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Abstract

LetH be a finite dimensional quasi-Hopf algebra over a fiedshd2( a rightH-comodule algebra
in the sense oﬂEZ]. We first show that on tkeector spacel @ H* we can define an algebra
structure, denoted bt #H*, in the monoidal category of lefl-modules (i.e. A#H* is anH-
module algebra in the sense cﬁ [2]). Then we will prove that ¢tategory of two-sided(,H )-
bimodulesy Mz‘[‘ is isomorphic to the category of relatiy® # H*, H*)-Hopf modules, as introduced
in [H]. In the particular case whefe= H, we will obtain the Nill's result announced i|ﬂ14]. We will
also introduce the categories of Doi-Hopf modules and tideestwo-cosided Hopf modules and we
will show that they are in certain situations isomorphic todule categories.

0 Introduction

Quasi-bialgebras and quasi-Hopf algebras were introdige®rinfeld [L]] in connection with the
Knizhnik-Zamolodchikov equation§ JIL5]. Lktbe a fieldH an associative algebra and H — H®H
ande : H — ktwo algebra morphisms. Roughly speakihrbis a quasi-bialgebra if the categanV of

left H-modules, equipped with the tensor product of vector spasdewed with the diagon&l-module
structure given vid, and with unit objeck viewed as a lefH-module viag, is a monoidal category. The
comultiplicationA is not coassociative but is quasi-coassociative in theestiadA is coassociative up to
conjugation by an invertible elemetc H @ H @ H. Moreover,H is a quasi-Hopf algebra if and only if
each finite dimensional lef-module has a dudl-module. Note that, the definition of a quasi-bialgebra
and a quasi-Hopf algebra is not self dual.

SinceH is not a coassociative coalgebra, it is impossible to defimeatiules oveH. However, since

H is a coalgebra in the monoidal category(bf,H )-bimodulesy My, we can define Hopf modules in
n M. More exactly, a Hopf module in 24! is a rightH-comodule in the monoidal categog, cf.
[L4]. Also, we can define a Hopf module fivt!: a Hopf module inf 44} is anH-H-bicomodule in
the monoidal category My, cf. [9].

Using the theory of (co)algebras and (co)modules in mohadsgegories we can define categories of
relative Hopf modules. IH is a finite dimensional quasi-bialgebra afican algebra in the monoidal
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categoryq M, then a relative Hopf module iM,{** is a rightH*-comodule H* is a coassociative coal-
gebra) which is also a righft-module in the monoidal categoty™", see[[B]. Similarly, if we start with

a coalgebraC in the monoidal category of right-modulesMy, then a relative Hopf module vy

is a leftC-comodule in the monoidal categofMy;. Of course, whem is an ordinary bialgebra these
categories are exactly the ones defined by Dof]in [8]. Unfuately, at the moment, the basic category
of Hopf modules?4}' is not defined (a possible way to define this category will besented later in
Section 3).

In this paper, our goal is to generalize all the categoriesgmted above and to prove that, in the finite
dimensional case, they are isomorphic to module categoEesential tools will be the notions of co-
module algebra and bicomodule algebra over a quasi-biad€HLJ]. An associative algebrd is called

a rightH-comodule algebra if there exists an algebra magl — 2 ® H which is “almost” associative,
in a way similar to the “almost” coassociativity of the cotiplication on a quasi-bialgebra; a detailed
definition will be presented below. In a similarl way, we cafide the notion of lefH-comodule alge-
bra. IfH is a finite dimensional quasi-bialgebra ad rightH-comodule algebra, then we can define
a multiplication on thek-vector spac&l @ H*; we obtain an algebra in the monoidal categafy/ (i.e.

a left H-module algebra), which will be denoted By# H*. Notice that, in the Hopf cas@ #H* is
just the usual smash product #fandH*, and this is why we call the monoidal algelsig# H* the
quasi-smash product 8f andH*. Also remark that, in the quasi-Hopf cage# H* is not an associative
algebra because the associativity constraintg @f are not the trivial ones but the ones given by the
reassociatofp of H.

In Section[B we will define the category of two-side, H)-Hopf modules MQ'? Concerning its de-
scription in terms of relative Hopf modules, a central ral@liayed by2( #H*. First, the definition of a
two-sided(2(, H)-Hopf module is slightly more general than the one given fetopf module iny 244

Its objects areH-2(-bimodules and “almost” righH-comodules such that, in the usual way, the right
H-coaction is leftH-linear an a righ®(-linear map. I1f2 =H, thenHMQ'? is just the category of Hopf
modulesy M described above. SecondlyHfis a finite dimensional quasi-Hopf algebra themt}! is
isomorphic to the category of relativél #H*,H*)-Hopf modules (this generalizel§ [7, Proposition 2.3]).
Following [3], we can show in this case thaf/} is isomorphic to the category of rigii®( # H*)#H -
modules, wherél #H*)#H denotes the smash product algebra (in the sen$é of [2])#dfi* andH. In
particular, takingl = H we recover Nill's result, as announced [in][14], which stalesy A4 is isomor-
phic to the category of right modules over the two-sidedsgdsproducH > H* >< H. In Section{} we
will prove that the two-sided crossed product constructeffi2] is in fact a generalized smash product.
As a consequenceél #H*)#H is just the two-sided crossed prodiitt=<i H* < H (as an algebra).

In the second part of the paper we will study the category af-#wled two-cosided Hopf modules
EMQ. HereC is a coalgebra in the monoidal category(bf,H)-bimodulesy My (i.e. anH-bimodule
coalgebra), and\ is anH-bicomodule algebra in the sense pf][12]. Roughly speakimgpbject in
St is a two-sided(A, H)-Hopf module which is also an “almost” le@-comodule such that the left
C-coaction is compatible with the other structure maps. Ictise [ we will show that ifC andH are
finite dimensional theﬁ Mg is isomorphic to a category of right modules. To this end wiédeiscribe
first EMQ as a category of Doi-Hopf modules. # is a left H-comodule algebra an@ is a right
H-module coalgebra then the category of right-[gft 5, C)-Doi-Hopf modules® (H ) g is a straight-
forward generalization of the category of relative Hopf mied . WhenC is finite dimensional,
Ca(H)g is isomorphic to the category of right modules over the galiEsd smash produ@*»<*B.
Now, returning to the categor&MH, if H is finite dimensional then we will show théh #H*)#H is

a leftH ® H°P-comodule algebra (here "op” means the opposite multiptinsonH) so, it makes sense

to consider the category of Doi-Hopf modules/(H ® Hop)(Aﬁ‘H*)#H' Moreover, the main results



asserts that M} is isomorphic td“M (H ® HOF’)(A#H*)#H (this generalizes[J1, Proposition 2.3]). In

particular, ifC is also finite dimensional, we obtain tr&mjg is isomorphic to the category of right
modules over the generalized smash produiet C*»< ((A #H*)#H). In the Hopf case, the left-handed
version of this result was first obtained by Cibils and Rogjo More precisely, they define an alge-
bra X having the property that the categdlyM}!" is isomorphic to the category of leX-modules.
Recently, Panaite[J[L8] introduced two other algebfaand Z with the same property as. Y is the
two-sided crossed produtt*#(H @ HP)#H*°P and Z is the diagonal crossed product (in the sense of
[L2]) (H* @ H"P) w0 (H @ HOP).

1 Preliminary results

Quasi-Hopf algebras

We work over a commutative fiekl All algebras, linear spaces etc. will be okerunadorned» means
®k. Following Drinfeld [11], a quasi-bialgebra is a fourtuplel,A e, ®) whereH is an associative
algebra with unit,® is an invertible element il @ H @ H, andA: H - H®H ande: H — k are

algebra homomorphisms satisfying the identities

(id®A)(A(h) = d(A®id)(A(h)e L, (1.1)
(id®e)(A(h)) =h®1, (e®id)(A(h))=1®h, (1.2)
for all h e H, and® has to be a normalized 3-cocycle, in the sense that
(1ed)(idAxid)(P)(Px1)=(dRidA)(P)(Axid®id) (D), (1.3)
(([deerid)(P) =111 (1.4)

The mapA is called the coproduct or the comultiplicatianthe counit andb the reassociator. As for
Hopf algebras[[41] we denot(h) = 5 h; ® hy, but sinceA is only quasi-coassociative we adopt the
further convention

(A®id)(A(h) =S hay ®@hag@hz, (Id@A)(Ah) =S m@hey®hey),

for all h € H. We will denote the tensor componentsioby capital letters, and the ones®f* by small
letters, namely

o= Zx1®x2®x3:ZT1®T2®T3ZZV1®VZ®V3:---
<D—1=Zx1®x2®x3=Zt1®t2®t3:2v1®v2®v3:--.

H is called a quasi-Hopf algebra if, moreover, there existarairautomorphisn® of the algebrad and
elementsn, 3 € H such that, for alh € H, we have:

Y S(y)ah, =g(h)a and Y hBS(hy) = g(h)B, (1.5)
Y XBSX?ax®=1 and ) Sx")ax*pS(x’) = 1. (1.6)

For a quasi-Hopf algebra the antipode is determined unyquelto a transformatiom — Ua, 3 —
BU~L, S(h) — US(h)U~1, whereU < H is invertible. The axioms for a quasi-Hopf algebra implyttha



e(a)e(B) = 1, so, by rescalingt andf3, we may assume without loss of generality th@) =€(f) =1
ande o S= ¢. The identities[(21]2)[(1} 3) anfl (1.4) also imply that

(e®id®id)(®) = (doidoe)(®) =101l (1.7)

Next we recall that the definition of a quasi-Hopf algebratigist coinvariant” in the following sense.
An invertible elemenF € H®H is called agauge transformatioor twistif (e®id)(F) = (ld®¢)(F) =

1. If H is a quasi-Hopf algebra arfd = zFl ®F? € H®H is a gauge transformation with inverse
F~1 =5 G'® G2, then we can define a new quasi-Hopf algefaby keeping the multiplication, unit,
counit and antipode dfl and replacing the comultiplication, antipode and the elgs and(3 by

Ar (h) = FA(h)F 1, (1.8)
P = (10 F)(ideA)(F)PAxid)(F ) (F1el), (1.9)
aF = 25(61)0(62, Br=Y FIBS(F?). (1.10)

It is well-known that the antipode of a Hopf algebra is an-aotlgebra morphism. For a quasi-Hopf
algebra, we have the following statement: there exists geggransformatiorf € H ® H such that

fa(sh) =Y (S®9)(a®(h)), forallheH, (1.11)
whereA%(h) = 3 ho@ hy. f can be computed explicitly. First set
YA AN A= (Pe1)(Axid@id)(@), (1.12)
Y B'eB? 0B @B = (Axid@id)(®) (¢ @ 1) (1.13)
and then defing,d € H® H by
y=3 S(A*)aA’ o S(A")aA* and 5= B'BS(B*) @ B*BS(B°). (1.14)
f and f ! are then given by the formulas

f= (529 @%x)yapcps)), (1.15)
fh = S AKX axd)8(S® 5)(AP()). (1.16)

f satisfies the following relations:
fA(a) =y, AR 1=2a. (1.17)
Furthermore the corresponding twisted reassociator is8 s given by
@ =Y (SvSe (X wX?oXY). (1.18)
In a Hopf algebraH, we obviously have the identity
Zh1®h25(h3) =h®1, forallheH.

We will need the generalization of this formula to the qudspf algebra setting. Followind [L2][ T3],
we define

=T Pk R = T K oXBSE), Gr=Y hod=T X oS @, (119
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p=Ypep=3X st XPBex} a=Ydoq=Ysadexd  (1.20)
For allh € H, we then have

Y A(h)pr(l@ She)] = prh® 1], 5 [1© S Y (hp)]arA(h) = (h@ 1)ar, (1.21)
> Ah)p (S Hh) @1 = p(1@h), 5 [S(h) ® LaA(hy) = (1@ h)a, (1.22)
and
Y ARPRILOS(OR)] =101, Y [10S Y(pR)drA(PR) = 101, (1.23)
Yisiph)@laa(p) =101 Y AQ)p(S g @l =101, (1.24)
(Gr® 1)(A®id)(or) P~
= SesiX®)estX?)1es(f?) oS H(f)(doa)(graXh), (1.25)
P(A®id)(pr)(Pr®id)
= S(doa)(Axpr)(1e f)(1eSK) ©SKx)), (1.26)

wheref =5 f1® f2is the twist defined in[(Z.15).

The smash product

Suppose thatH , A, g, @) is a quasi-bialgebra. U,V,W are left (right)H-modules, definay vw,au vw :
UaV)eW —-U® (VeoW) by

agvw((URV)@W) =d- (U® (VO W)),
auvw((URV)@W) = (UR (Ve w))-d L

Then the category M (M) of left (right) H-modules becomes a monoidal category (e [15], [17] for
the terminology) with tensor product given viaA, associativity constraintay vw (au vw), unitk as a
trivial H-module and the usual left and right unit constraints.

Now, letH be a quasi-bialgebra. We say thak-aector space\ is a left H-module algebra if it is an
algebra in the monoidal categogyM, that isA has a multiplication and a usual unik $atisfying the
following conditions:

(ad)a" = 5 (X*-a)[(X?-&)(X3-a")], (1.27)
h-(ad) =% (hy-a)(hz-d), (1.28)
h-1p = E(h)lA (1.29)

for all a,a,a” € Aandh € H, whereh®a — h-ais theH-module structure ofA. Following [3] we
define the smash produd#H as follows: as a vector spaééH is AQ H (a® h viewed as an element
of A#H will be written a#h) with multiplication given by

(atth) (a#h) = 5 (x*-a) (Chy - & J#Chah, (1.30)

for all a,@ € A, h,i/ € H. A#H is an associative algebra and it is defined by a universaleptpifas
Heyneman and Sweedler did for Hopf algebras, fee [2]). sy ¢o see thdtl is a subalgebra of#H
via h— 1#h, Ais ak-subspace of#H via a— a#l and the following relations hold:

(ah) (1) = a#hi, (1#h)(ath) = ¥ hy - asthoh, (1.31)
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forallac A h,i € H.

For further use we need also the notion of riglhitnodule coalgebra. Suppose thhis a quasi-bialgebra.
Since the category of righi-modules is a monoidal category we can define coalgebrassicdtegory.
So, we say that k-linear spac€ is a rightH-module coalgebra i€ is a coalgebra in the monoidal cate-
gory My, that is, ifC is a rightH-module (denote bg- h the action oh onc) and has a comultiplication
A: C—C®Candausual coung: C — k satisfying the following relations

(A®ide)(A(c)) Pt = (idc @A) (A(c) VeeC, (1.32)
é(c-h):ch-m@c;-hg VYceC,heH, (1.33)
g(c-h)=¢g(c)e(h) VceC,heH (1.34)

where we use the Sweedler-type notation

A(C) =c1®Cp, (A®idc)(A(C)) = C11) ®Crp ®C2 €.

2 The quasi-smash product
Recall from [1P] the notion of comodule algebra over a quiaigebra.

Definition 2.1 Let H be a quasi-bialgebra. A unital associative algeBrés called a right H-comodule
algebra if there exist an algebra morphigm 2l — 2A® H and an invertible elemenb, c A ®H @ H
such that

®p(p@id)(p(a)) = (id ©A)(p(a))®p Vacl, (2.1)
(la®@®)(id 2 A®id)(Pp) (P © 14) = (id @id © A)(Pp) (p@id ®id)(Pp), (2.2)
(id®e)op=id, (2.3)
(dRe®id)(Pp) = (dRIdRE)(Pp) = 1o ® 14. (2.4)

Similarly, a unital associative algebr® is called a left H-comodule algebra if there exist an algebra
morphismA : 8 — H ® 9B and an invertible elemen, € H®H ® 9B such that the following relations
hold

(Id@A)(A(b))Py = D) (A®id)(A(b)) Vbe B, (2.5)
(IH@®P))(d@ARId)(P)) (PR 1) = (IdRIdN)(P)) (Axid®id)(Py), (2.6)
(e®id)oA =id, (2.7)
([deeid)(P)) = (exid®id)(P)) = 1y @ 1y. (2.8)

WhenH is a quasi-bialgebra, particular examples of left and rightomodule algebras are given by
A=B=Handp=A=A4A, O, =), =>.
For a rightH-comodule algebré, p, ®,) we will denote

CL) = Z a<0> ® Cl<1>7 (p® |d)(p(a)) = Z a<070> ® Cl<071> ® a<1> etc
for anya € 2. Similarly, for a leftH-comodule algebré&B, A, ®, ), if b € B then we will denote

b) =3 by ®bpy, (Id@A)(A(b)) =3 bl_1y@bp_1 @b etc.



In analogy with the notation of the reassociatof H, we will write

=YX oXaXd=S eVl = et
and its inverse by

Ot =YKo= Kool = etc
Similarly for the elementb, of a left H-comodule algebr&. If there is no danger of confusion we
will omit the subscriptionp or A for the tensor components of the elemegts ®, or for the tensor
components of the elements; *, &, *.
Suppose now thad is finite dimensional an@ is a rightH-comodule algebra. In the Hopf case, we have
that2l is a leftH *-module algebra so we can consider the smash prétigdt. We will see that a similar
result holds in the quasi-Hopf case. Since the resultingatlgf2l andH* is an algebra in the monoidal
categoryy M (i.e. anH-module algebra) we will call it the quasi-smash productMeen®?l andH*. As
expected, whehl is a bialgebra the two constructions, the smash producttenduasi-smash product,
coincide.
Let {&},_,; be a basis oH, and {é }i—1n the corresponding dual basis f. H* is a coassociative
coalgebra, with comultiplication '

=D 01®p2= Z d(eg))e @6,

=1
or, equivalently,
=Y 01®¢2 <= o(ht) =3 ¢s()d2(K), Vhi eH.
H* is also anH,H)-bimodule, by
<h—=¢,h >=¢(hh), <~ hH >=d(hH).

The convolution< ¢, h >= 3 ¢(hy)P(hz), h € H, is a multiplication orH*; it is not associative, but
only quasi-associative:

PUE =5 (X! = —x)[(XZ =) (X3 =& )], Vo,p,§eH". (2.9)
In addition, for allh € H and¢, Y € H* we have that
h— (W)=Y (m—¢)(h—~ ) and ($Y) —h=F @ —h)W—h).  (210)

In other wordsH* is an algebra in the monoidal category(bf,H )-bimodulesy M.
Now, if (A, p,¥,) is a rightH-comodule algebra we define a multiplication%m H* as follows

(@#0) (@ #W) =5 aalo. K #(¢ — al . F)(W %) Va,d' € Aandp, W e H* (2.11)

where we writer #¢ for a® ¢, p(a) = ¥ a<o> ® a1, andd;t = 3 L @ 2 @ 3. We denote this structure
onARH* by A#H*.

Proposition 2.2 Let H be a finite dimensional quasi-bialgebra a(ii, p, ®,) be a right H-comodule
algebra. Ther( #H* is a H-module algebra with unity # € and with the left H-action given by

h-(a#¢)=a#h—¢, VheH, ac®, andp e H". (2.12)
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Proof. SinceH* is a leftH-module via the action~, it is easy to see th& #H* is a leftH-module via
the action [(2.72). Now, we will prove th@t#H* is an algebra iny 2 with unit 1o #¢€. Indeed, for all
a,a’,a” € Aandd, P, x € H*

X (a#0){[X?- (o #W)]XC- (a" #X)]}
= S (a#Xt = 9)[(a #X? = ) (a" #XZ = X)]
Y (a#X = ¢)[a'alo K # (X2 = Y=l B)(XE = x = )]
’10 = > a0l o 0200 Koo V' # (XE = 0 —algoa’g 1 85 FP)
(X2 = = al ) BFR) (X3 = x = £B))]
BIR23 = Z aa’<o>a’;07o>>”<1371 #[(¢— a/<1>a/éo,1>>~<237§)(¢ — a’;1>>~<3)7§)]
X =)
7@) = Z aa/<0>xla20>y # {[(q) — a/<1>)?2)(lIJ — — a<1>y2} X y3
= Yool o K #(§ — ol ) (W — )] (a” #X)
= [(a#¢)(d #W)](a" #X).

It is not hard to see thatyl# ¢ is the unit of A #H* and thath- (1y #¢€) = g(h)1y #¢ for all h € H.
Finally, forallhe H, a,a’ € 2 and¢, P € H*, we calculate:

S s @)+ (o F )] = 3 (0 — §)(a Fhy— y)

— Sl L E(hy — ¢ aly ) (hp— D)
(10 = Zaa<0>X #h;[(¢;a<1> )( '_Xa)]
BI9 = h-[(a#d)(a #Y).

0

(H,A, ®) is a rightH-comodule algebra, so it makes sense to consider the quasisproducH # H*.

In this case wherél is a Hopf algebraH#H™* is called the Heisenberg double ldf and we will keep
the same terminology for quasi-Hopf algebras(H) = H #H* is not an associative algebra but it is an
algebra in the monoidal categagy . If H is a finite dimensional Hopf algebra théf(H ) is isomorphic

to the algebra EngdH). In order to prove a similar result for a finite dimensionaasjuHopf algebra, we
first have to deform the algebra structure of Efid).

Proposition 2.3 Let H be a finite dimensional quasi-Hopf algebra. Define
Wi H#H* —End(H), wh#)(W) =" d(hypf)hhypl

forallh, e Hand¢ e H*, where p =y pi ® p? is the element defined dy (1.20). Then i is a bijection,
and therefore there exists a unique H-module algebra strecon Endi(H) such that p becomes an
H-module algebra isomorphism. The multiplication, thetwamd the H-module structure &ndy(H)

are given by

(Usv)(h) = 3 u(v(X3)S HSXXZ) X)) S H(X?) (2.13)
Lendry =S H(B) —idu 5 (h-u)(W) =u(h'hz)S(hy) (2.14)

for all u,v € End¢(H) and hi € H.



Proof. Let {& };_1 be a basis oH and{e‘}izﬁ the corresponding dual basisldf. We claim that the
inverse ofuis u=1: Endg(H) — H# H* given by

= 3 u(e(e)2)S X(cf ()) #e

for all u € Endg(H), whereq. = 5 g ® ¢? is the element defined b/ (1]20). Indeed, for anyH and
¢ € H* we have:

(W tow(h#o) = Zu (h#0) (o (e)2)S (al(a)1) #€
= Zld) q,_ )(2.2) pL) (QL) (& )(2’1)pﬁ8‘1(qﬁ(a)1)ﬁei

23 = _;cb((qL)sza)h(qL)lpLs“l(QE)ﬁé

n

29 = _zi¢<a>hﬁé =h#¢
and, in a similar way, fou € Endg(H) andh € H we have that
= _Ziu(U(QE(a)z)S“l(Qi(a)l) #e)(h)

- 3 dmrucE(e)2)S e @) et

> u(afhz) (PE)2)S (0t (PE)1)hept
[£22) = S uhf(p)2)S HaL(pE))pL
L.24) = u(h)ly =u(h).

Using the bijectiony, we transport theéd-module algebra structure froht #H* to Endc(H). First we
compute the transported multiplicationfor all u,v € Endyx(H), we find

v = 3 (e (wpH(v)
= 3 M(u(E(@)2)S (ol (a)1) #€)(V(QL(e)2)S QL)) #€))
i,|=

n

’I1) = _zlu(U(q £ (8)2)S (gl (8)1) M(QF (6))2)S QL (&))1)]ax"
i,|=
(e — M(QF(e1)2)S H(QL(ej)1)]2) () X))
wherey Q} ® Q? is another copy of|._. Note that [1]3) and (Z.R0) imply that
S SHag @ gpgex =S atX @ (af)1X? @ (6f)2X>. (2.15)

Hence, for alh € H we have that
W @@ Z < & U@ (e)2)S H(Q e)0hy >< &, ()21 >

<&, hp(p?)2 > u(ai(e)2)S (at (8)1)(8) X Pt
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= Z <€ v(QPhp2% (1) (22)S Q213 () 2.1 ) >
if=1

<€, (@)2(pt)1 > u(q? (8)2)S (i (8)1) ()Xt pt

@ - Iﬁ < & VhGPR(P?) 22))S QLM 2) > UG (@) 22 (2()1)2)
=1
S (ak(@) 2 0¢(PE)1)1)(8)1x oL

[L23),R19 = Izl< & V(hQE(0?) 22 X3((P?)2)2)S QL (6d) 2.0 X2 ((PD)2)1) >

u(e (q?)1X?(pf) 12))31(CILX (P?)(11)) PL

€y = ZU(V(hQE of (P)2](22X3)S QLA (PE)2] (2 XD) A (P)2]1X?)

SYat(p?)aXYpt
C23 = SuwhEX)SHQAX)X?)SHXY)

= Y uM(heX3)S H(SKX2) X)) S (XY,

Thus, we have obtainedl (2]13). Similar computations shauttie tranported unit and thé-action on
Endk(H) are given by[(2.34). O

Remarks 2.4 LetH be a finite dimensional quasi-Hopf algeb{a, };_15 a basis oH and{¢e }ietn the
corresponding dual basis bif*.

1) The bijectionudefined in Propositioh 4.3 induces an associative algehretste on thé-vector space

H & H*: it suffices to transport the composition on k) to H @ H*. If H is a Hopf algebra, then
we find the smash product, and the corresponding categosftadr right representations is equivalent
to a certain category of Hopf modul@g!!. This could open the door to defining the category of Hopf
modules over a quasi-Hopf algebra. Unfortunately, the limeb structures are not easy to describe,
except in the situations wheié is a twisted Hopf algebra. A possible way to defig will be
presented in the next Section.

2) Let (A, p, P,) be arightH-comodule algebra. As in the Hopf case, it is possible toaatodifferent
(quasi)smash products2b Observe first that the map 2A#H* — Hom(H,2l) given byv(a #¢)(h) =
d(h)a, foralla e 2, ¢ € H* andh € H, is ak-linear isomorphism. The inverse wfs given by the formula

- __iW(a) Ad

for w € Homg(H,20). Secondly, by transporting the quasi-smash algebra steidtom A #H* to
Homy(H,2() via the isomorphisnv, we obtain that Hora(H,2() is an H-module algebra. So, if
is an arbitrary quasi-Hopf algebra a(®,p, ®,) is a rightH-comodule algebra, then we can define the
quasi-smash product (H,2() as follows: # (H,2l) is thek-vector spacédomy(H, () with multiplica-
tion given by

(v w)( ZV ~3hz )<1>X hl) ()?:4}hz)<0>)~(1 (2.16)

for vw € #(H,2() andh € H. The unit is 1;#(H m)(h) = £(h)1y and theH-module structure is given

by (h-v)(h) = v(ih), h,i € H, v e Homy(H,2l). Of course, ifH is finite dimensional theAl #H* ~
# (H,2() asH-module algebras.
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3 Two-sided Hopf modules and relative Hopf modules

We cannot define comodules over a quasi-bialgébréecause a quasi-bialgebra is not coassociative.
Also the definition of Hopf modules is quite complicated. Aspible approach is the following: assume
that we can deform the comultiplication d#h in such a way thaH with this new comultiplication
(denotedH) becomes a coalgebra in the monoidal cateddfy, and defineMt! as the category of right
[H,H]-Hopf modules, as introduced ifj [3]. More precisely, a rightHopf module is a right1-module
which is also a rightH-comodule in the monoidal categofMy (for more detail, see Sectidf 5). This
machinere works iH is a twisted bialgebra. Indeed,Hf is an ordinary bialgebra, arffle H @ H is a
twist, thenHg is a quasi-bialgebra with courdtand comultiplication given by (1.8). If we define éf
a new comultiplication given by

h) =3 hg'ehg?
for allh € H, whereF 1 = 5 G1® G2, and we denotélr with this new comultiplication byg, then it
is not hard to see thair is a coalgebra in the monoidal categdvg. . Therefore, by a rightg-Hopf
module, we mean k-vector spac®, which is a rightH-module (the righH-action ofh€ H onme M
is denoted bynh), together with &-linear mappy : M — M ® H such that the following relations hold,
for allme M andh € H:

(Pv ®idn)(p (m))( 1n) = (idw ®8)(pPm(M)F),

(idv @ €)(pm(M)) =

pm(MhF = pw(MF ( )-
We can conclude that categories of Hopf modules over quepi-algebras can be defined using (co)algebras
and (co)modules in monoidal categories. This point of viesswsed in[[3],[[14] and [19] in order to

define the categories of relative Hopf modules, quasi-Hapbdules and two-sided two-cosided Hopf
modules. In the sequel, we will study all these categoriegsnrore general context.

Definition 3.1 Let H be a quasi-Hopf algebra an@,p, ®,) a right H-comodule algebra. A two-sided
(A, H)-Hopf module is ari2l, H)-bimodule M together with a k-linear map

pv: M—=M®H, pM Zm ®m()

satisfying the following relations, for all @ M, h€ H anda € 2. The actions of it H anda € 2 on
m e M are denoted by i+ m amd n< a.

(idy ® €) o py = id, (3.1)
@ (pm @idn)(pm(M)) = (idm @A) (pm(M)) - Py, 3.2)
pm(h>=m) = Z hy = M) @ hamyy), (3.3)
pm(Mm=<a) = Z M) < a<0> ® Mi1)a1. (3.4)

The category of two-side(R(, H)-Hopf modules and lefH-linear, right2-linear and rightH-colinear
maps is denoted by M.

Observe that the category of two-sidgdl, H )-Hopf bimodules is nothing else then the category of right
quasi-HopfH-bimodules introduced irf [14].

We will use the following notation, similar to the notatioor the comultiplication on a quasi-bialgebra:

(Pm ®@idu)(Pm(M)) = 5 M) @ Mg 1) @My,
(idv @ Br)(pm(M) = % Mg @ Myy), © Myy),.
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Examples 3.2 LetH be a quasi-Hopf algebra ard, p, ®,) a rightH-comodule algebra.

1)V =A®H € 4yM}!. The structure maps are
h-(a@h)=a@htl ; (a@h) <d' =% ad’o. ®haly

and » > s
pfy(a® h) = Z aX @ X" ®@hyX
for all h,i € H anda,a’ € 2. We leave verification of the detail to the reader.
2)U=H®Ac HMQ'(". Now the structure maps are given by the following formufasall h,h' € H

anda,a’ € 2A:
h=H®a)=hH®ae ; (h®a) <d =hxad

and
pu(h®a) =Y mSY(gPX50?) ® X aco- © S L(gHXigh KPacs. (3.5)

Hereq. = y gt ® ¢ andf~1 = 5 g* ® g? are the elements defined by the formufas (1.20) &nd](1.16).

Now conside®: ¥ — U given by

B(a®h) = ¥ hS (a1 BR) ® aco- B
for all h € H anda € 2, where we use the notation
Fo= o= X oRps(®) cAH. (3.6)
8 is bijective; its invers® 1 : U — 7/ is defined as follows

8 (h®a)= > Gpao> ®GPac-

with the notation -1 w3 2
=Y Gad=YX oS (aX)X cAeH. 3.7)

Furthermoref is a morphism of two-side@(, H)-Hopf bimodules, and we conclude thet=H @ 2
andA®H = 1/ are isomorphic iny My .

To prove this, we proceed as follows. First, by][12, Lemmd, @& have the following relations, for all
ac2:

> Pla<o>)Pp[la ® S(acs)] = Ppla® 1n], (3.8)
Z[lm@gl(ﬂ<1>)]qpp(a<o>) = [a® 1n]Gp, (3.9)
S P(Gp) PplLa® S(R)] = La® 1n, (3.10)
Y 1@ SH()IGeP(Fp) = L ® 1n, (3.11)
Dp(p@idn) (Fo) P = 3 (id @ 8) (p(X}) Bp) (12 @ g'S(K) © G°S(%?)), (3.12)

(6o 1n) (P idn) () P = T [1a ® S L(12K%) @ S H(F1X?)](ide © 4) (Gop(X)).  (3.13)

Heref =5 f1® f2is the element defined ifi (1]15) afd® = 5 g' ® g2. Using (3.BE3.1]1) we can show
easily thatd and8~? are inverses, and that is an(H,2()-bimodule via the actions- and <. We will

12



finally compute the righH-coaction ontl transported from the coaction d@r using6, and then see that
it coincides with [3]5). First observe thét (3.6]2.2) gnd)2mply

ZX<1>ﬁpS(X )®X<O>pp®x - ZXZS(XSpL)@)X ®X3pL7 (3-14)
wherep. = 5 pt ® p? is the element defined ifi (1]20). Therefore, fortedl H anda € 21 we have:

(8®idy)opyodi(h®a)

= Y (B®idn)(Gaco-X @ hy(6)10.1-, X @ hp()2015,%°)

= 5 h1(ﬁ§)16<1>1>~<231((qé)<1>a<o71>>~<i1> ) © (q;l))<0>a<o70>>~<io> Py
®hz(qf,)2a<1>2>~<3
> hy(85)10<15, 55 PLS 1((65) <15 0<01-5%) @ (G) <0 a<0,05 X"
®ha(G5) 2015, 07
B = > h(@)iKaciy, PLS () <1-Facis;) © (G)<0-Kaco-

®hz(q§)2>~<ga<1><2,z) Pt
L23) = Zhl(ﬁf,)lifpﬁgl((qp)<1>xz) ® (5)<0>Ktacos ® ho(63)2%8pf ac 1>
B3 = Zhlgl 37392)qg(©;1))<1>22()’£1>)~(3)1p&gl((q%(égl))<0>zlyi0>)<l>)~(2)
R (G Q) <0522 02 ) 0> Koo ® S (PG QA (52 1. %) 2pPact-
1

—

E
N

=

(@I) = Z h S (y392)CI§(Qp)<1>22X3Y<1><2 1) pLSLl((Qp(Ql)<O>)<1>Zil>X y<1>1)
®(q ( %)<0>)<0>Zi0>x y<0>a<0> ® h2SL:L yzg QZZ?’)N(gyi1><22) PLa<i>
() = Zhl 1(y392 (Q1)<1>22X3pLgl((Qp(Ql)<O>)<l>Zil>X )

)
®( ( %)<O>)<O> 0-X 3/<0>C‘<0>®hZSL1 ot szgxszﬁ1>a<1>
(@»@) = Zhlgl(yagz) (Q1)<1>)~(3ZZS_1((%(Q1)<0>)<1>X222)
B (G5(Q}) <05 ) <0-K 2L oo aco @ NS HPPGHQRATE 1 0y
k4R = Zhlgl()’agz) G353 (Q5)<15,S 1((65) <1 (Qp) <15,B)
®(05)<0> K Q) <0- T 0o 00> ® oS (P Q2FE 1 acs-
®3B9 = Zh1§1 y39 S_l c1p)<l> pp) (Qp)<0> prpYiO>a<O>
®hS 1(§%gM)Q39L 1o a1
BIORD) = YmSPFPKE) @ FK a0 ® S HapBeX g XK a .
(B3I = T mSHafX0%) @ X a0 @ oS Yol XigH) K 0
= puh®a)
as needed.

The aim of this Section is to prove that, over a finite dimemaiayuasi-Hopf algebr&l, the category
HQ\Q(' is isomorphic to a certain category of relative Hopf modudegined in [B]. LetH be a finite
dimensional quasi-bialgebra arida left H-module algebra. Recall thatkavector spacéM is called a
right (H*, A)-Hopf module ifM is a rightH*-comodule and a righA-module in the monoidal category
of right H*-comodulesm™". In terms ofH this means:

- M s a leftH-module; denote the action bfe H onme M by hem;
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- Aacts onM from the right; denote the action afce Aonme M by me a;

- forallme M, he H anda,a € A, we have

Mmely=m
(Mea)ed =3 (X em)e[(X?-a)(X* &), (3.15)
he(mea) =% (hyem)e(h;-a). (3.16)

MAH* will be the category of rightH*, A)-Hopf modules and\-linearH *-colinear maps.
Before we can establish the claimed isomorphism of categowe need a few Lemmas.

Lemma 3.3 Let H be a finite dimensional quasi-Hopf algebra &Rd p, ®,) a right H-comodule alge-
bra. We have a functor

F:n MH MH*

AH#H

For M € MY/, F(M) = M, with structure maps
- M is a left H-module via Rm= S*(h) = m, me M, h¢ H;
- A#H* acts on M from the right by

me (aﬁ‘p) = Z ¢§1(3(U 1) f2m(l)a<1> ﬁg)S(U 2) fl ~ m(O) =< a<0> f’;l) (3-17)
where we denote
U=YU'aU?=Y ¢g'S(qR) ® °S(aR)- (3.18)

Proof. The most difficult par of the proof is to show tHatM) satisfies the relation§ (3]15) arid (3.16). It
is then straightforward to show that a map4ifi/y His also a map |rM H 7 and that- is a functor.

By [L4, Lemma 3.13] we have, for dfle H:

ULeSh)] = § ASh)U (he 1), (3.19)
o HidoA)(U)(1eU) = (Axid)(ASXH)HU) (X2 X3@ 1). (3.20)
Write f =5 fl® f2 = ZF1®F2 fl=yg'®d? fo=3Mom=yPI®P andU =yUlaU?=
sUl®U2 Forallme M, a,a’ € 2, andd, P € H*, we compute that
(Xtem) e {[X?- (a#$)][X° (o« #Y)]}
= Z( (XY - m)e[(a#X>— ¢)(a' #X3 — )]
= Z( (XY) = m) e [aa’ o, X #(X24¢;a<1>~2)(x34¢’—>~<3)]
= S <(X*—¢dl X ~2><><3 — %), SHYUH F2S(XH)m
(aa<0> )<1> pp) > S(U ) (X )1 = M) < (aa<0>x )<0> pp
L1y = z <,SF 25(U )ZS(S(X )1 )2f2m (1), a<1>2a’<o.1>2>~<i1>2(ﬁ3)2
0°S(aL 1. %))X? >< @, S HFISUYS(S(X 1)1 FEmyy) acas,
0015, %0 1-, (F2)19" (%)) X3 >
S(S(Xl)ZU Z)fl =~ M) < a<o>a’<0 0>X ~i0> ﬁé

(L1iB132]) = Zq)s;l (S(S(X1) (1.0 UL X?)F2f2myy), a<1>2>~<30/<o71> FpS(a’1-))
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WS H(S(S(XY) (12 UsX3)F! flm( 1)

S(S(XHU?) - myg) < aco-X TS Pp)<o- P2
B20B9 = Y osH(sxu? JF22myp),0015,%° )

ws—l(S(XZUlZUl)F f1m(1)1a<l>1 ( )<1>|S§)
SOCUZU?) 1 - mig) < acos X (Pha’) <02 P2

E9IBRD = S ¢sH(su HF2meacss BWS H(SUTUY) FPRimg pyacoa-
(Bpa’)<1-P2)S(UFU?) F1F{ = mg0) < aco0 (PB3a’) <0 Pa

EIIBIN = Y oS HSUHFmyac §)(SU?F' - mg) < aco- ) e (o' #)
(BIDH = [me(a#d)le(d #y).

Similar computations show that

> (heme(hz-(a#9))
= S (S(h) - m)e(aFh, —¢)
= 5 <¢,SHSUY FPS()ompyyaci- BN >
SU?) 1S (hy)1 - myo) < aco- B
z¢§1(S(U 1) f2m(l)a<1> f’;z))sz(h) f- M) < d<o> f’;l)
(BID = he[me(a#9)].

~2 ~ ~
a<1>,X"(al g0 Bp) <15 PP)

P
E
~

Let us next discuss the construction in the converse dimecti

Lemma 3.4 Let H be a finite dimensional quasi-Hopf algebtal,p,®,) a right H-comodule algebra
and M a right(2A #H* H*)-Hopf module. Then we have a functor

H
For M e M;ﬁ‘H G(M) = M, with structure maps (& H, me M, a € 2):
- h=m=S"2?(h)em
- M<a=me (a#e);

- pv: M — M®H is given by
n

pm(M) =5 Mgy @My = _Zl[gl(Vzgz) emle (G5 #S (VI —~ €S @)@ (3.21)
=

where{e };_t; and {€ };_15 are dual bases and

V=SVieVvi=5 s (f’pR) @S (f'pR). (3.22)
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Proof. As in the previous part, the main thing to show is t&M) is an object ofy Mg'f It is then
straightforward to show thak behaves well on the level of the morphisng i€ the identity on the
morphisms).
From the fact tha6 2 is an algebra map, it follows thal is a left H-module via the actiot = m=
S2(h) em. Take the map

i: A—-A#H*, i(a)=aHe
for all a € 2. Theni is injective mapj(1ly) = LB andi(aa’) =i(a)i(a’), for all a,a’ € A. Therefore,
M becomes a righti-module by settingn < a = mei(a) = me (a #¢&), mc M, a € 2. Moreover, it is not
hard to see that, with this structuré, is an (H,2()-bimodule. In order to check the relatiorjs {$.1}-3.3)
we need some formulas due to Hausser and Nill [12, Lemma,hagjely

1eSHhV =Y (h®1)VAS H(hy)), (3.23)
Aid)(V)et =5 XX e 1)(1aV)(id 2 8)(VASHXY)). (3.24)

Also, itis clear that
(¢ —hsS=s"'(h) ~9S ; (h—¢)S=9S-S'(h) (3.25)

for allh € H and$ € H*. Using (1.1]L), it follows that
@9 WS =S [(g" = w— ) (g — ¢ — )]s (3.26)

for all ¢, € H*. Now, for anyh € H andm & M we compute that
> hy - mggp @ homyy,
n .
= ;$2<h1> o[(SHVZg) em)e (G #S (Vg — &S )] @hee
i=

@1 - i[sz<h1>1sl<v292>-m]

|
o(G5 #S 2(h1)2S M (Vg — (€~ hp)S— ) we

n

EOEZ) = 5SS ) e

(G #S (VIS Y(hy)1gh) —~ €S~ @)@ e
BB - 3ISUVRS N em s @RSV < 5B o

= pm(S2(h)em)=pyn(h>m),
and similarly, for anyme M anda € 2
> Moy < aco> @ M(1acrs
n

= Zl[(s_l(vzgz) em)e (q%) #SH(Vigh — ds— qu))] o (aco- #E)®QacL>

1=
n

(B13R1) = Zl(gl(Vzgz) om)
i=
.(q%a<0’0> ﬁgl(vlgl) N (a<l> RN el)S/_ q%a<0’1>) ®a
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EZBEE) - i[&lwzgz)-m] (R ES Vg - dS @)

n

RIIBIY = Zl[(S“l(Vzgzﬁm) (a#e)le(GHS (Vg ~ €S~ GB)we

(B18 = pw(me(a#e))=pu(m=a)

so the relations[(3.3) hold.[ (3.1) is obviously satisfieaustlnemain to checK (3.2) for our structures.
For this we denotef =3 '@ f2, f 1=5g' 0@ =G @G o=@ o @R =y & and
V=3yVi®Vv?=y5Vi®V2 Forallme M we compute that

Xt My 0} @ sz{o 1 ® X3m{1}
(B21B318) = Z {S2(X11S VPG
i,]=1
o[(SH(V2g*) em) e (Gs #S H(VIg!) —~ €S- @)}
o(QL#ES2(XY),SLVIGY — s ) 0 X2 X3
€1y = z {SHVZSH(XM)2G?) o [(STH (V) em) o (G5 #SH(V'G')
s
— (¢ = X%)S— @)} e (5 #S (VIS H(X)1GY)
— (= X)s—Q)eere

COEBEZD - 3 (S VIS )Gk em
IJ:
(G 9l<x3v1v231<X>21G ') — €5 )}
o(QRES Y(X2VIsLX),Gh) ~ s~ QR wejwa

(B24B13) = Z (XISHVACGHY?) em) o (G #X?STH(V5 X Gig') —~ €S

=1
— @) (Qh = X3 YVix'G) ~els— @) we ®e

EOED) - 5 (SHViG)em)e (@S Hgie?) ~ 5@
i,j=
(G ES L(VigiGh) ~els— B)|wej@e
CoED) - z (S 1(V2GR) o ) o [G(G) o £ 7 (S 1V 2gH);S 1(G?) — €S

1
— 0B (Qh)<1-%) (S YV gh S LG —~ s~ Q@R we @ e
ERED) — 3 SV em e {GiKe #SHVigh — (S1(G?) — €S
i,]=1
— SYUI2R%))(SHGY) —~ @S S — BRL twe 0
BT = z [SLV2?) eme ([ #S LV — (2X° ~ & ~ GI)S
i,]=1
(f1%% ~ el GYs— @)X Ee)} we 0
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(B28B19 = i (S (V2% em) e (G5 #SL(V1gh) — (€€)S— @)
()~< ﬁs)@ejx 2eX>

BZ) = I mpg <X @my, X amy,X’
and this finishes the proof. d

We are now able to prove the main result of this Section, gdimérg [[], Proposition 2.3].

Theorem 3.5 Let H be a finite dimensional quasi-Hopf algebra affi, p, ®,) a right H-comodule
algebra. Then the category of two-sidéd, 2l )-Hopf modules, MQ'? is isomorphic to the category of
right (H*,2 #H*)-Hopf modulesm_ .
AH#H*
Proof. We have to show that the functdfsandG from Lemmag 3]3 and 3.4 are inverses.
First, letM € yM}!. The structures oG(F(M)) (using first Lemmd 3|3 and then Lemrhal3.4) are
denoted by-’, <’ andpy,. For anyme M, h € H anda € 2 we have that
h="m=S?h)em=S(S2h))-m=h>m
m<'a=me(a#e)=m=<a
becausq g(UhHU2=ye(f?)fl =1 andy e(my))mo =m, ¥ €(ac1-)aco- = a. In order to prove that
Py = Pm, observe first thay g'S(g?a) = B, Where we writef -1 = 5 gt @ g2. This equality together with
B.IB[LP) and[{T18) implies
Y BgUZegisgiul) = Y pf e S(pl) (3.27)
wherep, = ¥ pt ® p? is the element defined by (T]20). Secondly,sbg *(f2)pf! =S 1(a), ([T9) and
(L.18) we have that
> S(pp) L @ SHFA)S(pL) 2R = oR (3.28)
werey F1 @ F2 is another copy of, andgg is the element defined by (]19). Finally, from (3[27,3.28)
and [L.2B), it follows that
Y S(GU?) R (PRI ® S H(F?PRIGTS(GIUY) F2F (pR)2 = 1© 1. (3.29)
We now compute fom € M that

pm(m) = Zi[gl(Vzgz)'m] (Gp#SH(Vigh) ~es—@)®

) i[swz.cf)»m] (@ #S "(Vig) ~ €S g)we

B1) = Zl<9l (Vigh) — €S8, S HSUM) F2S(V2g?)2m) () <1- BF) >

S(U?) F1S(V2g?)1 = mg) < () <0- 5 @ &
@I = Y SVEGU?) - myg) < (G5)<0- By @V g S(VPGIUY) 2
m(l)(q%))<l> ﬁ;z)s(qu))
B9 = > S(V£geU?) 1 - mg) @ Vgt S(VEgIU ) F2myy
BZREI) = S SGUA R (pR)1 - Mo @ SHFpRIG S(GIUY) F2F3 (pR)2my)
B29 = > mg®my =pm(m).
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and this finishes the proof of the fact tfatF (M)) = M.

Conversely, také/ € MQTE*H We want to show that (G(M)) = M. Denote the lefH-action and the
right A-action onF (G(M)) by o’. Using Lemmas 3|3 ar{d .4, we find, for alE H andm € M:

he' m=S*(h) - m=S2(F(h))em=hem.

The proof of the fact that the rigiX-actione ande’ on M coincide is a somewhat more complicated.

Sincey 2S5 1(f1B) = S(a), (L:9) and [Z18) imply
Y FHipre P2SHF?RpR) = 5 S(af) @ (3.30)
whereq. = 5 g @ ¢ is the element defined by (T}20). Also, by [1.9), (IL.18) ardgis S(g')ag? = S(B)

we can prove the following relation

Y S(GYaLGlg' © oGy = Y S(pR) © S(PR) (3.31)
wherey G! ® G? is another copy of ~. Now, from (B3I, T.1L,3-30,3]31) ar[d (1.23) it followsttha
Y SHFHipRUSE @ SUY) FPSH(F2 3 pR)Ufg = 1@ 1, (3.32)

Therefore, for alime M, a € A and¢ € H* we have that

me' (a#¢)
Bin = Z¢§1(S(U Y f2m~{1}a<1> fJS)S(U 2)ft - Mo} < A<0> ﬁé

n

BZAB:®EZI) = lel(swl)fzaa<l>ﬁ§>52<8<u2>fl>-{Bl(vng)-m]

o[Ga00- (F})<o- #S H(V1gh) — €S Bacor (Bh)<1-]}
= izlcb(a)? 2(SU?) ) e {[SH(V?g%) em] e [Gha00- (Bp)<0>
#SLVigh = (acp PR —~ St SUT) S
— d§a<o,1>(f%)<1>]}
B23B3ABID = Y SAHSUAfY)e{[sSH(V?g*) em]

o[a#SHSUNHFVigh) — ¢]}

BI8LIY) = YIS HVSHSU?)FY)07) em
o[a#SHSUY FAVISTHSU?) f1)1gh) — ¢]

B22LTY) = SIS HS HFIpRUIY)em)
o[a#SHSU) FPS(F?fypR)UTGY) — ¢]

B32) = me(a#¢)

and this finishes our proof. O

If H is afinite dimensional quasi-Hopf algebra ahé a leftH-module algebra then the categow,ﬂ*
is isomorphic to the category of right modules over the snmskuctA#H ([B, Proposition 2.7]). Let
M be a rightA#H-module, and denote the right actiona#h € A#H onm < M by m—(a#h). Following
[B], M is a right(H*, A)-Hopf module, with structure maps
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hem=m—(1#5(h)), mea= " m—[g'S(cR) - a#g’ ()] (3.33)

for al me M, a€ Aandh € H. Conversely, ifM is a right (H*,A)-Hopf module therM is a right
A#H-module, withA#H -action

=Y SHh)e[(SH(aPg?) em) e (S X(algh) - a)). (3.34)

Heregr =y 0k ® 0% 0L = S o ® ¢ and f~1 = 5 g* @ ¢? are the elements defined y (3.19), (1.20) and
(L.18). Combining this with Theorem B.5, we obtain the failog result.

Corollary 3.6 LetH be a finite dimensional quasi-Hopf algebra &fd p, ®,) a right H-comodule al-
gebra. Thenthe categop}ﬂl/[g is isomorphic to the category of rigkfl #H *)#H-modules:)\/[(m#;t Ho
For later use, we describe the isomorphism of Corollarly 8icitely, leaving verification of the details
to the reader.

First takeM € M . The following structure maps mak# c MQ'?:

(AH H )
h>= m=m—((1y #€)#S1(h)) (3.35)
m<a=m—((a#e)#l) (3.36)
pm(m) = Zi[(déﬁs“ Yg?) ~ ds—@us(gh) e (3.37)

forallme M, he H anda € . g, = ¥ 65 © (3 is the element defined ifi (3.7)g } is a basis oH and
{€} is the corresponding dual basistf.
Now takeM € y M. ThenM is a right(2 # H*)#H-module via the action

—[(a#)#h| = Zq)gl 1)0<1> pp)S(h) M) < 8<0> f’;l) (3.38)

In [L4], it is shown that, for a finite dimensional quasi-HapdebraH, the category of right quasi-Hopf
H-bimodulesy 24 naturally coincides with the category of representatiohthe two-sided crossed
productH > H* >< H constructed in[[12]. We will show in Sectih 4 tHat><H* >< H = (H #H*)#H
as algebras.

4 Two-sided crossed products are generalized smash prodsct

Let H be a finite dimensional quasi-bialgebra, &Rdp,®,),("B,A, P, ) respectively a right and a left
H-comodule algebra. As in the case of a Hopf algebra, the Hghbaction(p, ®,) on2l induces a left
H*-action>: H* @2 — 2 given by

doa= z¢(a<1>)a<0> (4.1)

for all € H* anda € 2, and wherep(a) = ¥ a-g- ® a<1- for anya € A. Similarly, the leftH-action
(A, ®,) on ‘B provides a right*-action<: B @ H* — 9B given by

bap =" d(b_y)bp (4.2)
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for all ¢ € H* andb € B, where we now denot®(b) = 3 b|_y ® bjg for b € B. Following [12, Propo-
sition 11.4 (ii)] we can define an algebra structure onkhector space&l ® H* ® B. This algebra is
denoted by > ,H* < 3B and its multiplication is given by
(a>a¢ < b)(a > < b)
Y a(d1>a)%5 > (R = 02 — ) (%5 — Wi = %) o< K (b <)t/ (4.3)
forall a,a’ € 2, b,b’ € B, andd, P € H*, where we writen > ¢ < b for a® ¢ ® b when viewed as an
element ofdl > ,H* < \B. The unit of the algebral > H* >< \*B is 1y > €< 1g3. Hausser and

Nill called this algebra the two-sided crossed product.hia Section we will prove that this two-sided
crossed product algebra is a generalized smash productéetive quasi-smash prod@ct H* and*B.

Proposition 4.1 Let H be a quasi-bialgebra, A a left H-module algebra &d left H-comodule alge-
bra. Let <5 = A® B as a k-module, with newly defined multiplication

(a<b)(@p<b’) = 5 (%) (b - &) p<bjg b’ (4.4)
forall a,a € A andb,b’ € B. Then A< is an associative algebra with urfizp»<1g.

Proof. For alla,a,a” € Aandb,b’,b” € B we have:
[(aw<b)(a'»<b")] (&' »<b")
= Y& -a)(%o_y- )><x3bo]b]( a'p<b’)
= Z[(le ) (3% y2x3 1][’[0 yb_q- ><y3X30]b[oo]b[O]b
@27 = S 9%%26[1 X3P 1 bjo,_1yb]_5-a")]
»<§°%0b10,01blg b”
B8 = Z()Zl-a) (%456 - & )?%)72[10 1b(_qy-@")] )p<X27%bj0 0 b bigb”
@329 - z<i1-a>{< b ) (P _y - &) < g bl b
= 3 (a»<b)[(¥ yzb’ y-a ><y3[a[0]
= (a><b)[(a><b)(a »<b")].

It follows from (2.7), (2.B) and[(T.29) thahk< 1y is the unit forA»<B. O

Remark 4.2 Let H be a quasi-bialgebra amla left H-module algebra. TheH is a leftH-comodule
algebra so it make sense to considex<H. It is not hard to see that in this case<H is just the
smash product#H. For this reason we will call the algebfa<3 in Proposition[ 4]1 the generalized
smash product ok and®8B. In fact, our terminology is in agreement with the termigplaised over Hopf
algebras, se¢|[9] anf] [5].

Let H be a finite dimensional quasi-bialgeb(&f, p, ®,) a right H-comodule algebra andB,A,®,) a
left H-comodule algebra. Then the quasi-smash produgH* is a leftH-module algebra so it makes
sense to consider the generalized smash pra@uétH*)»<B. The main result of this Section is now
the following:

Proposition 4.3 With notation as above, the algebré® # H*)»<B and2 > ,H* >< 5B coincide.
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Proof. Using (), [2-32) and (2-]11) we compute that the multiglan on(A#H*)»<B is given by
[(a #)p<b][(a’ #p)p<b’]
= SK-@#O)[R0 1 (' FY)<Kbig b’
= S (a#% — ) (0 #Lo g — W)»<Fbig b’
= > aalo K5 # (K — ¢ — al 1 K5) (Rb_g) — P — ) p<X3bjg b’
(F1[4.9) Y a(d1>a")% # (K — b2 R5) (%8 — Wy — K3)p<K (b’ a2 b’

for a,a’ €2, b,b’ € B, andd, P € H*. This is just the multiplication rule on the two-sided creds
product > oH* >< 8. d

TakeB = H in Propositior] 4]3. From Remafk }#.2, we obtain:

Corollary 4.4 Let H be a finite dimensional quasi-bialgebra afiif,p,®,) a right H-comodule alge-
bra. Then(A#H*)#H = 2 >1,H* b< oH as algebras. In particulafH #H*)#H = H ><H*p>< H as
algebras.

5 The category of Doi-Hopf modules

Let H be a Hopf algebra over a fiekl A an H-comodule algebra an@ an H-module coalgebra. A
Doi-Hopf module is ak-vector space together with ataction and aC-coaction satisfying a certain
compatibility relation. They were introduced independieby Doi [B] and Koppinen [16], and it turns
out that most types of Hopf modules that had been studieddefere special cases: Sweedler's Hopf
modules [21], Doi’s relative Hopf modulef [8], Takeuchidative Hopf modules[[20], Yetter-Drinfeld
modules, graded modules and modules graded®sat.

Over a quasi-Hopf algebra, the category of relative Hopf uteslhas been introduced and studigd [3],
as well as the category of Hopf-bimodules (se€[T}4]) and the category of Hopf modijeg! (see
[L9]). We will introduce Doi-Hopf modules, and we will showat, at least in the case whéteis finite
dimensional, all these categories are isomorphic to cecaiegories of Doi-Hopf modules.

First we recall from[[B] the definition of a relative Hopf mddulLetH be a quasi-bialgebra a@a right
H-module coalgebra. Lé\ be ak-vector space furnished with the following additional sture:

- Nis arightH-module; the right action di € H onn € N is denoted byh;

- N is a leftC-comodule in the monoidal categofMy;; we use the following notation for the left
C-coaction orN: py @ N— C®N, pn(n) = ¥ n_y ®@Ng; this means that the following conditions
hold, for alln € N:

> &(N_y)ng =n
(A®idy)(pn(n) P~ = (idec @ pn) (Pn(N)) (5.1)

- we have the following compatibility relation, for aille N andc € C:
pn(nh) = z N1 - h; ® N[ h,. (5.2)

ThenN is called a left[C,H]-Hopf module. ¢4 is the category of leffC, H]-Hopf modules; the
morphisms are righiti-linear maps which are also lgft-comodule maps. We will now generalize this
definition.

22



Definition 5.1 Let H be a quasi-bialgebra over a field k, C a right H-modulelgeara and(5,A, ®,)

a left H-comodule algebra. A right-lefH,5,C)-Hopf module (or Doi-Hopf module) is a k-module N,
with the following additional structure: N is righB-module (the right action of on n is denoted by
nb), and we have a k-linear magy : N — C® N, such that the following relations hold, for allaaN
andb € B:

(A®idn)(pn(Nn)) = (idc @ pn) (Pn(N)) Dy (5.3)
(e®idn)(pn(n)) =n (5.4)
pn(nb) = Z N1 - [J[_]_] & n[o]b[o]. (5.5

As usual, we use the Sweedler-type notatioin) = 3 n_y ®@ ng. CM (H)y is the category of right-left
(H,%,C)-Hopf modules and righB-linear, left C-colinear k-linear maps.

Obviously, if8 = H, A = Aand®, = ®, then®M (H)p = CMy.

The main aim of Sectiofj 6 will be to define the category of tiged two-cosided Hopf modules over
a quasi-bialgebra, and to prove that it is isomorphic to autedategory in the finite dimensional case.
To this end, we will need our next result, stating that thegaty of Doi-Hopf modules is a module
category in the case where the coalgdbia finite dimensional. In fact, for an arbitrary rigHtmodule
coalgebraC, the linear dual space @, C*, is a leftH-module algebra. The multiplication &f is the
convolution, that igc*d*)(c) = 3 c*(cy)d*(c2), the unit ise and the leftH-module structure is given by
(h—c")(c)=c"(c-h),forhe H,c",d* € C*, ceC. ThusC* is a leftH-module algebra an@B,A, ®, )

is a left H-comodule algebra. By Propositign 4.1, it makes sense tsidenthe generalized smash
product algebr&*p<‘B.

Proposition 5.2 Let H be a quasi-bialgebra, C a finite dimensional right H-miedcoalgebra and
(B,\, ®,) aleft H-comodule algebra. Then the categby( (H)s of right-left (H,2,C)-Hopf modules
is isomorphic to the categor/c-p o3 Of right modules over G<B.

Proof. We restrict to defining the functors that define the isomanphof categories, leaving all other
details to the reader. Lét; },_1+ and{c'},_i7 be dual bases i@ andC*.

LetN be a rightC*><£B-modu7Ie. Sincé : B — C'p<3, i(b) = ew<b for b € B, is an algebra map,
it follows that N is a right8-module via the actiomb = ni(b) = n(em<b), n€ N, b € B. The map

j: C*—=C'»<B, j(c') =c'p<ly, c* € C*, is not an algebra map (it is not multiplicative) but it can be
used to define a left-coaction onN:

n n

pn(n) =D Ny ®@ng = _ZlCi ®nj(c’) = ZlCi @ N(C'r<lp). (5.6)

We can easily check that becomes an object iV (H) .
Conversely, tak&l € 4/ (H)q. ThenN is a rightB-module andC* acts onM from the right as follows:
letnc =3 c*(n_y)ng, n€ N, ¢ € C*. Now define

n(c’»<b) = (nc")b = ZC*(n[_l])n[o]b. (5.7)

ThenN becomes a right*»<B-module. g

6 Two-sided two-cosided Hopf modules

Now we define the category of two-sided two-cosided Hopf niesif MIQ. If H is finite dimen-
sional, then this category is isomorphic to a certain caiegbright-left Doi-Hopf modules®M (H ®
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HOIO)(A By As a consequence, @ is also finite dimensional then this category is isomorpbithe
category of right modules over a generalized smash probyd®ropositior{ 5]2.

Definition 6.1 [[[3, Definition 8.2]. Let H be a quasi-bialgebra. An H-bicodute algebraA is a
quintuple (A, A, p, ®,, Py, ®, ,), whereA and p are left and right H-coactions oa, and where®d,
HoH®A, ®pc A®H®H and ®rpeHRA®H are invertible elements, such that

- (A N\, ®,) is a left H-comodule algebra,
- (A,p,®p) is aright H-comodule algebra,

- the following compatibility relations hold, for all @ A:

Prp(A@id)(p(a)) = (id @ p)(A(a))Pprp (6.1)
(11 @ Prp)(Id @A RId)(Prp)(Pr @ 1) = (id ©id @ p)(Pr)(A®id @id)(Py p) (6.2)
(I @Pp)(Id@p@id)(Py ) (Prp®14) = ((dRIdRA) (P ,) A ®id @id)(Pp). (6.3)
It was pointed out in[[12] that the following additional réééas hold in arH-bicomodule algebra.:
(IdH ®Ridy ® 8)(q3)\.p) =141 ®1,, (€® idy ® idH)((D)\.p) =1, ®14. (6.4)

As a first example, takd = H, A = p = A and ®), = @, = &, , = ®. Related to the left and right
comodule algebra structures &fwe will keep the notation of the previous Sections. We wik tise
following notation:

D=y Q0?00 =30 90 00 =etc
and

P r=>0otee’=YReowew =etc
If H is a quasi-bialgebra, then the opposite algébtRis also a quasi-bialgebra. The reassociatdd &f
IS ®gp = ®~1. H®HO s also a quasi-bialgebra with reassociator

Prnor = 5 (XT@x") @ (X2 @x%) @ (X @x). (6.5)

If we identify H ® H°P-modules andH, H )-bimodules, then the category @fi,H )-bimodulesy My, is
monoidal. The associativity constraints are giverafgyyw : (U @V) @W — U @ (V @ W), where

duvw((UV)@W) = (U® (Vvow)) - &1 (6.6)

forallU,V.W € yMy,ucU,veV andw e W. A coalgebra in the category 0H,H )-bimodules will
be called arH-bimodule coalgebra. More precisely, HRbimodule coalgebr€& is an(H,H)-bimodule
(denote the actions bly- ¢ andc- h) with a comultiplicationA: C — C®C and a counig: C — k
satisfying the following relations, for all €« C andh € H:

®- (A®id)(A(c) - @~ = (id ©A)(A(c)) (6.7)
é(hC) = Zhl-Cl(X)hz'Cg, é(Ch) = ZCl'h]_@Cg-hz (6.8)
(h-) = e(Ne(c), £(c-h) =£(c)e(h) (6.9)

where we used the same Sweedler-type notation as beford-#module coalgebr& becomes a right
H ® H°P-module coalgebra via the right ® HP-action

c-(h@h’)=h.c-h (6.10)

for ce Candh, € H. Our next definition extends the definition of two-sided teasided Hopf modules

from [[L9].
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Definition 6.2 Let H be a quasi-bialgebra(A,A,p,®),P,, P, ;) an H-bicomodule algebra and C an
H-bimodule coalgebra. A two-sided two-cosidétl A,C)-Hopf module (or crossed Hopf module) is a
k-vector space with the following additional structure:

- Nis an(H, A)-two-sided Hopf module, i.e. Ny M}; we write - for the left H-action,< for the
right A-action, andpl (n) = > N(o) ® N(y) for the right H-coaction on & N;

- we have k-linear mapﬁ - N—=C®N, pﬁ(n) = Y N_1y ® N[, called the left C-coaction on N,
such thaty g(n_y)ng = n and

P(A®idy)(p§(N) = (ide ® PR)(PR(N)) DA (6.11)

foralln e N;

N is a(C,H)-“bicomodule”, in the sense that, for all & N,

P(py ®idw) (PN (N)) = (idec ® pR) (PN (M) Pa (6.12)

the following compatibility relations hold

pG(h>=n) = Y hi-ny®@hp = ng (6.13)
pN(N(n<a) = > N8 ® N < &g (6.14)

forallh e H, ne N and ac A.

EMAH will be the category of two-sided two-cosided Hopf modules maps preserving the actions by
H and A and the coactions by H and C.

Let H be a quasi-bialgebra) an H-bicomodule algebra and an H-bimodule coalgebra. Let us call
the threetuplgH, A,C) a Drinfeld datum In the rest of this Section we will show thathf is a finite
dimensional quasi-Hopf algebra then the above cateﬁcjlfgg| is isomorphic to a certain category of
Doi-Hopf modules. To this end, we first need some lemmas.

Lemma 6.3 LetH be afinite dimensional quasi-Hopf algebra d&dA, p, @), ®,, ®, ;) an H-bicomodule
algebra. Consider the map

0: (AFH)#H - (HRH%) @ (A #H")#H

given by ~ ~
O((a#)#h) =S a1 W' @ Sy’hy) ® (A w” #y" — ¢ — 00 )#y’hy (6.15)

forany ac A, ¢ € H* and he H, WhereCDA‘j) =YW@ w®w. Set
O = 3 (X @ ¢'S4)) © (X5 @ ¢?S0¢)) @ (X3 #e)ixt (6.16)

where f1 = 5 g'® ¢? is the element defined ifi (1 16). Th@i #H*)#H,0,d;) is a left Ho HOP-
comodule algebra.
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Proof. We first show thafl is an algebra map. Using (1]30) arjd (2.11) we can easily shatthe
multiplication on(A #H*)#H is given by

((@a#¢)#h)((a #y)#')
= Yad o GHKX = ¢ — a1 %)y — P R)cChoh (6.17)

foralla,a@ € A, ¢, € H* andh,i¥ € H. Therefore

O(((a#)#h) (@ ﬁlﬂ)#h/))
= Sagao , (%) 10 @Sy hh) ® [agalo. o (%5)j0 o
#(yixt — ¢ —al_; KBw3) (ypxehy —  — ><f;oo2 #y2x3h 20)h
Y & yalo., , B'w @Sy xCho ) ® [agale. o]‘*) Pwlo. Xy
#(Z'y — ¢ — a1 Wl K5) (Zyixthy — P — PR3 [#ZyexPh o 1)
EILD = Ya od 1]00 ' ® S(Y°h2) -0p SOCH,) ® (a0 @ (algy W) <05 %5 # Zlyl
— ¢ (el 0°) <1 %) (PYiha Xt — W — %) [#2y3h (1 2Ny
k1Y) = Za[fl(*) a_qo L@ S(y*hy) 0p S(CH) @ [(ag @ #Z'Y — ¢ — &)
(2l 0 #ZYih g X" = P — &) #2Y5h 23Ny
@30 = Y a y@'a 0 @Syh) opSHCh) @ [(ag@ Byt — ¢ — & )#y’h]
[(Blg P #x" — P — 0]
= O((@#o)#h)d((a #y)#n')

where-qop is the product inHP. Obviously[l respects the unit element ar{d {2.7) holds.] (2.5) can be
proved using similar computations as above and is left toghder. Using the notation

B3L3

Oy = Zf(é 2 X5 @X3 =etc
we can compute

(id®id ©0)(Pn ) (A®id @id)(P0)
= z<>~<i®gls<x3>><m> ® GISy?)1) @ (%3 © ¢°SH8))
(Y GISy?)2) @ ((5%5) 1 ©S(x8)) (Vs © G2S(y?))
®[((XA)[0] #e)#xl] Wi‘ o)y
ETOL3 = &K E196g'sy ) e xx (Y3)2® GIPS(Zy3x))
((Xi)[ 1YA®623(22Y2X X)\)[O]Y)\ #e)Hz'y'|
EBMIETY = S Wx'exg'sy’)e X)\(Y)\)1X2®X 01G'S(Z3))
D% (V3)2X° 0 CBG?S2YR)) @ (KoY Be)#zy]
ED) = YFredsy) X ext)e (% @GS (V1)@ g#sy?))
(X20x%) @ (%3 © G*S(2))(Y3)2© BBS(y2)2) (X° @)
2[(Xx BeZ][(Vx Fe)ty]
B3 = (1h®Pn)(id ®AngHor ®id) (P ) (PrgHe @ 1)

26



wherey G ® G? is another copy of ~! and1 = (1, #¢)#14 is the unit of the algebréA #H*)#H. O

LetH be a finite dimensional quasi-Hopf algebfa, A, p, ®,, @y, @, ;) anH-bicomodule algebra ar@
anH-bimodule coalgebra. By Lemnfia .3, we can consider the oatexf Doi-Hopf module$ M (H ®
H°P) AFHoyH We will prove that it is isomorphic to the category of twalsil two-cosided Hopf

modules M}
Lemma 6.4 Let H be a quasi-Hopf algebra ar(dH, A,C) a Drinfeld datum. We have a functor

- CasH Cc op —_

F(N) = N as a k-module, with structure maps given by the equations

n—((@#)#h) = Y 0S5 (f2nwaci- i)Sh) f* - ng < aco- (6.18)
f)ﬁ(n) = Z N1y ®Ngoy = Z fl. -1 ® f2 N(o) (6.19)
forallne N,ac A, ¢ € H* and he H. F sends a morphism to itself.

Proof. SinceN is a two-sided(A, H)-Hopf module, we know by[(3.88) that is a right (A #H*)#H -
module via the action defined bly (6.18). LgFl® F2 be another copy of. For anyn € N, we have
that
(A®id) (PR (n)®g*
BI8 = S niy,-EBeSXFHon gy, (Ko SX?)F?)
@njop—[(% #e)X]
BIOBIY = SR (frn_y)1-HeSXHF? (fn_q)2- %
®S(Xl) f2 - n[o] < )?‘;’
B9 = YSOOFHL-n gy, -{eSXAF g, X
®S(X1) 2 - Ny < )?i
EIIYEIY = 3 oy ®@F oy ®F?fF - npg
= Y g @F (f2-ng) Ly ©F2 - (f2-ng)p

B =
ED = 3neyeFng , ®F - ng,
(E-19

= (idc @ pR) (PR (N))-
We still have to show the compatibility relatiop (5.5). Fiobserve that(3.6)[ (8.3) and (L.5) imply
Y ON(Pp) -y ® QA (PR © Q°F = S w @ wlo. By @ Wl FES(w). (6.20)
Forallne N,ac A, ¢ € H* andh € H we compute that
PR (n—((a#¢)#h))

(B18619) = 3 ¢S H(fnmace-B3)F"- (S =g < aco-Bp)i-y
®F2 - (S(h)f* = ng) < a<o=BY) g

BI3LIY) = 3 ¢S H(fPnmaces B3)Sh2)F LN, -acos , (Bp)-y
®S(h1)F?f3 > g, < aco4 (Bp)g
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BD = SosHfPnyw’ag.,. Q°F)S(h)F i ne) - w'a yQ (B q

©S(h)F2f3 = ng), < &’ag_,. Q*(Bp)o

(20612 = Zd’gl(fzxan[o]<l>a[0]<1>‘*’2<1> peS(w®))S(hp)FHfixt - ni_yg - a_ g0t
®S(h1)F? 1% = N, < &g, W0 P

EIETY = Y (=0~ &’)SHFfng, ag.,. 01 B2)SOCh) f-n_y-a ot
©S(h)FHE - N, < &g, 00 B
€13 = S ¢ — ) SHF?(f2 - ng) (o)., W21 F3)

S(xChg) 1 n_g - Ao @ S F = (2 nig)) (o) < @0y, WEos B

BB = 31 nyfayw'oSkh)

@(f2 >n[o]) (a0 #XE — & — w*)#xhy]
BT/IH = py(MO((a#d)#h)

completing the proof. O

Lemma 6.5 Let H be a finite dimensional quasi-Hopf algebra gitl A,C) a Drinfeld datum. We have
a functor

. C op _ HC H
G: *"MH®H )(A#H*)#H HM -
G(N) =N as a k-module, with structure maps given by
h-n=n—[(1y #e)#S1(h)], n<a=n—[(a#e)#1y], (6.21)
n
PN N—=N®H, pH(n Zim_ (G A#S Y —~ds— @Rs (g ®e, (6.22)
|
pN N—-C®N, pN( ) = Zg n_ 1]®g = N (6.23)

forne N, ac A and he H. Here{e };_17 is a basis of H ane[ei}i:ﬁ is the corresponding dual basis
of H*. G sends a morphism to itself.

Proof. SinceN is a right (A #H*)#H-module, we already know by (3]35) ar{d (3.37) thits a two-
sided(A,H)-Hopf module via[(6.31) and (6]22). Thus we only have to chgckl), (6.1p) and (6.1.3).

. C _ . .
First note thalN € *M (H ® HOF’)(A#_LH%H implies
2 N1 ® Mo, -1 @ Mg, 9
Y SOC) Fny, K @ S(X?) 2Ny, - % @ g [(% #e)#X] (6.24)
S {n—[(a#dp)#h]} g ® {n<—[(a#8)#h]}[o1
Z S(Xshz) ‘N_g - g w' ® n[0]<—[(a[o] w’ #xt — ¢ — 0)3)#X2h1] (6.25)

forallne N,ac A, ¢ € H* andh € H. By the above definitions anfl (6]25) it is immediate that
Py (h=n) =A(h)pS(n) and pf(n<a) = pS(n)pa(@) (6.26)

forallhe H, ne N anda < A (we leave it to the reader to verify the details). I{&Bl ® G? be another
copy of f~1. We compute that

d(A®idy) (PN (N))
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EZY = YXL(ghmog)i®X?(g" )20 X - ng
2D = Y X'gr-n_y, ©X3g5-n_y, @ ng—[(1y #e)S (X))
B246ID = I X'glG'S() niy K@ X*gBG*SA) no_y - K;
@Nog —[(X3 Fe)HS L(X3g2S(x)))
@CIETY = Yg' n gy K @ddGh ng_y-%;
@ngg—[(Xx #e)#S 1(g3GY)]
B2 = Zgl'n[fl]'Xi®ng1-n[o,,l]-)~<§®g§G2>n[Q0]<)~(§

The verification of [6.7]2) is based on similar computatiarg] we leave the details to the reader. O

As a consequence of Lemmfas]6.4 &ngl 6.5, we have the follovesgrigtion of5 MA as a category of
Doi-Hopf modules; this description generalizEs [1, Prajpms 2.3].

Theorem 6.6 Let H be a finite dimensional quasi-Hopf algebra aftl, A,C) a Drinfeld datum. Then
the categorie§; M and®M (H ® H) 4 % -y 2T€ IsOMOrphic.

Proof. We have to verify that the functos and G defined in Lemmag 6.4 ar{d b.5 are inverses. For
the C-coactions [(6.79) and (6]23), this is obvious; for the otfteuctures, it has been already done in

Corollary[3.b. O

Propositior] 5]2 and Theorem .6 immediately imply the fsifay result.

Corollary 6.7 Let H be a finite dimensional quasi-Hopf algebra attl, A,C) a Drinfeld datum with
C finite dimensional. Then the categc?_\[y\/llg4 is isomorphic to the category of right modules over the
generalized smash product &< ((A #H*)#H).

Remark 6.8 Let H be a finite dimensional Hopf algebra. Cibils and Rog$o [Gpumticed an algebra
X=(H°®H)®(H*®H*P) having the property that the category of two-sided two-aediHopf mod-
ules overH* coincides with the category of leX-modules. Moreover, it was also proved jih [6] thét

is isomorphic to the direct tensor product of a Heisenbergbtoand the opposite of a Drinfeld double.
Recently, Panaitd [].8] introduced two other algebfa@ndZ with the same property a$. More pre-
cisely, Y is the two-sided crossed produdt#(H @ HOP)#H*°P, andZ is the diagonal crossed product
in the sense of[[12J(H* ® H*°P) x (H ® HP). Using different methods, we proved that the category
of two-sided two-cosided Hopf modules over a finite dimenalayuasi-Hopf algebra is isomorphic to
the category of right (resp. left) modules over the genegdlismash product = H*»<((H #H*)#H)
(resp.4°P). Note that, in general, the multiplication @i»<((A #H*)#H) is given by the formula

[c* (( a# §)#h)][d"w<((a #)#)]
Z (R — ¢ — S(X3) ) (Ray_gw' — d* — SX2Chy) F2)e<{[Kag w’a_ . &
#(X YlX —~¢—w a<1>>?p2>)(x(1172)y2><§h(1,1) — P R3)#X3y*xGh 1 )N}
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