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ABSTRACT. In this paper we extend to the higher derivations a well-known result
proved by Herstein concerning derivations in prime rings. We prove results which
imply that every Jordan higher derivation of a 2-torsion-free semiprime ring is a
higher derivation.
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0. Introduction. Let R be a ring not necessarily with identity element. A
derivation (resp. Jordan derivation) d of R is an additive mapping d : R — R such
that d(ab) = d(a)b+ad(b), for every a,b € R (resp. d(a?) = d(a)a+ad(a), for every
a € R). Every derivation is obviously a Jordan derivation and the converse is in
general not true. In 1957 Herstein proved that if R is a prime ring of characteristic
different of 2, then every Jordan derivation of R is a derivation ([9], Theorem
3.1). Later on M. Bresar [3] extended the result to 2-torsion-free semiprime rings.
In a subsequent paper Bresar gave another proof of this result using Jordan triple
derivations. An additive mapping d : R — R is said to be a Jordan triple derivation
if d(aba) = d(a)ba+ad(b)a+abd(a), for every a,b € R. He proved that every Jordan
triple derivation of a 2-torsion-free semiprime ring is a derivation ([4], Theorem 4.3).
It turns out that every Jordan derivation of a 2-torsion-free ring is a Jordan triple
derivation ([10], Lemma 3.5). This gives another proof of the result of Herstein for
2-torsion-free semiprime rings.
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Also, R. Awtar extended the Herstein’s Theorem to Lie ideals ([1], Theorem).
He proved that if U is a Lie ideal of a prime ring R of characteristic different of 2
such that u? € U, for every v € U, and d : R — R is an additive mapping such
that d |¢ is a Jordan derivation of U into R, then d |y is a derivation of U into R.

On the other hand, higher derivations have been studied in many papers mainly
in commutative rings, but also in non-commutative rings ([5], [6], [7]). The purpose
of this paper is to extend the above results to higher derivations. We give the
corresponding natural definitions and we prove the results extending the above, as
we state more precisely in the next section. Finally, we point out that our proofs
here are unified proofs for both cases, while the former ones are quite different.

1. Definitions and main results. Throughout this paper R is a ring with
center Z(R) and U is a Lie ideal of R. Also, N denotes the set of natural numbers
including 0 and D = (d;)ien is a family of additive mappings of R such that
dy = idR.

In the main result of this paper we assume that the Lie ideal U is not contained
in Z(R) and u? € U, for every u € U. A Lie ideal of this type will be called an
admissible Lie ideal. We begin with the following

DEFINITION 1.1. D is said to be:

a higher derivation (HD for short) if for every n € N we have d,(ab) =
Yirj=n di(a)d;(b), for all a,b € R ([11], Exerc. 4, p. 540);

a Jordan higher derivation (JHD for short) if for every n € N we have d,(a?) =
> itj=n di(a)d;(a), for all a € R;

a Jordan triple higher derivation (JTHD for short) if for every n € N we have
dn(aba) =3 i\ —, di(a)d;(b)dy(a), for all a,b € R.

Similarly, if U is a Lie ideal of R, then D is said to be a HD (JHD, JTHD) of U
into R in case that the above corresponding conditions are satisfied for all a,b € U.

We prove the following:

THEOREM 1.2. Let R be a 2-torsion-free semiprime ring (resp. prime ring of char-
acteristic different of 2 and U an admissible Lie ideal of R). Then every JTHD of
R (resp. of U into R) is a HD of R (resp. of U into R).

THEOREM 1.3. Let R be a 2-torsion-free ring and U a Lie ideal of R. Then every
JHD of R (resp. of U into R) is a JTHD of R (resp. of U into R).

The following is clear:

COROLLARY 1.4. Let R be a 2-torsion-free semiprime ring (resp. prime ring of
characteristic different of 2 and U an admissible Lie ideal of R). Then every JHD
of R (resp. of U into R) is a HD of R (resp. of U into R).

One can ask whether the result of Corollary 1.4 for Lie ideals is also true in the
semiprime case. We include an example by M. Bresar showing that without some
additional assumption this is not the case.
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2. Prerequisites. The following well-known result will be used in the paper
([2], Lemma 4).

LEMMA 2.1. Let R be a prime ring of characteristic different of 2 and U a Lie ideal
of R withU ¢ Z(R). If a,b € R and aUb = 0, then either a =0 or b = 0.

Assume that U is a Lie ideal satisfying the condition u? € U, for every u € U.
For u,v € U, (wv + vu) = (u+ v)? — (u? + v?) and so uv + vu € U. Also,
[u,v] = uv —vw € U and it follows that 2uv € U. Hence duvw = 2(2uv)w € U, for
every u,v,w € U. This remark will be used freely in the rest of the paper.

The following lemmas can be found in ([4], Lemmas 1.1 and 1.2), but we present
here an extension of them.

LEMMA 2.2. Let R be a 2-torsion-free semiprime ring (resp. prime ring) and U
an admissible Lie ideal of R. If a,b € R (resp. a € U and b € R) are such that
azb + bra = 0, for every © € R (resp. = € U), then axb = bxa =0 for every z € R
(resp. a =0 or b =0).

Proof. We just prove the second case following ([4], Lemma 1.1). Take z,y € U

and use three times the relation arb = —bra, for r € U. We obtain 4axbyazxd =
—b(4zay)a(zb) = daxaybrb = —4axbyaxb. Thus axbyaxb = 0, for every x,y € U,
and Lemma 2.1 completes the proof. [ |

LEMMA 2.3. Assume that R is 2-torsion-free and semiprime (resp. prime) and
U is an admissible Lie ideal of R. Let G1,Gs,...,G, be additive groups, S :
Gy X...xG, > Rand T : G1 X ... x G, = R mappings which are additive
in each argument. If S(ai,...,an)zT(a1,...,a,) = 0, for every x € R (resp.
xz e l),a € Giy,i =1,2,...,n, then S(ay,...,a,)xT(b1,...,b,) = 0, for every
x € R, a;,b; € Giy i = 1,2,...,n (resp. S(ai,...,a,) = 0, for every a; € Gj,
i=1,2,...,n,or T(by,...,b,) =0, for every b; € G;,i=1,2,...,n).

Proof. As in ([4], Lemma 1.2) it suffices to prove the case n = 1. We prove
the second case. If S(a)zT(a) = 0, for every x € U, a € G we have that
(T'(a)xS(a))y(T(a)zS(a)) = 0, for z,y € U and by Lemma 2.1 T(a)zS(a) = 0,
for every © € U, a € G;. Linearizing S(a)zT(a) = 0 we obtain S(a)zT'(b) +
S(b)zT(a) = 0, for every z € U, a,b € G;. Hence (S(a)zT(b))y(S(a)xT (b)) =
—S(a)xT (b)yS(b)xT (a) = 0, for every z,y € U. The result follows applying Lemma
2.1. ]

Remark. As the referee pointed out in Lemmas 2.2 and 2.3 the assumption for a
Lie ideal U to be admissible is stronger than needed. His (her) proofs show that
the results remain true provided that U is a non-central Lie ideal. For example,
Lemma 2.2 can be stated as follows: Let R be a 2-torsion-free prime ring and U
a non-central Lie ideal of R. If a,b € R are such that azb + bza = 0, for every
x € U, then either a = 0 or b = 0. Since the above results suffice for our needs
these proofs will not be included here.

For elements a, b, c € R we put [a, b, ¢] = abc — cba.
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LEMMA 2.4. Assume that R is prime of characteristic different of 2 and U ¢ Z(R).
Then there exist elements a,b,c € U such that [a,b,c] # 0.

Proof. Assume that [z,y,z] = 0, for every z,y,z € U. By ([12], Lemma 1) there
exists u € U with u? # 0. Also [u?,v] = [u,u,v] = 0, for every v € U, and so by
([12], Lemma 8) we have that u? € Z(R). Thus the relation [z,u?,z] = 0 gives
[U,U] = 0, which contradicts ([12], Lemma 7). [

3. Proofs. To prove Theorem 1.2 we need several lemmas. Throughout this
section R is a ring, U is a Lie ideal of R and D = (d;);en a JTHD of R (resp. of
U into R).

We denote by ¢, (a, b, c) the element of R defined by

wn(a,b,c) = d,(abc) Z di( di(c).

i+j+k=n

Then ¢, is additive in each argument and ¢, (a,b,a) =0, for all a,b € R.

LeEmMMA 3.1. For every a,b,c € R (resp. a,b,c € U) and every n € N, we have

dy(abe+cba) = Y (di(a)d;(b)dy(c) + di(c)d;(b)d(a)).
i+j+k=n

Proof. Tt follows immediately from the relation ¢, (a + ¢,b,a + ¢) = 0. ]

LEMMA 3.2. For every a,b,c € R (resp. a,b,c € U) and n € N, we have:
(Z) Pn (C, b, a) = —¥n (aa b, C).
(“) 2(1071 (a: b: C) = dn([aa b: C]) + Ei+j+k:n[di (C)v d](b)a dy (a)]

Proof. (i) It follows easily from Lemma 3.1.
(ii) Applying (i) we have

2¢n(a, b, c) = pn(a,b,c) — pn(c,b,a) =

n(abc) — Z d;i( di(c) — dy(cba) + Z d;i( di(a)

i+j+k=n i+j+k=n

and (ii) follows. [ |

LEMMA 3.3. Let n € N. If pp(a,b,¢) = 0 for every m < n, a,b,c € R (resp.
a,b,c € U and R is 2-torsion-free) then

Pn (aa ba c)r[a, b7 C] + [(L, ba C]T(pn ((l, b’ C) = Ov

for every r,a,b,c € R (resp. r,a,b,c € U).
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Proof. First we assume that D is a JTHD of R. Take a,b,c,r € R and put
w = abereba + cbarabe. By definition of JTHD we have

dn(w) = dn, ( (bCTCb)a+c(barab) ) =
Z (di( (b(cre)b)dy (a) + d;(c)d;(b(ara)b)dy(c)) =

i+j+k=n
> dia Z di (b)dy (cre)dy, (b)dy (a)+
i+j+k=n l+t+u=j
S dile) Y di(b)di(ara)dy(b)dy(c) =
i+j+k=n I+t+u=j
Yo dita) Y di(b) ds(c)dy (r)dg () du (b)dy (a)+
i+j+k=n l+t+u J S+p+q=t
Z dite) 3 did) Y di(a)dy(r)dy(a)du(b)di(c) =
i+j+k=n l+t+u J s+p+q=t
Z i <(0)dy(r)dy (c)dy (b)d(a)+
Z di( (a)dp(r)dy(a)dy(b)dy(c),

where o =i+1l+s+p+qg+u+k.
On the other hand Lemma 3.1 implies that
dp(w) = d,,((abe)r(cba) + (cba)r(abe)) =
Z (do(abe)ds(r)dy (cba) + do(cba)ds(r)d, (abc)).

atpBt+y=n

By assumption, in the expression z =, 5. _ (da(abc)ds(r)d, (cba)) we can
substitute dq (abe) for 3°,, ., di(a)d;(b)di(c), when a < n. Similarly for d,(cba),
when v < n. Using this we can easily see that

T — Z(di(a)dl(b)ds(c)dp(r)dq (e)dy(b)di(a)) = ¢n(a, b, c)rcba + aberp,(c, b, a),
o=n
where o is as above. The last relation also implies that
y— Z(di(c)dl(b)ds(a)dp (r)dg(a)dy (b)di(c)) = pn(c,b,a)rabe + cbarey(a,b, c),
where y = 3", 5. —,(da(cba)ds(r)d, (abe)). It follows that
onla,b, c)reba + aberpy (e, b, a) + pn(c, b, a)rabe + cbarpy,(a, b, c) = 0.
Finally, using Lemma 3.2, (i), it is easy to complete the proof of the first part.

Now, assume that D is a JTHD of U into R and take a,b,c,7 € U. Define w
as above. Thus 2%w = 2*(abercba + cbarabe) = a(4b(4erc)b)a + c(4b(4ara)b)c =
(4dabe)r(4cba) + (4cba)r(4abe), where 4ere, 4b(4ere)b, 4ara, 4b(4ara)b, 4abe, 4cba are
in U. Since R is 2-torsion-free, the relations used in the first part remain valid.
Hence the proof is the same. [ |
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LEMMA 3.4. Assume that R a is 2-torsion-free semiprime ring, D is JTHD of R and
n € N. If p,,,(a,b,c) =0, foreverya,b,c € R andm < n, then ¢, (a,b, c)rdy([a,b, c]) =
0 and di([a, b, ¢])ren(a,b,c) =0, for every k < n and a,b,c,r € R.

Proof. We prove the first relation and the second one can be proved similarly. By
Lemmas 3.3, 2.2 and 2.3 we have

(a1, b1, c1)rlas, ba, c2] = 0, (1)
for all 7,a;,b;,¢; € R, i = 1,2, and the result holds for £ = 0. Now
en(a,b, c)rdy([a, b, c]) = on(a,b, ¢)rdg(abc) — on(a,b, ¢)rdy(cba).

By assumption, dy(abc) =3 ;. ;.,_; di(a)d;(b)di(c), for every a,b,c € R, k < n,
and we have a similar relation for dj(cba). Consequently

enla,b,c)rdi([a,b,c]) = pn(a,bo)r Y [di(a),d;(b),di(c)] =0,
i+jt+l=k

by (1). The proof is complete. [ |

LEMMA 3.5. Assume that R is a 2-torsion-free semiprime ring (resp. prime ring
and U an admissible Lie ideal of R). Then ¢,(a,b,c) = 0, for every a,b,c € R
(resp. a,b,c € U), n € N,

Proof. Assume that D is a JTHD of R. By definition, for any a,b,¢c € R we
have po(a,b,¢) = 0. Assume, by induction, that ¢,,(a,b,¢) = 0, i.e., dp(abc) =
> it jrk=m di(@)d;(b)dy(c), for every a,b,c € R and m < n.

Take elements a,b,c,r € R. By Lemma 3.3

dp(pn(a,b,c)rla,b, ] + [a,b, cren(a, b, c)) = 0.

We develop this relation using Lemma 3.1, we left multiply it by ¢,(a, b, ¢)s and
right by s¢,(a,b,c), s € R, and apply Lemma 3.4. We obtain

wn(a,b, c)spn(a,b, c)rd,([a,b,c])sen(a, b, c)+

wnl(a,b,c)sdp([a,b, c])ren(a, b, c)spn(a,b,c) = 0.
Note that by Lemma 3.2, (ii), and the relation (1) we have

2pn(a,b, c)rpn(a,b, c) = dy([a, b, c])ren(a, b, c)

and
2p0n(a,b,c)ron(a,b, c) = vp(a,b, c)rd,([a, b, c]).

Combining the last three relations we obtain
dpn(a, b, c)spn(a, b, c)ron(a, b, c)spy(a,b,¢) =0, for every r,s € R.

Since R is semiprime and 2-torsion free the result follows in this case.
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Now, assume that R is prime, U is admissible and D is a JTHD of U into R.
As above, for any a,b,c € U we have ¢g(a,b,c) = 0. We assume, by induction,
that o, (a,b,¢) =0, for every a,b,c € U and m < n.

By Lemma 3.3 we have

wn(a,b,c)rdla,b, c] + 4[a, b, c]ron(a, b, c) = 0,

for all a,b,c,r € U. Note that 4[a,b,c] € U and so by Lemma 2.2 it follows
that ¢,(a,b,c)rla,b,c] = 0, for all a,b,¢,r € U. Thus Lemma 2.3 implies that
on(ai, by, c1)rlas, ba,c2] = 0, for every r,a;,b;,¢; € U, i = 1,2. The proof can
easily be completed using Lemmas 2.1 and 2.4. [ ]

As an immediate consequence of Lemma 3.5 we have the following

COROLLARY 3.6. Under the assumptions of Lemma 3.5 we have d,(abc) =
ZiHH:n d;(a)d;(b)dy(c), for every a,b,c € R (resp. a,b,c € U) and n € N.

Now we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. First assume that R is a 2-torsion-free semiprime ring
and D is a JTHD of R. Since dy = idr we may assume, by induction, that
dm(ab) = 2,1 =, di(a)d;(b), for every a,b € R and m < n.

Take a,b,z € R and put w = abzab. Using Corollary 3.6 two times we easily

obtain
Z di () (a)dy, (b),

where 7 =i+ 1+ s+t + k. On the other hand,

dy(w) = dy((ab = Y di(ab)d;(z)di(ab).

i+j+k=n

Comparing these two expressions of d,,(w) and using the inductive assumption we
obtain

Z di( ))zab + abxz(d Z d;i(

+j=n +j=n

for every a,b,xz € R. Applying Lemmas 2.2 and 2.3 we have

Zd ))xzed = 0, for every a,b,c,d,x € R.
i+j=n
Since R is semiprime it follows that dy,(ab) = 3, ;_,, di(a)d;(b). The proof is
complete in this case.

Now, assume that R is prime of characteristic different of 2, U is admissible
and D is a JTHD of U into R. Take a,b,z € U and put again w = abxab. Since
dw = a(4bza)b = (2ab)xz(2ab), where 4bza,2ab € U we can compute d,(4w) as
above and the result easily follows using similar arguments. ]
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Proof of Theorem 1.3. Assume that R is a 2-torsion-free ring and D is a JHD of
R (resp. of U into R).
We claim that for any a,b € R (resp. a,b € U) and n € N we have

dy(ab+ba) = Y (di(a)d;(b) + di(b)dj(a)). (2)
i+j=n

In fact, by assumption d,(a?) = > itj=n di(a)dj(a). The claim follows from the
relations

dp((a+0)?) = Y di(a+b)dy(a+d)=

t+u=n

= > (di(a)dy(a) + di(a)dy(b) + di(b)du(a) + di(b)du(b))

t+u=n
and

dn((a +b)?)

dn(a® + ab + ba + b?) = d,(a®) + d(ab + ba) + d,, (V?) =

= dp(ab+ba)+ 3 di(a)dj(a)+ > dr(b)ds(b).

i+j=n r+s=n

Now put w = (a(ab + ba) + (ab + ba)a). Using (2) we have

do(w) = > di(a)dj(ab+ba)+ > di(ab+ ba)d;(a) =
i+j=n +j=n
= 2 ) di{a)di(a)ds(b) +2 3. di(a)d;(b)di(a)+
i+j=nr+s=j i+j+k=n
+ 2 2 d(b)di(a)d;(a).
itj=n k+l=i
Also,
dn(w) = d,((a®b + ba®) + 2aba) = d,,(a®b + ba®) + 2d,(aba) =
2d,(aba) + > Y di(a)ds(a)d;(b)+ D di(b) > di(a)di(a).
itj=nr+s=i it+j=n k+l=j
It follows that 2d,(aba) =237, ;.\, di(a)d;j(b)di(a), and the result follows be-
cause R is 2-torsion-free. ]

The following example shows that the result of Corollary 1.4 for Lie ideals is
no more true in the semiprime case. This example is due to M. Bresar who kindly
allowed us to include it here.

Example. Let F be a field and let S be the ring of all polynomials over F' in non-
commuting indeterminates z and y with zero constant term. Further let 7" be any
semiprime algebra over F and put R = S x T. Thus U = S x 0 is an admissible
Lie ideal of R.
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Define g : R — R by g(p,t) = (a—b)tgo € T C R, wherep e S, t € T, a
(resp. b) is the coefficient at zy (resp. yz) in the polynomial p and tq # 0 is a
fixed element in 7. Then it is easy to see that g((p,t)?) = 0, for every (p,t) € R.
However g(zy,0) = tg # 0. Hence g |y is a Jordan derivation of U into R and is
not a derivation of U into R.

Now we further assume that t2 = 0, so that g(u)? = 0 for every u € U, and
define dy = id, dy = g and d,, = 0, for every n > 2. Then D = (d;);en is a JHD of
U into R which is not a HD of U into R.

Remark. The result proved in ([1], Theorem) also holds for Lie ideals contained
in the center of R. Actually, in this case the Theorem is trivial. We were unable
to answer the question on whether the corresponding result is also true for higher
derivations.
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