[Ksl].

More generally, for VW € C, also Homy(V,W) € C via (h- f)(v) :=
> hi - (f(Shg-v)) € W; V* is the case when W = V.

Conversely if A is a k-algebra and 4M is a rigid monoidal category, then
A can be given the structure of a Hopf algebra. Thus these elementary
properties of the tensor product of H-modules can be considered as the
defining properties of a Hopf algebra.

Note that it would be very useful to know that for any finite-dimensional
V € C, V** =2 V. This will happen if S = id, or more generally if S? is an
inner automorphism of H. The order of S? is considered Section 2.

We record here a few elementary facts about representations and charac-
ters. If V is a left H-module, we write ¢y : H — End(V') for the repre-
sentation of H on V. When V is finite-dimensional, we let xy denote the
character of the representation; that is, xy (h) is the trace of ¢y (h), for any
h € H. Note that yy € H*. The following lemma is an easy exercise.

Lemma 1.1. Let V,W be left H-modules. Then as left H- modules,

(1) (VeWw) =w*e V",

(2) VeW*= Hom(W,V), and

(3) Homg(V,W) = Hom(V,W)H, where for any H-module V, VI :=
{veV |h-v=e(h)vVh € H}, the H- invariants of V.
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If also V and W are finite-dimensional, then
(4) xvew = xv * xw and xv+ = xv o Sg = Su=Xv-

Some general references on Hopf algebras are [M] and [Schl].

2. FROBENIUS ALGEBRAS AND SEMISIMPLICITY

In this section we consider the relationship between semisimplicity and
the square of the antipode .S, as well as some useful trace formulas.

To say that a Hopf algebra H is semisimple simply means that it is
semisimple as an algebra. The next results, due to Larson and Radford,
were in fact conjectured by Kaplansky in 1975 [Kap].

Theorem 2.1. [LR1] Assume that k has characteristic 0. Then S? = id if
and only if both H and H* are semisimple.

Theorem 2.2. [LR2] Assume that k has characteristic 0. Then H is
semisimple if and only if H* is semisimple.

Recently Etingof and Gelaki [EG2] have shown that the “if” direction of
Theorem 2.1 also holds in characteristic p > 0; Theorem 2.2 is trivially false
in that case (consider H = kG such that p divides |G]).

Here we give fairly complete proofs of the two results of Larson and Rad-
ford. The original proofs of Theorems 2.1 and 2.2 were quite complicated.
The first major simplification of the proof of Theorem 2.1 was given by
[Schl]; he used properties of Frobenius algebras in an essential way. We
follow the general outline of Schneider’s proof, although with a few further
small simplifications, including an idea in [Kad]; again, whenever possible,
Hopf computations are replaced by working in more general Frobenius alge-
bras. We also give a new shorter proof of Theorem 2.2.

Recall that a k-algebra A is a Frobenius algebra if there exists an associa-
tive, non-degenerate bilinear form (, ) : A® A — k. There are a number of
equivalent formulations of an algebra being Frobenius. To state these, note
that A* is always a left A-module via the transpose of right multiplication
in A. That is, fora € A and f € A*, a — f € A* via (a — f)(b) := f(ba),
for all b € A. Similarly A* is a right A-module via (f < a)(b) := f(ab). We

sometimes write a = f = af and f < a = fa, when there is no ambiguity.

Lemma 2.3. [CR, §9A,B] Let A be a finite-dimensional algebra. Then the
following are equivalent:

(1) A is a Frobenius algebra;

(2) there exists f € A* such that the map ® : 4A — AA*, via a — (a —
f), is a left A-module isomorphism;

(8) there exists f € A* such that the map W : Ay — A* 4, via a — (f —
a), is a right A-module isomorphism;

(4) there exists f € A* and ri,l; € A, 1 = 1,...n, where n =dim(A), such
that for any a € A, a =Y, rif(lia) =Y, f(ary)l;.
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The set (f,7,1;) is called a Frobenius system for A. Given such a system,
a bilinear form on A is given by (a,b) := f(ab), and similarly f can be
reconstructed from the bilinear form. Moreover the elements {r;,/;} form a
dual basis for (, ) in the usual sense; that is, (I;,7;) = d;;. Of course these
dual bases are not unique. However the element e := ). r; ® ; is uniquely
determined by the bilinear form (more generally, this is true for any pair of
dual bases for a non-degenerate bilinear form on a vector space).

We first review some basic properties of finite-dimensional Hopf algebras.

A left integral in H is an element A € H such that hA = e(h)A for all
h € H; similarly I' € H is a right integral if Th = ¢(h)T, for all h € H. We
let [ ;I denote the space of left integrals, and | ;I the space of right integrals.
We will use the notational convention that in H*, a left integral is denoted
by A and a right integral by +.

If [ }q = [}, then H is called unimodular; in that case we simply write [},
for the space of integrals. For example, both £G and (kG)* are unimodular,
for A=T'=3 ;9 inkG and A =~ =p; in (kG)".

The following result of Larson and Sweedler guarantees that Hopf algebras
are always Frobenius.

Theorem 2.4. [LS] [M, 2.1.3, 2.2.1] Let H be any (finite-dimensional) Hopf
algebra. Then:

(1) flil and [ are each one-dimensional;

(2) the antipode S of H is bijective;

(8) H* is a cyclic left and right H-module, via — and ~—;

(4) H is a Frobenius algebra;

(5) (“Maschke’s theorem”) H is semisimple <= e(A) # 0 for 0 # A €
f}q < e(I) #0 for 0#T € [;;. Moreover when H is semisimple, H is
unimodular.

In the proof of the theorem, the cyclic generators of H* as a left and
right H-module are precisely the left (or right) integrals in H*. Moreover,
an associative, non-degenerate, bilinear form on H is given by 0 # X € [ ;I
via (h,l) := A(hl) for all h,l € H; another such bilinear form is given by
0# v € [ via (h,1) := y(hl).

Even when H is not unimodular, it will still be true that Ah € kA, since
) llq is one-dimensional by Theorem 2.4. Thus there exists « € G(H*) such
that Ah = a(h)A for all h € H; « is called the left modular function for H.
Similarly f = ! is the right modular function for H. For the Hopf algebra
H*, its left and right modular functions can be identified with elements
a,be H=H*.

The next lemma is well-known. The second part is the analog of a known
result for Haar integrals.

Lemma 2.5. Choose )\ € ffll*
(1) Let t € H be such that \ —t =e. Thent € [;; and A(t) = 1.
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(2) Let a be the left modular element for H* in H. Then al =a — X €
f;l*; similarly \a € f;l*
Moreover for any T € [};, we have (a — X)(I') = \(T).

Proof. (1) For any h € H,
A—th=A—1t)—h=ec+—h=c¢c(h)e =X+ (e(h)t)
and thus t € f;} Now using that 1 € H is the counit of H*,
At) = A(t1) = (A =1)(1) =e(1) = 1.

(2) Since X € f;l, for any f € H*, fA = f(1)X and A\f = f(a)A. Thus
for any h € H, using that a is group-like,
((a = N)(B) = (@ = (Mo~ = f)(B) = (Ma~" = £))(ha)

— (a1 = F)@A(ha) = Flaa~)A(ha) = F(1)A(ha) = F(1)(a — N)(h).

Thus (a\)f = f(1)(a)) and so a is a right integral in H*. The argument
for Aa is similar.

Now if T' € [}, then aA(T') = A(Ta) = AT'e(a)) = MT), using that
e(a) =1 since a € G(H). O

Returning to arbitrary Frobenius algebras, note that any Frobenius alge-
bra A has a natural automorphism 7 determined by the bilinear form, via
(a,b) = (b,n(a)), for all a,b € A; equivalently f(ab) = f(bn(a)). n is called
the Nakayama automorphism of A relative to (, ).

A useful technique is to compare different pairs of dual bases, and different
forms of the Nakayama automorphism. The next lemma goes back to work
of the 1950’s and 1960’s; for a modern reference, see [Kad, Theorem 1.6].

Lemma 2.6. If A is a Frobenius algebra with Frobenius system (f,r4,1;),
then any other Frobenius system for A is of the form (d — f,r;d™',1;) for
some unit d € A. The Nakayama automorphism for the new Frobenius
system for A is given by n'(a) = dn(a)d™!.

This lemma was used by Kadison to further shorten Schneider’s proof of
Theorem 2.10 below. We also use it, in a slightly different way.

The next result was proved under an additional hypothesis in [OS]. The
general case is in [Schl].

Proposition 2.7. Let H be any (finite-dimensional) Hopf algebra. Choose

A€ fép and T € [;; such that \(T') = 1. Then (X, ST1,T2) is a Frobenius
system for H. Moreover the Nakayama automorphism n for X is given by
n(h) = B — S%(h), where B € H* is the right modular function for H.

Note that such a choice of A and I' can be made using the fact, from
Theorem 2.4, that H* = A — H: choose I' € H such that A — I' = ¢. Then
I' € [;; and A(T') = 1 by Lemma 2.5.

Using the facts above about Frobenius algebras, we see:

Corollary 2.8. [Sch1] Choose v € [5. and T € [}, such that v(T') = 1.
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(1) A Frobenius system for H is (7, S 'T'2,T1). Moreover the Nakayama
automorphism ' for «y is given by n'(h) = S~2(h) — B.

(2) Another Frobenius system for H is (v, (ST1)a ',T's), where a € H
1s the left modular element for H*. The Nakayama automorphism is also
given by 7' (h) = a(B — S?(h))a".

Proof. Part (1) is simply Proposition 2.7 restated for H¢P.

To see (2), choose A as in the Proposition such that A(I') = 1. Now by
Lemma 2.5, a) € [}, and so aX = ¢y, for some ¢ € k. But aA(I') = A\(T') =
1 = ~(T), and thus aX = . The corollary now follows by Lemma 2.6 with
d=a. O

Corollary 2.8 enables one to compute the Nakayama automorphism ex-
plicitly. We consider a non-trivial example.

Example 2.9. Let H be the Taft Hopf algebra of dimension n?. That is,

H=k(gz|g"=12"=0, zg=wgz, g€ G(H), A =21+ g®x),

where w is a primitive n'* root of 1. Then H is not unimodular, since

A=Q+g+--+g" Dz tand T = 2" Y(1+g+---¢g" ). Since H is
self-dual, the left and right integrals in H* are given similarly. The modular
functions on H are given by a(z) = B(z) = 0 and a(g) = w !, f(g9) = w.
Thus by Proposition 2.7, the Nakayama automorphism for A is given by
n(9) = wg and n(z) = wz; by Corollary 2.8, the Nakayama automorphism
for v is '(g) = wg and 7/(z) = =.

We remark that this example is important for several reasons. First, if
n = p, a prime, then the only known non-semisimple Hopf algebras over
C of dimension p? are of this form. Second, in quantum groups, one can
construct Lusztig’s “restricted” quantum enveloping algebra u,(sl2)’, when
q is a 2n*" root of 1, by amalgamating two copies of H in a suitable way.

Comparing the two forms of the Nakayama automorphism for v in Lemma
2.7 enabled Schneider to give a shorter proof of the following crucial result
of Radford.

Theorem 2.10. [R] Let H be any finite-dimensional Hopf algebra, with
right modular elements € H* and b€ H. Then for all h € H,

Sth) =b(B~! = h— B)b~L.

Proof. Since b and 3 are group-like, S%(b) = b and S? commutes with 3 —.
By Corollary 2.8, using b =a*,
i'(h) =S *(h) = p=1b"1(B— S*(h))b.
Applying S? and conjugating by b, we see that b(h — B)b~! = g — S*(h).
Finally apply =1 — to see that S*(h) = (8~ — h — B)b~ L. O

Now when H and H* are semisimple, b = 1 and 8 = ¢ by Theorem 2.4,
part (3). Thus S* = id. To see that in fact S? = id in this situation reduces
to showing that —1 cannot be an eigenvalue for S? in End(A). To prove
this we will need some elementary facts about traces.
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Recall that for any finite-dimensional vector space V, V* @V = Endi (V)
via (¢ @ v)(w) := ¢(w)v. Under this isomorphism, if Try : End(V) — k is
the usual trace map, then Try (¢ @ v) = ¢(v).

Lemma 2.11. Let A be a Frobenius algebra with Frobenius system (f,r;,1;).
Let e € A with € = ce, for ¢ € k, and let F € Endy(eA). Then

Trop(F) = Z f(F(el;)rs).

Proof. For any z € A, ex =Y, f(exr;)l;. Thus e’z =Y, f(exr;)el;, and so
cF(ex) = F(cex) = F(e*z) =Y, f(exr;)F(el;).

Now using the isomorphism V* @ V' = End(V) above with V' = eA,
we see that cF' corresponds to ), f(—r;) ® F(el;). Thus c¢Trea(F) =
> f(F(eli)ri)). 0

Now for any H, the left regular representation of H on itself is given by
H — End(H), via h — Ly, where Lj denotes left multiplication by h. Let
xm denote the character of this representation, that is xg(h) = Trg(Lp).
We need some elementary properties of xp.

Lemma 2.12. Let xg =Try be as above. Then
(1) xu(©) =€(0), for all © € fé U [y
(2) St (xu) = xn);
(8) Xt = dim(H)xn.

Proof. (1) First choose A € | é] and consider Ly, left multiplication by A on
V = H. Now Lx(h) = a(h)A for all h € H, and thus under the correspon-
dence V@ V* = End(V') above, we see that Ly corresponds to a ® A. Thus
Tru(La) = a(A). But clearly a(A) = e(A).

Similarly if I' € [};, then Ly corresponds to e ®T and so Try(Lr) = &(T),
proving (1).

(2) follows from the fact that S% is an algebra automorphism of H. For,
S5%.(xm)(h) = xu(S%(h)) = xu(h) for any h € H, since xp is the trace of
the left regular representation.

To see (3), consider H as a left H-module under left multiplication, and
let Hy denote the vector space H but with the trivial left H-action. Then
HQ® Hy= H® H as left H-modules, via ¢ : h @ v — Y h1 ® hov (note ¢ is
bijective since ¢! is given by h ® v — h; ® Shov). (|
Proposition 2.13. [L] Let H be a finite-dimensional Hopf algebra, and as
before choose \ € fép and T € [;; with A(T') = 1. Then:

(1) Tru(5?) = £(T)A(L);

(2) if S? = id, then dim(H) = e(I')\(1) and xg = e(T')\. Consequently
if also dim(H) # 0 in k, then A\ = #(UH)XH'

Proof. Apply Lemma 2.11 to H with e = 1 along with the fact that (\, STy, T9)

is a Frobenius system (Proposition 2.7) to see that for F' € End(H), Try(F) =
Yo ANF(T28T).



8 S. MONTGOMERY

Now to prove (1), use F = S? in this expression:
Tr(S%) =Y A(S*(T3)S =D A(S(T18(T2)) = MS(e(1)1) = e(T)A(D).

Here we have used the property of S that id * S = ¢, applied to T'.

For (2), assume S? = id. Then dim(H) = e(T')A(1) follows directly from
(1). For the next equality, first note that if S? = id, then S = S~ ! and thus
for all h € H, Y hoS(h1) = e(h). Thus, again using e = 1 but now with
F = Ly, we see

xu(h) =Tru(Ly) = > _ A(AL2S(T1)) = e(D)A(R).

Thus xg = e(I')A. The expression for A now follows by multiplying by A(1)
and dividing by dim(H). O

We require one more fact.

Proposition 2.14. [LR1] Choose vy € [};. and A € fé] such that y(A) = 1.
Then

Try-(53-) = e(A)y(1) = dim(H)Triz- (S| 11-)-

Proof. The first equality is simply Corollary 2.13(1) applied to H*. For
the second, we apply Lemma 2.11 to H* with e = xp, ¢ = dim(H), and
F = S?%|, , u+, using the fact that (A, Sy1,72) is a Frobenius system for H*.
By Lemma 2. 12(3), e? = ce. Thus,
dim(H)Tr - (5] r-) = 32 ACS2(xar12)Sm) = 3 Al (87257

=2 AlxaS(MS72)) = AMxav(1)) = v(1)xm(A).

Now using Lemma 2.12(1), xg(A) = e(A). This finishes the proof. O

We are now able to prove the first Larson-Radford theorem.

Proof. (of Theorem 2.1) First, if S? = id, then by Proposition 2.13(1), both
e(I") # 0 and A(1) # 0. Thus H and H* are semisimple by Theorem 2.4(5).

We may thus assume that both H and H* are semisimple. Then they
are also unimodular, and so by Theorem 2.10, $* = id, as noted after that
theorem. Thus S%I* has only 1 and -1 as possible eigenvalues on H*. Let
{wj, j =1,...,n = dim(H)} be the eigenvalues of S%. on H* and let
{ni, i = 1,...,m} be the eigenvalues of S?|,, m+-. By Proposition 2.14,
S g = (S ).

Now > uj = Try-(S?) # 0 by Proposition 2.13(1), and thus it is an
integer divisible by n. Thus | > 7 y1j| = n. But at least one p; = 1, since
S?(e) =e. Thus all y; =1 and S? = id. O

We can now also prove the second Larson-Radford theorem. We use the
following elementary fact about matrices over C.

Lemma 2.15. Let k be algebraically closed of characteristic 0 and let A =
M, (k), the algebra of n x n matrices over k. Let T € Auty(A) be such that
T™ =id, for some m > 0. Then Tr(T) is a non-negative real number.
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Proof. (of Theorem 2.2) By extending the base field, we may assume k is
algebraically closed. Now assume H is semisimple. Let T' = $%; T is an
automorphism of H since S is an anti-automorphism. By Theorem 2.10, T'
has finite order, since a = € and b has finite order (group-like elements in
any finite-dimensional Hopf algebra have finite order, since distinct group-
like elements are linearly independent).

Now H = @My, (k) = ®A;, so T permutes the {A4;}. We claim that
Tru(T) # 0. Now if T(A;) = Aj, for j # ¢, let 7 > 0 be minimal with
T7(A;) = A;. Letting B = @7_jT*(4;), we see that Try(T|g) = 0. If T
stabilizes A;, then T' € Auty(A;) and so by Lemma 2.15, Try(T)4,) > 0.
Thus Try(T) > 0.

However, H has a one-dimensional summand, say Ay, generated by [ 0
Since T' is an automorphism of Ay, T'| 4, = id and so Try(T|4,) = 1. Thus
Tryg (T) > 0.

We are now done by Proposition 2.13(1): Try(T) = e(A)A(1) for A € fflI
and v € [, ZI*' Thus (1) # 0 and so H* is semisimple by Maschke’s theorem
(Theorem 2.4(5)). O

3. CHARACTER THEORY AND THE CLASS EQUATION

We assume from now on that H is semisimple and that k& has characteristic
0. Thus S? = id by Theorems 2.1 and 2.2, and so we may assume that
V** =V for any finite-dimensional H-module V. Let Vy,Vi,...,V,, be
a complete set of irreducible left H-modules, where V[ = kvg denotes the
trivial module as in §1. Note that Vy = kA for any 0 # A € [,

Let n; = dimi(V;) and let ¢; : H — End(V;) = M, (k) be the i
irreducible representation of H, with character x;. n; is called the degree of
xi (and of ¢;). Note that we may write xg = > .-, niXi-

It is easy to see that V;* is also an irreducible left H-module; we sometimes
write x;- for x,r = Sx;.

Since H is semisimple, any H-module is a sum of the V;, with multiplici-
ties. In particular

(3.0) VieV; = Zmz'j(l)Vz
;

where the multiplicities m;;(l) are non-negative integers.

Definition 3.1. The character algebra R(H) of H is the k-span in H* of
all the characters on H.

R(H) is spanned by {xo,-..,Xm}, and in fact they form a basis.

We note that for f € H*, f € R(H) if and only if f(hl) = f(lh) for all
h,l € H. This is clear if f € R(H); the converse follows since H is a sum of
matrix rings and the only linear functional on matrices with this property
is the trace, up to a scalar multiple.
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Since A+ is the transpose of multiplication my, this condition may be
rewritten to say that f € R(H) ifand only if Ag«f =Y fi® fa = fo® fi;
that is, f is a “cocommutative element” of H*.

The analog of orthogonality of characters is true (an old result of Larson).
First, we define a bilinear form on H*, generalizing the one for functions on
groups, as in [Se].

Definition 3.2. Choose A € fH with e(A) = 1. For ¢, € H*, let
(Blep) = (¢ * SY)(A Z¢ 1)5%(A2) = A(¢ * Stp),

where A is the element corresponding to A in H** = H and * denotes the
convolution product in H*.

Theorem 3.3. [L] (Orthogonality of Characters) Let H be semisimple.
Then (Xi|Xj) = 6zy

Proof. Since Vy = kA, xo(A) = e(A) and x;(A) = 0 for ¢+ > 0. The relation
(3.0), replacing V; by V}*, gives the corresponding relation on characters
Xi * Xj* = >; mij+(1)x;. Applying this expression to A gives

le (A1)Sx;(A2) = me = mi;-(0)e(A).

Now m;;=(0) is the multiplicity of the trivial representation in V; ® V. By
Lemma 1.1(2)(3), this is the same as the multiplicity of the trivial rep-
resentation in Hompy(V},V;). Thus m;<(0) = dim(Hompu(V;,V;)). By
Schur’s Lemma, Homp(V;,V;) = 0 if i # j and Hompu(V;,V;) = k. Thus
mi;+(0) = d;;, proving the theorem. O

As an application of the orthogonality theorem, one may prove a number
of relations on the multiplicities in 3.0. We give one example, from [NR],
in (3) of the next lemma. The present proof follows the classical one for
groups, and seems shorter.

Corollary 3.4. (1) (| ) is a symmetric S-invariant form on R(H) .

(2) For any i, 3,1, mi;(l) = (xalxix)-

(8) For any i,73,1, the following multiplicity relation holds:

myi(i) = mu= (57) = ma-(5)-
Proof. (1) It suffices to prove for the y;, as they form a basis of R(H).
It is clear from Theorem 3.3 that the form is symmetric on the x;. The
S-invariance also follows from Theorem 3.3, since Sxy = xv~ and V;* =
Vj* — V=V,

(2) This follows immediately from the Theorem and (3.0).

(3) We use (1) and (2). Note that it follows from the definition that

(¢lY) = (#S(¢)|e). Now

mji(i) = (xalxsxi) = (xaS(xzxi)le) = (xiSxiSx;le) = (S(xiSxi)Sx;jle)
=(x1SxilSx;) = mui- (57)-

The second relation is similar. O
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The proof of the next lemma is close to an old argument for group alge-
bras.

Lemma 3.5. [Kac, Z] R(H) is a semisimple algebra with involution x.

Proof. The antipode S is an involution on R(H), since S? = id and Sy; =
Xi+. 1t suffices to prove semisimplicity for Ro(H ), the Q-linear span of the
Xi, since R(H) is obtained by extending the base field.

We first claim that for any 0 # A € Rg(H), AX* # 0. For, write A =
>, aixi, where a; € Q. Then

AN = Z a;a;XiXj* = Z az-aj(&je + Z Mj= Dxp) = (Z a?)e + Z bixi
ij I>1 i I>1
for some b; € Q. Thus AX* # 0.

Now if Rg(H) is not semisimple, its Jacobson radical J # 0 is nilpotent.
Choose 0 # A € J. Then by the above, 0 # v = A\* € J. But v* = v and so
again by the above computation, v? # 0. Repeating this, we see that v/ # 0
for all ¢, a contradiction. Thus J = 0 and we are done. O

The following theorem, known as the “Class Equation” for Hopf algebras,
was shown by G. I. Kac for Hopf C*-algebras and in general by Y. Zhu.

Theorem 3.6. [Kac, Z] Let H be a finite-dimensional semisimple Hopf alge-
bra over an algebraically closed field of characteristic 0. Let {eg,e1,...,€m}
be a complete set of primitive orthogonal idempotents in R(H), where ey is
an integral in H*. Then for each i, dim(e;H*) divides dim(H), and

dim(H) =1+ dim(e;H")
=1

We give Lorenz’ recent representation-theoretic proof of the theorem [Lo].
The first lemma is well-known; see for example [CR, p. 204], although the
present proof seems shorter.

Lemma 3.7. Let k be a field of characteristic 0 and let A be a split semisim-
ple k-algebra. That is, A = @?ZlAi, A; =2 M, (k). Assume ( | ) is a
non-degenerate symmetric associative bilinear form on A and let {a;,b;},
j=1,...,n be dual bases for A with respect to (| ). For each i, set

fi="Y_tri(a )b,
7j=1

where tr; is the usual matriz trace in A;. If & is the primitive central
idempotent corresponding to A;, then f; = «;é;, for some 0 # «; € k.

Proof. Since ( | ) is symmetric and associative, f(a) := (1|a) satisfies f(ab) =
f(ba), for all a,b € A. It follows that for some scalars v; € k, < a|b >=
Z?:l vitri(ab), where the -y; # 0 since the form is non-degenerate. One set
of dual bases is given by {v; ‘el el }, where for each i, {e} } is a set of
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matrix units for the ith summand M,, (k). But has been noted earlier, for
any two pair of dual bases {aj,b;} and {¢,,d,} for A with respect to the
form (| ), it is always true that }°;a; ® b; =3, ¢ ® d;.

It now follows that

1 -1 1~
Z'y] tri( elm ml = Z'y tri(€rnm) €mm =7 €.

Jsl,m
Note that «a; = 'y; . O

To apply this lemma, we need a new form on R(H), since the form in 3.2
is not associative.

Definition 3.8. Choose A € [}, with e(A) = 1. For ¢, € R(H), let
(glw) = (px)(A) = Ap ),

where as in 3.2, A € H* corresponds to A.

The two forms are closely related: (¢|y) = (¢|S¢). But now, ( | ) is
clearly associative on R(H); moreover it is symmetric since ( | ) is sym-
metric and S-invariant (alternatively, A(¢p) = A(h¢) since A € R(H) by
Proposition 2.13(2)). In addition, it follows from Theorem 3.3 that {Sx;, x;}
are dual bases for (| ).

We can now finish the proof of the Class Equation.

Proof. (of Theorem 3.6) [Lo] Choose A € [}, with A(1) = 1. By Proposition
2.13(2), A= (1/dim(H))xu € R(H), so in fact we may choose ey = A.
Consider A = R(H) and fix e = ¢; a primitive idempotent in A. Set

d:= d;i;l”(lé 7y € Q. Tt suffices to show d € A, the ring of algebraic integers

in k, for then deZ.
Let € = ¢&; be the central primitive idempotent of A to which e belongs.
Then éR(H) = M,,, (k) = (e;R(H))™) and so dim(eH*) = m;dim(eH™).

Thus d = %.

Define f; := ZJ tr;i(Sx;)x;. Then by the previous lemma, f; = o;é;.

We first claim that d = «;. Now by Proposition 2.13(2) applied to H*,
with A as in 3.8, Try- = (dim(H))A. Thus dim(eH*) = Trg-(Ls) =
(dim(H))é(A) = (dim(H))a; ' f;(A). But

A) =) " tri(Sx;)xi(A) = tri(e)e(A) = m;.
J

Here we have used again (as in the proof of Theorem 3.3), that yg = ¢ and
that x;(A) = djoe(A). Thus dim(eH*) = dim(H)a; 'm;. Tt follows by the
second formula for d that d = «;. Thus f; = dé;.

Finally we show that f; is integral over Z. This will finish the proof of
the theorem, for then, since € is an idempotent, f = d"é for all » > 0 and
so d is integral over Z.

Consider the ring Rz(H) := >, Zx; C R(H). Since the {x;} are Z-
independent by orthogonality, Rz(H) is a finite free Z-module, and so any



REPRESENTATION THEORY OF SEMISIMPLE HOPF ALGEBRAS 13

r € Rz(H) is integral over Z. If 7; : R(H) — M, (k) is the i irreducible
representation of R(H), then also m;(x) is integral over Z, as are all of its
eigenvalues, and so tr;(x) is integral over Z.

In particular, letting z = x;, we see that tr;(x;) € A, the ring of algebraic
integers, for all j. Thus f; € 37, Ax; C A ®z Rz(H), which is also integral
over Z. O

When H = kG, the theorem reduces to the usual class equation for finite
groups. For, f € R(H) < f(ghg™ ') = f(h), Vg € G <= f is constant
on the conjugacy classes of G. Thus e¢; = ) gec, Pg, where Cj is the ith
conjugacy class. Then dim(e; H*) = |C;| and this divides |G]|.

When H = (kG)*, Theorem 3.6 specializes to Frobenius’ classical theorem
that the degree of an irreducible G-module divides |G|. For in this case,
H = KU and so there are |G| linearly independent characters. Thus
R(H) = H* = kG, and the e; are just the primitive idempotents of kG and
the e; H* are the irreducible kG-modules.

The analog of Frobenius’ theorem for Hopf algebras was conjectured by
Kaplansky in 1975 and remains open. That is,

Conjecture 3.9. [Kap| Let H be a finite-dimensional semisimple Hopf al-
gebra over an algebraically closed field of characteristic 0. Then for any
irreducible module V' of H, dim(V') | dim(H).

We discuss this conjecture further in the next section.

4. APPLICATIONS OF THE CLASS EQUATION

We assume throughout that k& is algebraically closed of characteristic 0.
Our first application of the Class Equation is the one for which it was proved
- the classification of Hopf algebras of prime dimension.

Theorem 4.1. [Kac, Z] If dim H = p, a prime, then H = k7Z,.

Proof. By the Class Equation 3.6, p = 1+, ,p™. This forces m; = 0 for
all 7. Consequently there are p linearly independent characters y; of H. This
implies that H = k(®) and that the characters are algebra maps. Dually, this
means that H* has a basis of group-like elements, that is, H* = kG = kZ,,.
But then H is self-dual and so H = kZ,, O

In fact this result does not require that we assume H is semisimple: for,
one may assume that both H and H* are unimodular, since otherwise the
modular elements « and a would be non-trivial group-like elements, neces-
sarily of order p, and we would be done. Thus by Theorem 2.10, §* = id
= (5?%)2, and so S? has eigenvalues in {1,—1}. Writing H = H, @ H_, the
eigenspaces for H, we see that TryS? = dim(Hy) — dim(H_). By Propo-
sition 2.13(1), TryS? = 0 if H is not semisimple. But then dim(H) =
2dim(Hy), a contradiction unless p = 2. This case is trivial.
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More generally, the Class Equation can be used to show that if dim(H) =
p", for p a prime, then H contains a central group-like element [Kac, Ma2].
It follows from this that if dim(H) = p?, then H & kG [Ma2].

Our next application is the analog of a well-known fact for finite groups:
if K is a subgroup of G of index the smallest prime divisor of |G|, then K
is normal in G.

Theorem 4.2. [KM] Let H be semisimple, and let K be a Hopf subalgebra
of H such that the index [H : K] := ZZZE% is the smallest prime divisor of
dim(H). Then K is normal in H.

Before giving a proof, we need some background. First, the notion of index
makes sense, since by the Nichols-Zoeller theorem [M, 3.1.3], H is free over
K and so dim(K)|dim(H). This was improved by Schneider to say that H =
H/HK*®K as right K-modules [M, 3.3.1, 8.4.6], where K+ := KN Ker(e).
Thus dim(H/HK™) = p in our case, and so dim(HK™) = dim(H) — p.

A Hopf subalgebra K of H is normaliffor allh € H and [ € K, (ad)(l) =
> hilS(he) € K. When H is finite-dimensional, one can show that K is
normal if and only if HK™ = KT H [M, 3.4.4].

We give a proof based on work of Natale [Na, Theorem 2.1.1].

Proof. Let A € [,; and e € [}, with e(A) = ¢(e) = 1. By Proposition
2.13(2), e € R(K*) C K and so e is a cocommutative element in K C H.
But then also e € R(H*) C H. Thus e = A + e1 + - - - + e5, where the {e;}
are primitive orthogonal idempotents of R(H*); note that A appears in this
sum since Ae = A. Thus He = HA® He; @ --- @ He,.

Now HKT = H(l —¢) andso H=He® H(l —e) = He® HK™*. Thus
by the remarks before the proof, dim(He) = p. But dim(HA) = 1 and so
by the Class Equation, dim(He;) divides dim(H) but is less than p. Thus
dim(He;) = 1 and so e; is central, for all 5. Thus e is also central in H. Tt
follows that HK* = K™ H and so K is normal in H. O

For our third application, we give Schneider’s recent more elementary
proof of the Etingof-Gelaki theorem [EG] on the dimensions of irreducible
D(H)-modules, where D(H) is the Drinfel’d double of H; the original proof
used some non-trivial facts about modular categories.

Theorem 4.3. [EG] Let H be a semisimple Hopf algebra and let D(H)
denote its Drinfel’d double. Then for any irreducible module V' of D(H),
dim(V') | dim(H).

Before giving Schneider’s proof, we remind the reader of the definition
of D(H). We follow the notation in [M, §10.3]. As a k-coalgebra, D(H) =
H*P® H, and the elementary tensors in D(H) are usually written as f®@h =
f > h. Thus

Ap(feah) =" (f2ah1) ® (f1 5 ha)
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and ep = 1y ®epy. Multiplication in D(H) is more complicated and involves
the coadjoint actions of H and H* on each other. We give an alternative
formula of Radford (see [M, 10.3.11]). That is, for f, f' € H* and h,h’ € H,

(foah)(f o i) =" f(hy = f' = 87 hg) 0 halt'.

Clearly 1p = ey < 1. For simplicity we write h = (e 1 h) and f = (f
1). Note that both H = e > H and H*°P = H*®P pq 1 as Hopf algebras.
For example, if H = kG, and g,¢’, h, h' € G, then multiplication is

(pg >4 h)(pg < ') = " pg(h = py = B~ ') s bl = " pyppgp—1 o< hh'.

Thus D(H) = (kG)*#kG as algebras, a skew group ring over (kG)*.

Drinfel’d shows that D(H) is quasi-triangular, with “R-matrix” given as
follows: let {h;, fi} be dual bases of H and H* under the usual evaluation
map. Then

R=) (eg > hi) ® (fixaly) € D(H)® D(H).
(3
We write R =), h; ® f; for short. By R?' we mean the flip map 7 applied
to R; that is, R*! = 7(R) = Y. f; ® h;. The reader is referred to [Ksl] or [M]
for definitions and properties of quasi-triangular Hopf algebras. We note
that an important property of any quasi-triangular Hopf algebra (H, R) is
that H is “almost cocommutative”; that is, 7 0 A(h) = RA(h)R™! for all
h € H. Consequently VW =2 WV for any VW € gM (see [M, 10.1.2])
and thus R(H) is a commutative ring.
We require several known results:

Theorem 4.4. [R2][M, 10.3.12] If0 #T € [1, and 0 # X € [},., then D(H)
is unimodular and A< T € fD(H).

Lemma 4.5. [R2, Dr| Let D = D(H) and consider F : D* — D given by
p— (1®p)(RYR) = > (f5 > hi)p(fi v hj). Then F' is a vector space
isomorphism which takes R(D) to Z(D), the center of D(H).

Moreover F(pq) = F(p)F(q) for all p € D*,q € R(D).

In fact [R2, Dr| only note that F' is multiplicative on R(D); Schneider
shows that one of the arguments can be chosen arbitrarily.

Proof. (of Theorem 4.3) (Schneider [Sch2]) Again write D for D(H) for the
sake of simplicity. Let € be a primitive (central) idempotent of Z(D) and
let e be the primitive idempotent of R(D) such that F'(e) =e. Then by the
lemma, F(D*e) = F(D*)e = De. Thus dim(D*e) = dim(De).

Now by the Class Equation 3.6, dim(D*e) divides dim (D) = (dim(H))?.
But De is a full matrix summand of D, corresponding to the irreducible
module V of D. Thus dim(De) = (dim(V))?2, and so dim (V) | dim(H). O

Corollary 4.6. [EG] Assume H is any semisimple quasitriangular Hopf al-
gebra, and let V' be an irreducible H-module. Then dim(V') divides dim(H).
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Proof. This follows from Theorem 4.3 and the known (and fairly easy) fact
that a Hopf algebra H is quasitriangular if and only if the map D(H) — H,
given by f < h— (f ® id)(R)h, is an algebra morphism. O

More generally, Schneider proves a generalization of this result to what
are called “factorizable” Hopf algebras [Sch2].

The Corollary shows that Kaplansky’s conjecture 3.9 holds if H is quasi-
triangular. Earlier, two other results about the conjecture were known:

(1) [NR] show that if dim(V') = 2, then 2 | dim(H).

(2) [MW] show that if H is semisolvable, that is, if H has a normal series
such that each Hopf quotient in the series is commutative or cocommutative,
then Conjecture 3.9 holds.

It would be very useful in classifying Hopf algebras if the conjecture were
known. In fact Etingof and Gelaki used 4.6 to prove that any (semisimple)
Hopf algebra of dimension pq, where p and ¢ are primes, is a group algebra
or its dual [EG3]. It had been proved earlier in [GW] that such a result
held, provided Conjecture 3.9 was true for these Hopf algebras.

Recently a shorter proof of the pg result has been given by Natale [Na,
although still using Theorem 4.3.

5. THE GROTHENDIECK RING AND Kj(H)

The usual Grothendieck group G(H) becomes a ring using tensor products
of modules (an observation going back to Serre). When H is semisimple,
all modules are projective and so G(H) = Ko(H) and has as a basis the
isomorphism classes of the irreducible modules. It follows that Ky(H) =
Rz(H) as rings.

We first discuss here work of Nikshych on the relationship of the the ring
structure of Ky to the isomorphism class of H. To do this we need the notion
of (dual) cocycle twists. Such twists were introduced by Drinfel’d [Dr2] and
by Reshetikhin [Re] in their work on quasi-Hopf algebras.

Consider a Hopf algebra H and an invertible element Q € H ® H. H® is
called a cocycle deformation, or twist of H with respect to € if:

(i) H? = H as an algebra

(i) H® has comultiplication A%(h) := Q(Ah)Q™!

One can write down necessary and sufficient conditions on Q for A to be
coassociative; such an element € is called a pseudo-cocycle. An important
special case of this is when 2 is an ordinary Hopf 2-cocycle on H*; this
means that

(5.0) Qe D[(A®id)(2)] =(1®02)[(id® A)(Q)]

See (5.2) below for the usual (dual) form of this relation.
A nice connection between twisting and K(H) has been made by Nikshych.

Theorem 5.1. [N] Let Hy; and Hy be two finite-dimensional semisimple
Hopf algebras over C. Then Hy is a twist of Ha by a (dual) pseudo-cocycle
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if and only if Ko(Hy) = Ko(Hs) as ordered rings with involution with a
marked element.

Here the marked element can be taken to be xp.

However, having isomorphic Ky-rings is not sufficient to guarantee that
two Hopf algebras have isomorphic categories of representations. For, con-
sider the non-commutative (semisimple) Hopf algebras of dimension 8. Ac-
cording to [Mal], there are exactly three such Hopf algebras, namely the two
group algebras kD4 and kQ of the dihedral group and the quaternion group,
and Hg, the Kac-Paljutikin non-commutative, non-cocommutative Hopf al-
gebra of dimension 8, constructed in [KacP] (we consider this example in
more detail in the next section). Clearly they are all isomorphic as algebras,
since k*) @ My (k) is the only possibliity which has a one-dimensional sum-
mand. It is not difficult to see that their Ky-rings are isomorphic, and thus
by Theorem 5.1 the three Hopf algebras are twists of each other by a pseudo-
cocycle. However it is shown in [TY] that these three Hopf algebras have
different categories of representations, considered as monoidal categories.

Nevertheless, Ko(H) is a useful invariant of H. Kashina has classified the
Hopf algebras of dimension 16 by first classifying all the possible Ky-rings for
such algebras [Ksh]. The situation is much more complicated than that for
dimension 8; in fact there are (coincidentally) exactly 16 non-commutative,
non-cocommutative (semisimple) Hopf algebras of dimension 16, with ex-
actly seven isomorphism classes of Ky-rings.

One might hope that if Ky(H) is commutative, then H is a twist of a
group algebra. However this is false; the next example was shown to us by
G. Mason and R. Ng.

Example 5.2. We consider the Drinfel’d double D = D(CS3). Since D is
quasi-triangular, R(D) (and Ky(D)) is commutative, as noted in Section 4.
However D is not a twist of a group algebra. To see this, we recall that for
any finite group G, the irreducible representations of D(CG) arise as follows:
choose one element g from each conjugacy class of G, consider the centralizer
C(g) of g in G, and let V' be an irreducible representation of C(g). Then
the induced module CG®¢(4)V becomes an irreducible D-module [Ms], and
all irreducible D-modules are of this form. Using this one can check that
D(CS3) has exactly two 1-dimensional irreducible representations. However,
there is no group G of order 36 with this property (such a group would have
[G : G'] = 2, and consequently the Sylow 3-subgroup P of G’ is actually
normal in G. But then G/P is abelian of order 4, a contradiction). Thus D
cannot be isomorphic to CG as an algebra, so is certainly not a twist of it .

If we restrict the situation to twists by cocycles, then much more can be
said about equivalence. If A = B”, where .J is a cocycle, then the comodule
categories are monoidally equivalent. The converse holds when A is finite-
dimensional. Thus the three non-commutative dimension 8 Hopf algebras
are not (dual) cocycle twists of one another. A result for infinite-dimensional
H is proved in [EG4].
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The dual situation, at least for ordinary cocycles, has also been studied;
see for example [Do][Tk]. We recall that o : H® H — k is a Hopf 2-cocycle if
it is convolution invertible, o(h,1) = o(1,h) = e(h), and for all h,l,m € H,

(5.2) > o (ly,ma)o(h,lymg) = o(hy,ly)o(haly,m).

We may then form the twisted Hopf algebra H,. In this case the coalgebra
structure is unchanged but the algebra structure is twisted by o. That is,
H,; has new multiplication

hel:=> o(hi,l)halao™ " (hs,ls),

where here we have used the iterated summation notation (id ® A)A(h) =
Yhi ® hg ® hs.
See also [Sca], [Mad4].

6. THE SCHUR INDICATOR

Again we assume H is semisimple over an algebraically closed field of
characteristic 0. Just as in the representation theory of finite groups, we
may define a Schur indicator v(x) for any irreducible character x of H. As
before choose A € [}, with e(A) = 1. Then we define

v(x) = ZX(AIAQ)-
A)

When H = kG, let A = ﬁ > gec9- Then v(x) = ﬁ > x(g?), which is
the usual definition for groups [Se].

Theorem 6.1. [LM] Let H be a semisimple Hopf algebra over an alge-
braically closed field k. If k has characteristic p # 0, assume in addition
that p # 2 and that H* is semisimple. Then for A and v(x) as above, and
any irreducible character x € Irr(H), the following properties hold:

(1) v(x) =0, 1 or -1, Vx € Irr(H),

(2) v(x) # 0 if and only if V\, = Vy. Moreover v(x) =1 (respectively
—1) if and only if V,, admits a symmetric (resp. skew-symmetric) non-
degenerate bilinear H-invariant form.

(3)Considering S € End(H), TrS =3, crmy VX)X (1)

In fact [LM] prove a more general result for arbitrary split semisimple
algebras with involution. After stating that result, we will use it to prove
Theorem 6.1 in the case of charactersitic 0.

Theorem 6.2. Let A be a finite-dimensional split semisimple algebra over
k, and write A = @L M, (k). Assume that k has characteristic # 2 and
that each n; # 0 in k. Assume that A has a k-involution S. Let Vq,..., V4 be
the distinct irreducible modules for A and let x1,...xq be the corresponding
irreducible characters. Also let {a,,b,} be a pair of dual bases with respect to
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some symmetric bilinear associative non-degenerate form (| ) on A. Then

the scalars
n

p(xi) = m?{i(; S(ar)br)

satisfy the follwing properties:

(1) p(xi) = 0,1 or -1, for all x; € Irr(A).

(2) pu(xi) # 0 if and only if V; = V.*. Also u(x;) = 1 (respectively -1)
if and only if V; admits a symmetric (resp. skew-symmetric) non-
degenerate form such that S|a, is the adjoint of the form, where A;
is the ith summand of A.

(3) TraS = > ermra pO)x(14).

The proof of this theorem involves a careful analysis of various trace
functions, in the spirit of some of our previous arguments. In particular
it is shown in the proof of Theorem 2.7 that if (a|b) = >, vitri(ab), then

xi(22; ajbj) =, 'n;

Proof. (of Theorem 3.1.) If k has characteristic 0, then by Theorem 2.1 and
2.2, 8? = id and both H and H* are semisimple. Thus S is an involution
on H and we may apply Theorem 2.7 to H.

We next show that u(x) = v(x). Choose X € [;. such that A\(1) = dim H
and A € [;; with e(A) = 1. Then by Proposition 2.13, A(A) = 1 and

A= > nxi=xn
xi€lrr(H)

Define a bilinear form ( | ) on H via
(alb) = A(ab),

foralla,b € H. It is clear that ( | ) is a non-degenerate associative symmetric
bilinear form on H, and by Proposition 2.7, {S(A1), A2} is a pair of dual
bases with respect to (| ).

Now in the bilinear form ( | ) above, 7; = n;. Thus using the remark
before the proof, Xi(Zj ajb;) = n;. Using the dual bases above,

nixi) = xi(Q_ 8(aj)b;) = xi(D_ S*(A)A2) = xi(Y_ A1As) = v(xi),
J (A) ()

from the definition of v(x) above.
Thus in order to finish the proof of Theorem 1 we only have to show that
if # = 4* then the bilinear form on V; is H-invariant. However this is trivial:

> (b v, hy - w) = (v, 8(ha)hg - w) = e(h) (v, w)
(h) (h)

since S is the adjoint map with respect to the form. O
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This invariant can be computed for the representations of various Hopf
algebras; in fact Kashina reports that some of the work in [Ksh] could be
simplified by using Schur indicators rather than Ko (H) (see [Ksh2]).

As an example, we study in more detail the unique non-commutative,
non-cocommutative Hopf algebra Hg of dimension 8 [KacP], mentioned in
the last section.

Example 6.3. The Hopf algebra Hg
We give generators and relations for H = Hg as given in [Mal]:

1
H = k{z,y,z| 2 =y =12y = yz, 20 = yz, 2y = 12, 2° = §(1+x+y—xy))

The coalgebra structure is given by z,y € G(H) and A(2) = 3[(1+y)® 1+
(1-9y)®z](2®2). Thus K := k(z,y) = k(Zy X Zs) and K is a normal Hopf
subalgebra of H. Then H/HK™ = k(z), and we see that A(Z) = Z® 7 and
Z2 =1, so that k(Z) & kZs. Thus we can write H as the extension

K 2 k(7o x 7o) = H S k79 = k(Z)
where m(z) = 7(y) = 1 and w(z) = Z. For computations, it is easier if we
identify K with K*; that is, we may write a basis for K as {e;; | 1,7 = 0,1},
where e;; (zFyh) = dir0j,. For example, with this notation,
1
Alz)=( ) ej®@epn)(z2®2)

1,J,p,7=0

We now compare the Schur indicators of the representations of Hg with
that of the other non-commutative Hopf algebras of dimension 8, that is the
two group algebras kD4 and kQ. Let x denote the character of the unique
2-dimensional irreducible representation of each algebra. It is known that
for Dy, v(x) = +1 and that for Q, v(x) = —1.

For Hg, an integral is given by A = % Z}jl:o x'yi 2!, Using this, or rather
the {e;;} above, a direct computation shows that v(x) = +1 (we thank
Kashina for the computation). Thus the representation theory of Hg is
closer in some sense to that of the dihedral group D4 than to that of @),
although their categories of representations are different.

Note that the result of [TY] mentioned in the previous section says that
Hg has no non-trivial cocycle (or dual cocycle) deformations.

The Schur indicator is computed for a number of other examples of Hopf
algebras, in [KMM]. The examples considered there are all extensions of the
dual of a group algebra by another group algebra, as is Hg above.
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