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Higher Derivations on Lie Ideals
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Abstract. In this paper we present a brief proof of a recently proved result ([5],
Corollary 1.4). The main result states that if R is a prime ring of characteristic
different of 2 and U is a Lie ideal of R where U ¢ Z(R), the center of R, u® € U
for all w € U, and D is a Jordan higher derivation of U into R, then D is a higher
derivation of U into R. This result extends ([1], Theorem).

1. Introduction

Let R be a ring not necessarily with an identity element. An additive subgroup U
of R is said to be a Lie ideal of R if the commutator [u, 7] = ur — ru € U for every
u € U and r € R. Tt is easy to see that every bilateral ideal A of R is a Lie ideal of
R.

The relationship between usual derivations and Lie ideals of prime rings has
been extensively studied in the last 30 years. In particular, when this relationship
involves the action of the derivations on Lie ideals. Many of these results extend
other ones proven previously just for the action of the derivations on the whole ring.
We have interest in investigating the action of the higher derivations on Lie ideals
of prime rings.

We will consider central and noncentral Lie ideals from a different approach.
There is a particular interest in Lie ideals U such that u?> € U for every u € U.
Such a distinction already appears in several papers involving usual derivations and
Lie ideals ([1], [2], [8])-

In 1984, Awtar ([1], Theorem) extended to Lie ideals a well-known result proved
by Herstein concerning derivations in prime rings ([7], Theorem 3.1). In fact, Awtar
proved that if U is a Lie ideal of a prime ring R of characteristic different of 2 such
that u? € U for every u € U and d : R — R is an additive mapping such that d |¢/
is a Jordan derivation of U into R, then d |¢ is a derivation of U into R.

In ([5], Corollary 1.4) we have generalized this result to higher derivations, by
using Jordan triple higher derivations. The main purpose of this paper is to present
a brief proof of the above result.

1Partially supported by Fundacio de Amparo i Pesquisa do Estado do Rio Grande do Sul
(FAPERGS, Brazil).
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2. Definitions and Main Result

Throughout this paper R is a ring with center Z(R) and U is a Lie ideal of R. Also,
IN denotes the set of natural numbers including 0, and D = (d;);c v is a family of
additive mappings of R such that dy = idg.

In the main result of this paper we assume that the Lie ideal U is not contained
in Z(R) and u? € U, for every u € U. A Lie ideal of this type will be called an
admissible Lie ideal. We begin with the following

Definition 2.1. If U is a Lie ideal of R, then D is said to be:

a higher derivation (HD, for short) of U into R if for every n € IN we have
dp(ab) =32, j—p di(a)d;(b), for all a,b € U;

a Jordan higher derivation (JHD, for short) of U into R if for every n € IN we
have dy,(a®) = 3, ;_, di(a)d;(a), for alla € U.

We prove the following:

Theorem 2.1. Let R be a prime ring of characteristic different of 2 and U an
admissible Lie ideal of R. Then every JHD of U into R is a HD of U into R.

3. Prerequisites
The following well-known result will be used in the paper ([2], Lemma 4).

Lemma 3.1. Let R be a prime ring of characteristic different of 2 and U a Lie
ideal of R with U ¢ Z(R). If a,b € R and aUb =0, then either a=0 or b = 0.

Assume that U is a Lie ideal satisfying the condition u? € U, for every u € U.
For u,v € U, (uwv +vu) = (u + v)? — (u? + v?) and so uwv + vu € U. Also,
[u,v] = uv —vu € U and it follows that 2uv € U. Hence 4duvw = 2(2uv)w € U, for
every u,v,w € U. This remark will be freely used in the whole paper.

The following lemmas can be found in ([5], Lemmas 2.2 and 2.3).

Lemma 3.2. Let R be a 2-torsion-free semiprime ring (resp. prime ring) and U
an admissible Lie ideal of R. If a,b € R (resp. a € U and b € R) are such that
axb+ bra =0, for every x € R (resp. © € U), then axb = bxa =0 for every x € R
(resp. a =0 orb=0).

Lemma 3.3. Assume that R is a 2-torsion-free semiprime ring (resp. prime ring)
and U is an admissible Lie ideal of R. Let G1,Ga,...,G, be additive groups,
S:Gi1xX...xG, > Rand T : Gy X ... x G, = R mappings which are additive
in each argument. If S(ai,...,an)xT(a1,...,an) = 0, for every v € R (resp.
x €U), a; € Gy, i = 1,2,...,n, then S(ai,...,a,)xT(b1,...,b,) = 0, for every
x € R, a;,b; € Gy, i = 1,2,....n (resp. S(a1,...,a,) = 0, for every a; € Gy,
i=1,2,...,n, or T(by,...,b,) =0, for every b; € G;, i =1,2,...,n).
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For elements a,b € R we put [a,b] = ab — ba.
The following result was proved in ([8], Lemma 7).

Lemma 3.4. Let Uy, Us be Lie ideals of R with [U1,Us] C Z(R). Then either
U, C Z(R) or Us C Z(R)

4. Proof of Theorem 2.1

Throughout this section R is a ring, U is a Lie ideal of R and D = (d;)iemn is a
JHD of U into R.

Lemma 4.1. For every u,v,w € U and for n € IN, we have:
(i) dn(wv +vu) = 37 i, di(u)d; (v) + di(v)d; (u);
(i) dn(uou) =375 54 gy di(u)d;(v)dg(u);
(iti) dn(uvw +wou) =370 (di(u)d;(v)de(w) + di(w)d; (v)dy (u).

Proof. The proofs of (i) and (ii) are similar to the corresponding proofs in ([5],
Lemma 3.1).
(i) Put v = dp((u + w)v(u + w)) and compute it by using (ii). It follows that

y= Y diwd;)di(w)+ D di(u)d;(v)di(w)+

i+j+k=n i+j+k=n
> di(w)d;()di(u) Y di(w)d;(v)dy(w)
i+j+k=n i+j+k=n

Also v = dy, (wvu) + d, (wow) + dy, (uvvw + wou) =
Y di(wydi)di(u) + Y di(w)d;(v)dg(w) + dn (wvw + wou).
itj+k=n itj+k=n

The result follows comparing both expressions. [ |
For every JHD D = (d;);e of U into R we put

@n(u,v) = dy(uv) — Z d;(u)d;(v), for every u,v € U and n € IN.
i+j=n

Note that ¢, (u,v) = 0, for every u,v € U and n € IN if and only if D is a HD
of U into R.

The proof of the two next lemmas are similar as the one in ([5], Lemmas 3.2,
(i), and 3.3).

Lemma 4.2. ¢, is additive in each arguments. Also, for every u,v € U and
n € IN, we have v, (v,u) = —pp(u,v).
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In what follows R is a prime ring of characteristic different of 2 and U is a Lie
ideal of R with u? € U, for every v € U. We give only a sketch of the proof of the
next lemma.

Lemma 4.3. Let n € IN be and assume that u,v € U. If py(u,v) =0 for every
m < n, then on(u,v)wlu,v] + [u, v]we, (u,v) = 0, for every w € U.

Proof. Take w € U. Then 2wu, 2uv,2vu € U and also 4uwu, dvwv € U.
Let v = 4(uwvwovu + vuwuv) = u(dvwv)u + v(duwu)v. Using (ii) and (iii) of
Lemma 4.1 we easily obtain

dn(y) =4 (di(uw)d; (v)dy (w)dp (0)dy (u) + di (v)d; (w)dy (w)dp (u)di (v)),

where n =i+ j+ k+ h+1, and d,(y) = dn((2uv)w(2vu) + (2vu)w(2uv)) =

4 Z ((d, (uwv)ds (w)di (vu) + d (vu)ds(w)de (uv)).
r+s+it=n

By the inductive assumption we can substitute d,(ab) for -, ,_,
r < n, for a = u,v and b = v,u. Thus an easy computation gives

Y (di(w)d;(v)di (w)dn (0)dy(u) = D" (dr(uv)ds(w)dy(vu)) =

n=n r+s+t=n

di(a)d;(b) when

—(n (u, v)wou + vvwe, (v, u)).

Thus comparing both expressions of d,, () we obtain
©n (U, V)wou + vvwe, (v, u) + ©n (v, w)wuw + vuwe, (u,v) = 0.
Finally, since ¢, (v,u) = —¢n(u,v), the result follows. [ |

All is prepared for the proof of the main result of this paper.

Proof of Theorem 2.1. Let U be admissible and D a JHD of U into R.

By definition, for any u,v € U we have ¢go(u,v) = 0. Also, by ([1], Theorem),
p1(u,v) =0, for every u,v € U. We proceed by induction.

Assume that ¢, (u,v) =0, Le., dn(uww) = Y d;(u)d;(v), for all u,v € U and

i+j=m

m < n. Take u,v € U. By Lemma 4.3 we have ¢, (u, v)w[u, v] + [u, v]wen (u,v) = 0,
for every u,v,w € U. It follows from Lemma 3.2 that ¢, (u,v)w[u,v] = 0, for
all u,v,w € U. Thus Lemma 3.3 implies that ¢, (u1,v1)w[us,ve] = 0, for every
w,ui,v; € U, i = 1,2. The proof can easily be completed using Lemma 3.1 and
Lemma 3.4. n

Remark. The result proved in ([1], Theorem) also holds for Lie ideals contained
in the center of R. Actually, in this case the Theorem is trivial. We were unable
to answer the question on whether the corresponding result is also true for higher
derivations.
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Resumo. Neste artigo apresentamos uma prova direta e mais curta de um resul-
tado que recentemente provamos ([5], Corollary 1.4). O teorema principal estabelece
que se R é um anel primo de caracteristica diferente de 2 e U é um ideal de Lie de
R tal que U ¢ Z(R), o centro de R, u® € U para todo u € U, e D é uma derivacio
de Jordan de ordem superior de U em R, entdao D é uma derivacdo de U em R.
Este resultado estende ([1], Theorem).
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