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Abstract

Using the theory of corings, we generalize and unify Morita contexts introduced by Chase and
Sweedler [[L3], Doi [[Ld], and Cohen, Fischman and Montgomery [[L§]. We discuss when the contexts
are strict. We apply our theory corings arising from entwining structures, and this leads us to the
notion of cleft entwining structure.

0 Introduction

Let H be a Hopf algebra, A an H-comodule algebra, and B the subring of coinvariants. Generalizing a
construction due to Chase and Sweedler [fL3], Doi gave a Morita context, connecting B and #(H,A),
and applied this to the theory of Hopf Galois extensions. In particular, he introduces the notion of cleft
H-comodule algebra, and shows that a cleft H-comodule algebra is an H-Galois extension.

A similar Morita context has been constructed by Cohen, Fischman and Montgomery in [L6]. They start
from a finite dimensional Hopf algebra H over a field (or a Frobenius Hopf algebra over a commutative
ring, see [[L5]), an H-module algebra, and give a Morita context connecting the smash product A#H and
the ring of invariants.

For a finite dimensional Hopf algebra H, a left H-module algebra is the same as a right H*-comodule
algebra, so it seems obvious that both contexts then coincide. That this is the case has been pointed out
by Beattie, Dascdlescu and Raianu [B]. However, it is not just a straighforward application of duality
principles, since the connecting bimodules are different in both cases, and since the Cohen-Fischman-
Montgomery structure relies heavily on the fact that a finite dimensional Hopf algebra is Frobenius (the
actions on the connecting bimodules are defined using the distinguished grouplike).

In this paper, we will generalize both contexts. The advantages of our approach are the following: first,
all computations become straightforward and elementary; secondly, the duality relation between the two
contexts and the connecting bimodules becomes clear, and the rdle of Frobenius type arguments is made
clear; in third place, our theory can be applied in some other particular situations, for examples to gener-
alized smash products, and to categories of entwined modules; finally, in the infinite dimensional case, it
is clarified why Doi’s Morita context is never strict.

Our approach is based on a key observation made by Takeuchi [PF], that entwined modules, and, in
particular, many kinds of modules such as relative Hopf modules, Yetter-Drinfeld modules, Doi-Hopf
modules etc, can be viewed as comodules over a certain coring. Takeuchi’s observation has lead to a
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revived interest in the theory of corings, which goes back to Sweedler [R3]. It became clear that corings
provide a unifying and simplifying framework to various topics, such as Galois theory, descent theory,
Frobenius functors and Maschke type Theorems (see [f], [[]], [L9], [RG]). Following this philosophy, we
can generalize Doi’s results, and associate a Morita context to a coring ¢ with a fixed grouplike element
x over aring A (SectionfJ). In Section [, we will show that there is a dual result, which is even more ele-
mentary: to a morphism of ringsi: A— R, and a right R-linear map x : R — A with x(x(r)s) = x(rs) for
all r,s € R, and x(1r) = 1a, we can associate a Morita context, which can in fact be viewed as the Morita
context associated to the right R-module A, following [B]. This Morita context is a generalization of the
Cohen-Fischman-Montgomery context; if R/A is Frobenius, then both the second connecting bimodule
in the context is isomorphic to A (see Theorem P.7). We can give necessary and sufficient conditions for
this Morita context to be strict.

To a coring with a fixed grouplike element, we can now associate two Morita contexts: one to the coring,
as mentioned above, and another one to the dual of the coring, which is a ring. There exists a morphism
between the two contexts, and we have some sufficient conditions for the two contexts being isomorphic:
this is the case when the coring is finitely generated and projective as an A-module, and also when one
of the connecting maps in the Morita context coming from the coring is surjective, cf. Theorem B.4

In Section fl, we focus attention to the case where the coring C arises from an entwining structure
(A,C,). We introduce the notion of cleft entwining structure, and show that cleftness is equivalent
to C being Galois in the sense of [2§], and A being isomorphic to A®C @ C as a left A®C-module and a
right C-comodule. The results use the Morita contexts of the previous Sections. Surprisingly, we were
not able the notion of cleftness to arbitrary corings with a fixed grouplike element. In Section 5 and 6,
we look at factorization structures and the smash product, and introduce the notion of cleft factorization
structure.

For a coring that is projective, but not necessarily finitely generated, as an A-module, we expect that there
is a third Morita context, connecting the coinvariants and the rational dual of the coring, generalizing one
of the Morita contexts discussed in [B]. This will be discussed in a forthcoming paper.

1 Preliminaries

Coringsand comodules

Let A be aring. The category aMa of (A, A)-bimodules is a monoidal category, and an A-coring C is a
coalgebra in oM, that is an (A, A)-bimodule together with two (A, A)-bimodule maps

Ar: C—CRaC and g0 C— A
such that the usual coassociativity and counit properties hold, i.e.
(Ac®@alc)oDe = (lc®alc)olc (1)
(ec®nalc)obe = (Ic®@agc)oDc=Ic )

Corings were introduced by Sweedler, see [23]. A right C-comodule is a right A-module M together with
a right A-module map p" : M — M ®a C such that

(P"@alc)op’ = (IM®alc)op’ (3)
(Im®agc)op’ = Iu 4)

In a similar way, we can define left C-comodules and (C, C)-bicomodules. We will use the Sweedler-
Heyneman notation for corings and comodules over corings:

Ac(c) =c)®acCr) ; P'(M) =mg®@amy
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etc. Amap f: M — N between (right) C-comodules is called a C-comodule map if f isaright A-module
map, and
p'(f(m)) = f(mg) @amyy

for all m € M. M€ is the category of right C-comodules and C-comodule maps. In a similar way, we
introduce the categories
CM, Cg‘,[C7 AMC

For example, A% € is the category of right C-comodules that are also (A, A)-bimodules such that the
right C-comodule map is left A-linear.
Let C be an A-coring. We write

*C:AHom(CvA) ; C*:HomA(CvA)
*C and C* are rings; the multiplication on * is given by the formula
f#g=go(lc®af)olr (5)

or
(f#g)(c) = 9(cy)f(crz)) (6)
for all left A-linear f,g: C — Aand c € C. The multiplication on C* is given by

(f#9)(c) = f(9(cw))cr2)
The unit is €, in both cases. We have a ring homomorphism
it A="C
given by

i(a)(c) =&c(c)a

We easily compute that
(i(a)#f)(c)= f(ca) and (f#i(a))(c)= f(c)a (7

forall f e*C,acAandce C.
We have a functor
F: MC—> %C

F(M) =M as a right A-module, with right *C-action
m- f =myg f(mpy) 8)

If C is finitely generated and projective as a left A-module, then F is an isomorphism of categories: given
a right *C-action on M, we recover the right C-coaction by putting

p(m) = (m- fj) @ac; ©)
]
where {cj, fj | j=1,---,n} is afinite dual basis of C as a left A-module.
*C is a right A-module, by ([):
(f-a)(c)= f(c)a



and we can consider the double dual
("C)" =Homa(*C,A)

We have a canonical morphism
i C—("0)% i(e)(f)=f(c)

We call C reflexive (as a left A-module) if i is an isomorphism. If C is finitely generated projective as a
left A-module, then C is reflexive. For any ¢ € (*C)*, we then have

¢ =i(3 o(fj)c))
J

Galoiscorings and Descent Theory

Let C be an A-coring. Recall that x € C is called grouplike if A-(x) =x®ax and €-(x) = 1. G(C) is the
set of all grouplike elements in C. We have the following interpretations of G(C) (see e.g. [fLd, Sec 4.8],

[AD).

[l

G(C) {p": A= A®aC=C|p" makes A into aright C-comodule}

>~ {p': A— CopA= (| p makesAintoa left C-comodule}

Fix a grouplike element x in C. We will call (C,x) a coring with fixed grouplike element. The associated
coactions on A are given by
p'(a)=xa ; p'(a)=ax

For a right C-comodule M, we define the submodule of coinvariants
M®C ={meM |p(m)=meax}
Now let
B C A®C =%CA = {hec A|bx=xb}

We have a pair of adjoint functors (F,G) between the categories Mg and M €, namely, for N € Mg and
M e ME,
F(N)=N®gA and G(M)=M*¢

The unit and counit of the adjunction are
nn: N — (N@sA)®C, ny(n)=n®sl

&m - MCOC®BA—> M, sM(m®Ba) =ma

We say that (C,x) satisfies the Weak Structure Theorem if gy is an isomorphism for all M € €, that
is, G = ¢°C is a fully faithful functor. (C,x) satisfies the Strong Structure Theorem if, in addition, all
nn are isomorphisms, or F is fully faithfull, and therefore (F,G) is an equivalence between categories.
Notice that the Strong Structure Theorem implies that B = A®C,

Leti: B — A be aring homomorphism. It can be verified easily that © = A®g A, with structure maps

A@Z A®BA—>(A®BA) ®A(A®BA)§A®BA®BA and Ep: A®RsA— A

given by
Ap(a®ph) = (a®pl)®a(1®pb) =a®sl®eh
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ep(a®pb)=ab

isan A-coring. 1®g 1 is a grouplike element, and (C,1®g1) is called the canonical coring associated to
the ring morphism i. Observe that

*PD = AHom (A XB A,A) =~ sEnd (A)Op

If A is finitely generated projective as a left B-module, then D is reflexive.
A right D-comodule consists of a right A-module M together with a right A-module map

pvM: M —Mea(ARsA) XM ®gA

such that the following coassociativity and counit condition hold:

Migj o] ©B Mio)j1) @B M) = M(o) @5 1 @B My (10)
and

MMy =m (11)

If A is faithfully flat as a B-module, then (D,1 ®g 1) satisfies the Strong Structure Theorem. This was
shown in [[I4]; in [[3, Sec. 4.8], a proof in the coring language is presented. In fact it is the basic
result of descent theory: an A-module M is isomorphic to N ®g A for some B-module N if and only if
we can define a right D-coaction on A. In the situation where A and B are commutative, there is an
isomorphism between the category of comodules over the canonical coring, and the category of descent
data, as introduced by Knus and Ojanguren in [2q], we refer to [[L3, Sec. 4.8] for details. An unpublished
result by Journal and Tierney states that, in the situation where A and B are commutative, (D,1®g1)
satisfies the Strong Structure Theorem if and only if i : A — B is pure as a morphism of B-modules. For
a proof, we refer to [21].

Now we return to the general situation, and take an arbitrary coring (C, x), with fixed grouplike element.
Let B = A%C and consider the canonical coring 2 = A®gA. We have a canonical coring morphism

can: D — C; can(a®gh) =axb

We say that (C,x) is a Galois coring if can is an isomorphism of corings. In this situation, we obviously
have an isomorphism between the categories M€ and M 2.

Proposition 1.1 Let (C,x) be an A-coring with fixed grouplike element, B = A®°C, and D = A®g A. We
then have a ring homomorphism

*can: *C — *D = gEnd(A)%; *can(f)(a)= f(xa)
1) If (C,x) is Galois, then *can is an isomorphism.
2) If *can is an isomorphism, and ¢ and 9D are both reflexive (e.g. C and A are finitely generated and
projective, resp. as a left A-module and a left B-module, then (C,x) is Galois.
3) If (C,x) is Galois, and (D, x) satisfies the Strong Structure Theorem (e.g. A is faithfully flat as a right

B-module), then (C,x) also satisfies the Strong Structure Theorem.
4) If (C,x) satisfies the Weak Structure Theorem, then (C,x) is Galois.

Proof. 1), 2), 3) follow immediately from the observations made above. (C is a right C-module, using
A, and we have a right B-module map

ii A— C%C i(a) =ax

It is easily verified that the restriction of £ to €€ is an inverse for i, so A and CC are isomorphic in
MB. Now
gc=can: A®RgA— C

is an isomorphism. a



Entwined modules

Let k be a commutative ring, A a k-algebra, C a k-coalgebra, and ¢ : C® A — A®C a k-linear map
satisfying the following four conditions:

(ab)q_, & Cq" = aq_,pr X CqJLP (12)
(la)y®c? =1a®c (13)
ay ®Ac(c) =ayw e ch @ch (14)
ec(c¥)ay = ec(c)a (15)

Here we used the sigma notation
W(cwa)=ayec? =apec”

We then call (A,C, ) a (right-right) entwining structure. To an entwining structure (A,C, ), we can
associate an A-coring C = A®C. The structure maps are given by the formulas

a(b@c)a=abayc?
Ac(a®c) = (a®c()) ®a(1®c()
ec(a®c) =aec(c)

An entwined module M is a k-module together with a right A-action and a right C-coaction, in such a
way that
p'(ma) = mgay ® m‘[’i]

for all m € M and a € A. The category M ()§ of entwined modules and A-linear C-colinear maps is
isomorphic to the category of right C-comodules.

Factorization structures and the smash product
Let A and S be k-algebras, and R: S® A — A®S ak-linear map. We will write
R(s®@a) =ar®@Sr=ar ®S;
(summation understood). A#grS will be the k-module A® S, with multiplication
(a#ts) (bi#t) = abgri#tsgt (16)

It is straightforward to verify that this multiplication is associative with unit 1a#1g if and only if

R(s®1la) = 1a®s (17
R(lspa) = a®ls (18)
R(st®a) = ar @Str (19)
R(s@ab) = arb @sre (20)

forall a,b € A and s,t € S. We then call (A,S,R) a factorization structure, and A#gS the smash product
of Aand S.



2 Thegeneral Morita context

Let Aand R berings, andi: A — R aring morphism. We also consider a map X : R — A satisfying the
following three conditions, for all r,s € R:

1. x isright A-linear;
2. X(x(r)s) = x(rs);
3. X(1r) =1a
It follows from the second condition that X2 = X. A is a right R-module, with structure
a~—r =x(ar)

The three conditions on the map X can be explained as follows: R is an algebra in the monoidal category
AMp of A-bimodules. A map X : A®aR =R — A makes A into a right module over this algebra A if and
only if it satisfies this three conditions. This is the dual result of the fact that grouplike elements on an
A-coring C are in one-to-one correspondence with right (or left) C-comodule structures on A.

For any right R-module M, we define

MR={meM |m-r=myx(r)} =Homg(A,M)

Then B = AR = {b € A| bx(r) = x(br), for all r € R} is a subring of A, and MR is a right B-module. In
fact we obtain a functor
G= (O)RZ MRHMB

which is a right adjoint of
F=expA: Mg— Mr

The unit and counit of the adjunction are
nn: N— (N@sA)R, ny(n)=nesl
em: MR@gA—M, M, gy(mega)=ma
In fact, MA = Homg(A,M). Now consider
Q=RR={qeR|qgr=qx(r), forall r R} (21)

andthe map eg=p: Q®sA — R, u(q®ga) = qa. It is easy to show that x(Q) C B: forall g € Q and
r € R, we have

X(@x(r) = x(ax(r)) = x(ar) = x(x(@)r)
Recall that R* = Homa(R,A) is an (A,R)-bimodule:
(a-f-r)(s)=af(rs)
forallace A, r,seSand f € R,
Lemma2.1 (R*)R=2A as a right B-module, and the counit map
can =¢&r : AQgA — R*

is given by
can(a®pa’)(r) = ax(a’r)

foralla,a’ € Aandr eR.



Proof. First observe that f € (R*)R if and only if

f(rs) = f(x(r)s)

forall r;s € R. Define

Itis clear that j(a) is right R-linear. Also

j(a)(rs) = ax(rs) = ax(x(r)s) = j(a)(x(r)s)

so j(a) € (R)R. jand p are inverses, since

and

Now we compute
er(a®pa’)(r) = (j(a)-a)(r)= j(a)(a'r) = ax(a'r)
From this formula, it follows that, for b € B,
(i(a)-b)(r) =ax(br) =abx(r) = j(ab)(r)
so j is right B-linear. O

The proof of the following result is now an easy exercise, left to the reader.

Proposition 2.2 With notationas above, A € gMg and Q € rMg, and we have a Moritacontext (B,R, A, Q, T, ).
The connectingmaps p =¢g: Q®pA — Randt: A®rQ — B are given by

Wa®ea) =ga and T(a®rq) =a—q=Xx(aq) (22)
Remark 2.3 Let R be a ring. Recall from [P, 11.4] that we can associate a Morita context to any right

R-module P. If we consideri: A— Rand X : R — A as above, then the Morita context associated to the
right R-module A is isomorphic to the Morita context from Proposition[.3. It suffices to observe that

B~ Endgr(A) and Q = Homg(A,R)
It is easy to establish when the Morita context is strict. First let us investigate when T is surjective.

Proposition 2.4 With notation as in Proposition P.2, the following assertions are equivalent:
1) T is surjective (and, a fortiori, injective);

2) there exists A € Q such that x(A) = 1;

3) for all M € Mg, the map

v : MeRQ — MR, tm(m®rqg) =m-q

is an isomorphism;
4) Ais finitely generated and projective as a right R-module.
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Proof. 1) = 2). If T is surjective, then there exist a; € A and g; € Q such that
(> aj®raj) =X(H aj0;) =1
] ]

A =73;ajqj €Q,since Qisa leftideal inR.
2) = 3). First observe that m-q € MR, since for all r € R:

(m-q)-r=m-(qr) =m-qgx(r)
Define
Bv: MR — M®rQ, Nnv(mmerA
We easily compute that
Gow (Bw(m)) =m-A=mx(A) =m

for allm € MR, and

Bm(wm(M®RQ)) = M-qRRA=M®RIA
= M®RAX(A) =m®Rrq

S0 Oy and wy are inverses.
3) = 1). Observe that wa = T.
1) = 4) follows from [g, Prop. 11.4.4], taking Remark .3 into account.

d

Proposition 2.5 Consider the Morita context from Proposition .3, and assume that 1 is surjective. Take

A € Q such that x(A) = 1. Then we have the following properties:
1) A2 = A and ARA = AB = B.

2) The functor F = e@gA: Mg — Mg is fully faithful. In other words, for every N € Mg, the unit map

Nn: N — (NegA)R nu(n) =n1

is fully faithful.

3) B is a direct summand of A as a left B-module.

4) A and Q are generators as left, resp. right B-modules.

5) A and Q are finitely generated projective as right, resp. left R-modules.
6) We have bimodule isomorphisms

f: A—grHom(Q,R), f(a)(g)=ga

g: Q— Homg(AR), g(q)(a)=0a
7) We have algebra isomorphisms

k: B— RENd(Q), k(b)(g)=gb

|1 B— Endg(A), I(b)(a)=ba



Proof. 1) Since x(A) =1and A € Q, we have
A2 =NAx(N) =A
For all r,s € R, we have
X(rA)X(s) = X(rAX(s)) = X(rAs) =X (X(rA)s)

which implies that x(rA) € B, and
ArA = AX(rA\) € AB

so ARA C AB.
Now in the above arguments, take r = i(b), with b € B. It follows that

AbA = AX(bA) = Abx(A) = Ab
and AB C ARA. Finally, the right B-module generated by A is free since Ab = 0 implies
0=X(Ab) =X(A)b=b

2) If T is surjective, then, by standard Morita theory arguments, the functor F = e ®g A is fully faithful,
and has as right adjoint e ®r Q, and, by the uniqueness of the adjoint, e ®rQ is isomorphic to G = (e)R.
Since F is fully faithful, the unit of the adjunction (F,G) is an isomorphism.

3) We define the map Tr: A — B, Tr(a) = t(a®r/A) = x(aA). Tr is left B-linear, because T is left
B-linear. Tr is a projection, since

Tr(b) = x(bA) = bx(A) =b
for all b € B.
4)-7) follow from Morita Theory, see [B, 11.3.4]. O

We recall from Morita Theory ([g, 11.3.4]) that we have ring morphisms
T: R—gEnd(A)®, m(r)(a) = a~r = x(ar)
m: R— Endg(Q), m(r)(q)=rq
We also have an (R, B)-bimodule map

K: Q— gHom (Av B)v K(Q)(a) = X(aQ)
and a (B, R)-bimodule map

K': A— Homg(Q,B), K'(a)(q) =x(aq)

If uis surjective, then 1t, 17, k and K’ are isomorphisms, and A and Q are finitely generated and projective
as resp. a left and right B-module, and a generator as resp. a right and left R-module.

Proposition 2.6 Consider the Morita context from Proposition .3 The following assertions are equiv-
alent:

1) u: QA — Rissurjective;

2) the functor G = (e)R: Mg — Mg is fully faithful, that is, for all M € Mg, the counit map &y :
MR®@gA — M is an isomorphism;

3) Ais aright R-generator;

4) A is projective as a left B-module, and Ttis bijective;

5) A is projective as a left B-module, Ttis injective, and K is surjective;

6) Q is projective as a right B-module, 1t is injective, and K’ is surjective.
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Proof. 1) = 2). Take qj € Qand a; € asuchthat y(y jq; ®saj) = 1r. Forallm e M and g € Q, we have
that mq € MR, so we have a well-defined map

By : M — MR@gA, Bu(m)=3 mqj®a;
J

It is clear that g 0 By = ly; we also compute easily that
Bm(em(m®pa)) =Bu(Mma) = 3 5 mag; ®a;
7]
= Yy mx(agj) ®saj =y m@pX(ad))a;
] ]

= Zm®BX(anaj) =m®pa
]

& 3) follows from [B, Prop. 11.4.4], taking Remark P.3 into account.

4) = 1): Let {aj,p;} be a (not necessarily finite) dual basis of A as a left B-module, and put q; =
1 1(pj) €R. Then
X(agj) = m(q;)(a) = pj(a) € B
and
T(g;X(r))(a) = X(aq;x(r)) = x(aq;r) = m(q;r)(a)
Ttis injective, so it follows that ;X (r) = gjr, and g € Q = RR. Now

u(;qj ®paj) = ijaj =1
since Ttis injective and
”(;%aj)(a) = ;X(aq,-a,-)
= Y x(agj)aj =7 pj(a)aj=a

J J

It follows that p is surjective.

5)=1): Let{aj, p;} be adual basis of A as a left B-module, and take q; € Q such that K(qj) = p;. Then
proceed as in4) = 1).

6) = 1): Let {q;, p; } be a dual basis of Q as a right B-module. We then have, for all g € Q: Take aj € A
such that k’(aj) = p;. Then

pj(a) =K'(aj)(a) = x(aja)
hence, for all q € Q,
q=7> qipj(@) = ) djx(aja) = ) d;ajd
] ] ]
o)

(Y aipy) = (1)
J

and, since T is injective,
MY aj®saj) = qjaj=1
] ]
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Therefore | is surjective. d

Recall that the ring extension R/A is called Frobeniusif there exists an A-bimodulemapv: R — Aand
e =el®ae? € R®aR (summation implicitly understood) such that

rel @ae® = el @ae’r (23)
forallr €R, and
v(ele? =elv(e?) =1 (24)

This is equivalent to the restrictions of scalars Mr — M being Frobenius, which means that its left and
right adjoints are isomorphic (see [[L2, Sec. 3.1 and 3.2]). (e,V) is then called a Frobenius system.

Theorem 2.7 Leti: A — R be a morphism of rings, and x : R — A a map satisfying the conditions
stated at the beginning of this Section. If R/A is Frobenius, with Frobenius system (e, V), then A is an
(R,B)-bimodule, with left R-action

r-a=v(rax(el)e?)

Then A= Q as (R, B)-bimodules, and we have a Morita context
(B7R7A7A7T7u)

with connecting maps
L: A®sA—R: plawga) = ax(el)e?d

T: A®rA — B: 1(a®grad’) = x(ad'x(el)e?)
Proof. Define o : A — Q by a(a) = ax(et)e? a(a) € Q since

a(a)r = ay(el)e?r = ax(ret)e?
= ax(x(r)ehe® = ax(eh)e*x(r) = a(a)x(r)

for all r € R. The restriction of v to Q is the inverse of a:

v(a(a)) =v(ax(eh)e?) = ax(e')v(e?
= ax(elv(e?)) =ax(l)=a
and
a(v(q)) =v(q)x(eh)e? = v(gx(e'))e?
2 2

forall a € Aand g € R. a is right B-linear, since
a(ab) = aby(e!)e? = ax(bel)e? = ax(el)e’b = a(a)b

forall a € A and b € B. It is easy to see that the left R-action on Q is transported into the required left
R-action on A. The rest follows easily from Proposition P.2. a

Remark 2.8 Another possible approach to Theorem P.7 is the following: if R/A is Frobenius, then
R* = Homa(R,A) and R are isomorphic as (A, R)-bimodules (see [fL3, Theorem 28]). Consequently

Q=RR~ (R R=A
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3 A Moritacontext associated to a coring
In this Section, A isaring, C is an A-coring, x € C is a fixed grouplike element. Let R = * and consider
X: R—=A X(f)=1(x)

Using (), we can easily compute that X is right A-linear, x(i(X(f))#g) = X(f#g), and X(¢¢) = 1. Any
right C-comodule M is also a right * C-module (see (§)), and it is easy to prove that

M€ - M€

If C is finitely generated and projective as a left A-module, then the converse implication also holds, and
the coinvariants coincide with the invariants. We put

B =A®={becA|bx=xb}cB=AC={acA|f(c)a=af(x), forallce C, f €*C}
AENd (C) is a left *C-module: for all f € *C and ¢ € sAEnd(C), and ¢ € C, we define

(f#0)(c) = d(cr)f(cz))

Now let

Q = {ge*C|a#lc=p'oq}
= {g€"Clcwa(ce) =a(c)x, forallce C} (25)

Observe that '
QcQ=(0*¢
and Q' = Q if C is finitely generated and projective as a left A-module.
Applying the results of the previous Section, we find a Morita context connecting B and *C. We will now
show that there is another Morita context connecting B’ and *C, and that there is a morphism between

the two Morita contexts. We already know that A is a (B, *)-bimodule, and this implies that it is also a
(B’,*C)-bimodule. We also have

Lemma3.1 Q' isa (*C,B’)-bimodule.

Proof. Since we know that Q isa (*C,B)-bimodule, it suffices to show that Q is a left ideal in * . For all
fe*C,qeQandce ¢, we have

((f#a)#lc)(c) = (f#(q#lc )(c)

)
c)

Now we define maps
W:QegA—"C; W(qega)=q#i(a) (26)

T:A®cQ — B ; T(a®-cq)=a-q=q(xa) (27)

13



It is clear that | is well-defined. 1’ is also well-defined: for all f € *C,a € Aand q € Q/, we have

T(a®-c(f#g)) =a-(f#g) = (a-f)-g="'(a f)®-cq

and for all g € Q" and a € A, we have that
q(xa) € B (28)
since
xa(xa) — g(xa)x

Theorem 3.2 With notation as above, (B',*C,B’,A,Q’,T’,1) is a Morita context, and we have a mor-
phism of Morita contexts

(B/7 *C7 B/7A7 Ql7 Tl? u/) - (B7 *C7 B7A7 Q7 T7 u)

Proof. We have to show that the following two diagrams are commutative.

@l uoly |
A9 cQopA A BogA  QopAwcQ % Co. Q'
|A®U/ = |Q/®T/ &
A®-0*C A Q ®p B — Q

Take a,a’ € Aand q,q" € Q’. We compute
a-p(qea) =a- (g#i())
= (g#i(a’))(xa)=q(xa)a’ =1(a®q)a’
and this proves that the first diagram commutes. The second diagram commutes if
(o#i(a))#q’ = g#i(d'(xa))
Indeed, for all c € C,
(a#i(d'(xa)))(c) = a(c)q'(xa) = g'(q(c)xa)
= d'(ca(cz)a) = ((a#i(a))#d)(c)

The second statement is obvious: the morphism is given by the inclusion maps B’ ¢ B, Q' € Q, and the
identity maps on A and *C. O

We now present the coinvariants version of Proposition P.4, giving necessary and sufficient conditions
for T to be surjective. It will follow that our two Morita contexts coincide if T’ is surjective.

Theorem 3.3 Consider the Morita context (B',*C,A,Q’, T, ') of Theorem B.2. The following statements
are equivalent:
1) T is surjective (and, a fortiori, bijective);
2) there exists A € Q' such that A(x) = 1;
3) for every right *C-module M, the map
v M&cQ =M, wumecq)=m-g
is bijective.

14



Proof. 1) = 2). If 1" is surjective, then there exist a; € A and q; € Q’ such that
1=1(H aj@-caj) =) qj(xaj) = ) (i(aj)#q;)(x)
] ] ]

A =3i(aj)#q; € Q because Q" is a left ideal in *(.
) = 3). Defineny : M€ — M®-~Q’ as follows:

num(m) =m®-cA
It is clear that vy oy = lyy+c. Furthermore, forallme M and g € Q/,
Nv(m(M®@-cq)) = (M-q) @ cA=ME: N =Mm®:c(

since
g#A\ =g\ (x) =1

3) = 1). wa =T is bijective. O

Theorem 3.4 Consider the Morita context (B',*C,A,Q’, 7, ') of Theorem B.2. Assume that T’ is surjec-
tive, and take A € Q’ such that A(x) = 1. Then we have the following properties.

1) A and Q are generators as left, resp. right, B-modules.

2) A and Q are finitely generated projective as right, resp. left, * C-modules.

3) We have bimodule isomorphisms

f: A—.cHom(Q,"C); f(a)(q) = a#i(a)
g: Q—Hom-¢(A,"C); g(a)(a) = g#i(a)
4) We have algebra isomorphisms
k: B—-cEnd(Q); k(b)(q) = q#i(b)
|:B— End(A)-c; I(b)(a)=ba
5) ForallM € M€, M€ = M®C, |n particular B = B'.
6)Q=0Q"
7) The two Morita contexts in Theorem [B.3 coincide.

8) AV#/A\ = N\ and A#* C#HN\ = \#B = B.
9) For all V € Mg, the map

nv:V—(VapA)®; nv(v)=veel

is an isomorphism.
10) B is a B-direct summand of A.

Proof. 1), 2), 3) and 4) follow immediately from the Morita Theorems, see [P, 11.3.4].
5) From Theorem B.3, we know that there exists A € Q such that A(x) = 1. Take m € M. Then

m=mA(x) =m-A =mgA(my)
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and

p(m) = p(mpAMy)) = Mg ©amzA(M2)
= Mg @AA(My)X = MgA(M[3)) ®aAX =MDAX

so it follows that m € M¢°C,

6) Look at the commutative diagram
/!

T
AR Q — B

A®cQ B
From the fact that B = B’ and 1’ is surjective, we easily deduce that T is surjective. Applying 3) and its
corresponding property in Proposition P.5, we find

Q=Hom:c(A,"C)= Q'

7) now follows immediately from 5) and 6), and 8), 9) and 10) follow from the corresponding properties
in Proposition P.4. O

Now let us look at the map . If we assume that C is finitely generated and projective as a left A-module.
As we already noticed, this implies that M ¢ = 9/ -, the two Morita contexts coincide, and we can apply
PropositionP.4. Let us state the result, for completeness sake. From [g, 11.3.4], recall that we have ring
morphisms

T: *C — gEnd(A)%, m(f)(a) = f(xa)

: *C — Endg(Q), T(f)(q) = f#q
In fact = *can, cf. Proposition [[.7. We also have a (*C, B)-bimodule map

K: Q—gHom(A B), k(q)(a)=q(xa)
and a (B, *C)-bimodule map
K': A— Homg(Q,B), K'(a)(q) =q(xa)

If uis surjective, then 1, 77, K and K’ are isomorphisms, and A and Q are finitely generated and projective,
respectively as left and a right B-module. We now state some necessary and sufficient conditions for p to
be surjective.

Theorem 3.5 Assume that C is finitely generated and projective as a left A-module, and consider the
Morita context (B =B',*C,A,Q=Q',1=1,u= ') of Theorem B.2. Then the following assertions are
equivalent.

1 u: QA — *Cissurjective (and, a fortiori, bijective);

2) (*C,x) satisfies the Weak Structure Theorem; 3) A is a right * C-generator;

4) Ais projective as a left B-module and 1tis bijective;

5) A is projective as a left B-module, Ttis injective, and K is surjective;

6) Q is projective as a right B-module, 10 is injective, and K’ is surjective;

7) A is projective as a left B-module and (C,x) is a Galois coring.

Proof. The equivalence of 1)-6) follows immediately from Propositionp.4. 4) < 7) follows from Propo-
sition[L.7), using the fact that C is finitely generated and projective as left A-module. O
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4 Cleft entwining structures

In this Section, we look at the particular situation where ¢ = A® C arises from an entwining structure
(A,C, ). First observe that
*C =aHom(A®C,A) 2 Hom(C,A)

as a k-module. The ring structure on *C induces a k-algebra structure on Hom (C,A), and this k-algebra
is denoted #(C,A). The product is given by the formula

(f#9)(c) = F(c2)ua(c]y) (29)
We have a natural algebra homomorphismi: A — #(C,A) given by
i(a)(c) = ec(c)a (30)

and we have, forallac Aand f : C — A:
(i(@)#f)(c)=ayf(c¥) and (f#i(a))(c)= f(c)a (31)
R =Hom (C,A) will denote the k-algebra with the usual convolution product, that is

(fxg)(c)=f(c)a(cz) (32)

The fact that we have two multiplications on Hom (C, A), namely the usual convolution x and the smash
product # makes the difference between the general coring theory and the theory of entwined modules.
We fix a grouplike element x € G(C). Then 1®x € G(C), and the results of Section [l can be applied to
this situation. The following are then easily verified:
A€ M (). The right C-coaction is

p'(a) =ayex¥ (33)

The ring of coinvariants is
B'=A“C={bcA|byex¥=bxx} (34)

The bimodule Q' is naturally isomorphic to
Q = {q€#(C,A) [ d(c)y®cly) = a(c) @x}

We have maps
W:Q®yA—#C,A), W(gesa)(c)=q(c)a
T: A®ycaQ — B, T(a®q) =ayq(x¥)

and (B,#(C,A),A,Q,T’,1) is a Morita context.
For M € My p), the module of invariants is given by

MR={meM |mf=mf(x), forall f e R=#(C,A)}
From Theorem E we obtain immediately:

Theorem 4.1 With notation as above, the following assertions are equivalent:
1) T is surjective;

2) there exists a A € Q such that A(x) = 1;

3) for all M € My c ), the map

Wy : M®ycaQ— MR, wn(meg)=m-q
is bijective.
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Now assume that C is finitely generated projective as a k-module, and let {Cj,c]‘} be a finite dual basis.
Then we have a natural isomorphism

Hom (C,A) =~ A®C*

The multiplication # on Hom (C,A) can be translated into a multiplication on A®C*. The k-algebra that
we obtain in this way is denoted A#C*. The multiplication can be described as follows (cf. e.g. [[[3, Sec.
2.3]): defineR: C*®A — ARC* by

R(c* @a) =ar@cg = Y (c",cf)ay @]
J

Then
(a#tic™) (b#d™) = agb#(dg*C™)

We have maps
M Q®BA_)A#C*7 U(q ®Ba) = Z<q,Cj>a#CT
]
T A#C* — Endg(A), m(b#c*)(a) = (c*,xa)b
can: A@sA — A®C, can(a®b) =aby®c?

For every M € M (1), we have
em: M C @A - M, @u(m®a) =ma
From Theorem B.5, we immediately obtain the following:

Theorem 4.2 Let (A,C, ) be an entwining structure, and x € C grouplike, and assume that C is finitely
generated and projective as a k-module. Then the following assertions are equivalent:

1) uis surjective (and a fortiori bijective);

2) e is bijective, for every M € M ()§;

3) Ais a right A#C*-generator;

4) A is projective as a left A-module, and Ttis bijective;

5) A is projective as a left A-module, and can is bijective, i.e. A is a C-coalgebra Galois extension in the
sense of [H].

Proposition 4.3 Assume that A : C — A is convolution invertible, with convolution inverse A=1. Then
the following assertions are equivalent:

NAeqQ;

2) for all ¢ € C, we have

AHe)MC@)p © ) = £(C)1a®X (35)
3) for all ¢ € C, we have
A ey ®c@ =A e yox¥ (36)

Notice that condition 3) means that A1 is right C-colinear. If sucha A € Q’ exists, then we call (A,C, ), x)
cleft.
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2)=3)
A He)y @x¥ = g(c(1)Lar () y @XY
B9 = Aw)MeE)wh M (Cu)p@cs)
@ = A ew) (Mo Hew), @ty
= N (cu)®cp
3)=1)

d

Proposition 4.4 Assume that (A,C,,x) is a cleft entwining structure. Then the map T’ in the associated
Morita context is surjective.

Proof. Let A be as in Proposition .3. From condition 3) in Proposition .3, we deduce that
AT @x= A"t x)yox?

hence A~1(x) € B’, and A = Mi(A1(x)) € Q', since Q' is a right B’-module. Now

and it follows from Theorem £ that T is surjective. O

We say that the entwining structure (A,C, , x) satisfies the right normal basis property if there exists a
left B'-linear and right C-colinear isomorphism B’ @ C — A. (A,C, Y, x) satisfies the Strong (resp. Weak)
Structure Theorem if (A®C,1®Xx) satisfies the Strong (resp. Weak) Structure Theorem. We can now
state our main result.

Theorem 4.5 Let (A,C,,x) be an entwining structure with a fixed grouplike element. The following
assertions are equivalent:

1) (A,C,W,x) is cleft;

2) (A,C,,x) satisfies the Strong Structure Theorem and the right normal basis property ;

3) (A,C,,x) is Galois, and satisfies the right normal basis property;

4) the map *can: #(C,A) — Endg(A)° is bijective and (A,C,,x) satisfies the right normal basis
property.
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Proof. 1) = 2). We take A € Q' as in Proposition 1.3, and M € M (y)§. For any m € M, we have

p(m-A) = p(mopA(myy)) = mo(Miz)y ©A(mpy)*
= MA(My) @X=m-A®X

hence m-A € M€, and we have a well-defined map
W M= Mg A ywm(m)=mg-A®g A H(my)
and we compute easily that
em(Ym(m)) = mpg - M(A " (mpy))) = mgA(my)A~H(mpg) =m

Recall that
1(@a®A) =agh(x¥) e B’ (37)

Take a € Aand m € M, Then

ym(Em(M®@g @) = ym(ma) = pay - A @y A 1(x¥)
= panLp)\(XLp) Rp Ail(XqJ)

B = posagwAx)ATI(xY)

@ = pesagh((x*))A H(x¥)e)
= popaye(x)

@¥ = posa

and this proves that (A,C, ), x) satisfies the Weak Structure Theorem. From Proposition .4, we know
that the map T’ in the Morita context is surjective, and part 3) of Theorem B.4 tells us that (A,C, (s, X)
satisfies the Strong Structure Theorem.

Take M € M (), and consider the maps

k: M— MCOC®C, k(m) = Mg ')\®mm = m[o])\(mm) @Mz

k™1: MCoC - M, ki(mec)=mri(c)

It is clear that k=1(k(m)) = m, for all m € M. For m € M°®. Then p(ma) = may, ®x¥, and we compute

k(k"*(mec)) = (mA(c)y-Aex?
B = (M Ycw) Aocy
= mAi(c (1))¢)\(X¢)®C(z)
(B8 = mA(ca)A(cr) ®c)
= m®c

It is obvious that k is right C-colinear. Now A € M(qJ)E(, so we find a right C-colinear isomorphism
A=B®C. Itisalso left B-linear, since the right C-coaction on A is left B-linear.

2) = 3) follows from part 4) of Proposition [[.1.

3) = 4) follows from part 1) of Proposition [L.1.

4) = 1). From the right normal basis property, we know that there exists a left B'-linear, right C-colinear
isomorphismh: B’®C — A. We consider the maps

A:C—A, Ac)=h(1l®c)
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and
j= (|B/®€C)Ohil: A—B

It is then clear that h is right C-colinear and j is left B’-linear. Take a € A, and write
= Zbi ® Cj
|
Then
Zbih(1®0i( ) ®Ci(2) Zh bi ®Ci(1)) ©Ci2)

Apply j® Ic to both sides:
jag) @x¥ = Zb (Joh)(1®ci1)) @Ciy)

= Y bi(ls®ec)(1®¢im)) @ci)
|

= Z bi®c = hfl(a)

Now let g = (*can)~%(j). We are done if we can show that A is a convolution inverse of g, by Proposi-
tion 1.3 The fact that A is right C-colinear means

Ae) @) =A(e)y ©x¥ (38)

and we compute, for all c € C,
(Axq)(c) =A(c)d(cz

= “can(@)(A(©) = i(
= ((IB’ ®€C) oh~ 1o h)(l@C) = Sc(C)lA

as needed. For all a € A, we have
“can(q«A) (a) = ay(q M) (x¥)

= ayq((x*) )M (x¥)(2)
@@ = aywax*)M

= can(
= (
1ox¥)

This proves that
*can(gxA) =la = "can(nacec)
and
qxA=nacgc
by the injectivity of *can. This finishes the proof of the Theorem. a
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5 Factorization structuresand the CFM Morita context

Let (A,S,R) be a factorization structure, and consider the smash product R = A#gS. We fix an algebra
map X : S — k. Then the map

X: R=A#gS — A, X(a#s) =x(s)a

satisfies the conditions of Section ] (with right replaced by left): X is left A-linear, X (rX(s)) = X(rs),
and X (1) = 1. We can therefore apply the results of Section . In particular, we obtain that A is a left
R-module:

(a#ts)—b = X ((a#s)b) = X (abgr#sr) = X(Sr)abr

and b € B = AR if and only if x(sr)br = X(s)b for all s € S. Also 5, ai#s; € Q if and only if
Z ARHtRSI = X('[) Zai#si
| |

forall t € S. We have a Morita context (B, A#S, A, Q, T, ) with

H: ARgQ — A#S, T(a®B (Z ai#si)) = Zaai#si

T: Q®rA— B, T(} aifisi) @ra) = ) aiarX(Sir)

Now we consider the following particular situation: S = H is a bialgebra, A is a left H-module algebra,
and
R:H ®A—>A®H, R(h®a) = h(l)b®h(2)

We also take X = €. The above formulas take the following form:
(atth)—b =a(h-b)
beB < h-b=¢(h)b

Zai#hi €Q — Z h(1) - ai#ho)hi = €(h) Zai#hi

| | |
forall h € H.
In the particular situation where H is a finite dimensional Hopf algebra over a field k, there exists another
Morita context connecting B and A#H, due to Cohen, Fischman and Montgomery (see [[L6]). The con-
struction can be generalized to the case where H is a Frobenius Hopf algebra over a commutative ring k

(see [[3]). This Morita context can be described as follows. Take a free generator t of the space of left
integrals in H, and let A be the distinguished grouplike element in H*:

ht =¢e(h)t, and th=A(h)t
forall h € H. Then A is an algebra map, and A is a (B, A#H )-bimodule, the right A#H-action is given by

and we have a Morita context
(B,A#H A AT i)
with
T: ARrRA — B, f(a®Rb) =t- (ab)
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fi: AQsA—R, ﬂ(a XB b) = a(t(l) . b)#’[(z)

We refer to [[Lg] for the details. We will now show that this Morita context can be obtained using
Proposition P.2 and Theorem P.7.

If H is Frobenius, then there exists a left integral ¢ in H* such that (¢,t) = 1. ¢ is a free generator of the
space of left integrals in H*, and (t») ®§(t(l)),¢) is a Frobenius system for H /k (see for example [fL2,
Theorem 31]). This means that

ht2) ®S(t1)) =t2) @S(t))h and (d,t2))S(t1)) = t2)(9,S(t))) =1 (39)
forallh e H.

Proposition 5.1 Let H be a Frobenius Hopf algebra, lett and ¢ be as above, and take a left H-module
algebra A. Then A#H /A is Frobenius, with Frobenius system

(e = (1#2) @a (14S(t (1)), V = |A#¢>

Proof. We first show that e is a Casimir element. Indeed, for all a € A and h € H, we have

It is obvious that v is left A-linear. It is also right A-linear since

V((1#h)a) = V(h yah, )
= (9,h)hga=(9,h)a

Finally, using (Bd), we find that

V(1#t(2)) (1#S(t (1)) = 1#5((, t2))t(1))
— 145((9,1)1) = 141

and B
(1#2))V(1#S(t (1)) = 1#t12) (9, S(t(n))) = 1#1
O

Corollary 5.2 As in Propositionp.1], let H be a Frobenius Hopf algebra, and A a left H-module algebra.
Then A and Q are isomorphic as (A, A#H )-bimodules and the Morita contexts from Proposition .2 and

[[L6],[[[5] are isomorphic.

Proof. The fact that A and Q are isomorphic follows immediately from Theorem P.7 and Proposition5..
The connecting isomorphisms are

a: A—Q, G(a) = t(l) -a#t(z)
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and a = Ia#d . Let us check that the right A#H-action on A transported from the one on Q coincides
with the A#H-action from [[L§]:

a—(b#h) = v(a(a)(b#h))

as needed. O

6 Cleft factorization structures

As in the beginning of Section fj, let (A, S,R) be a factorization structure, and x : S — k an algebra map.
Recall that q = 5 a;#s; € Q if and only if

> airftrsi = X(t) ) ai#s (40)

forallt € S. Take q = J;ai#s; € Q, and assume that q is invertible in A®° ® S, i.e. there exists g =
Y @j#sj € A#S such that
Zaiéj#§jsi = Zéjai#ssj = 1p#lg (41)
1] 1]

Proposition 6.1 Let q = 3;ai#s; € A#S be invertible in A% ® S, with inverse g = y;a;#s;. Then the
following assertions are equivalent:

1)aeqQ;

2)forallt €S:
Z aJ Ra#S tRSJ X(t)lA#ls (42)
1)

3) forallt €S:

]
In this situation, we call (A,S,R,x) a cleft factorization structure.

Proof. 1) = 2). Using (0) and (1), we find, for all t € S:

Z(aj)REi#§itst =X(t) Zajai#§isj = X(t)1a#ls
1] 1]
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2) = 3). Forallt € S, we compute

> X(tR)(@))rHS; = Y X(tr) (3} )RLA#1SS)
J J
(@) = Zk(ﬁj )R(ak)rﬁi#githS@j

i),

®Y) = _Zk(ﬁ jak) RAHStRSKS]
i,

ED) = > (lara#sitRls

@ = Sa#st

Z (ai ) RELRS] = Zk(ai ) RA;| ak#sk§j RS

i i),

By = _ZkX(th)(ai)R(aj)rak#Skngi
o],

B = > x(tr)(ad))ra#siS;si
.,Zk R j JRAKTOKS |

(@) = Z ak#sk

Proposition 6.2 Assume that (A, S, R, X) is cleft. Then we have an equivalence of categories
F: BM—>RM, F(N) =A®gN

G: RM—>BM, G(M):RM

Consequently the map
can: A®gA — Hom(S,A), can(a®a’)(s) = agX(sr)a
is bijective.

Proof. 1) We first prove that the functor F is fully faithful. This follows from Proposition P.5 after we
show that the map T from the Morita context from Proposition P.2 is surjective. It suffices to show that
there exists g € Q with (Ia®X)(q) = 1 (Proposition 2.4).

Take g € Q as in Proposition p.1. From (#3) it follows that

> XR)X(E))(@))r= Y X(D)X(5))a
] ]
and this means that 3 ; X (Sj)a; € B. Q is a left B-module, so

> X(sj)ajaifs € Q
]

25



and it follows from (1)) that

(Ila®@x)(3 X(s))ajaiftsi) = 3 X(S))X(s)ajai = 1
1) 1]

2) Now we show that G is fully faithful, or, equivalently, the counit of the adjunction (F,G) is an isomor-
phism. Recall that, for M € gM:

evm: A@sRM — M, gy(a@m) =am
Take g € Q as in Proposition.J, and m € M. Thenq-m ¢ RM since

(1#)g-m = 5 (1#t)(gi#s) -m
= (D (a)r#trsi) -m
E) = xmg-m

Now define yy : M — A®gRM as follows:
ym(m) = & ®egsjm
]

For all m € M, we have, by ()
em(ym(m)) = > ajgsjm=m
]

and, finally, for allb € A and m € RM:
ym(em(b@sm)) = ym(bm) = Za, ®ggSjbm
= > a;®sX(g5jb)m =% a;X(q5;b) @M
] ]

= Zéjaix(ssj)b QeM=b®m
1]
We used the fact that X (gsjb) € Im(t) C B. O
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