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0. Introduction

Weak Hopf algebras have been proposed recently [1, 2, 18] as a generalization of Hopf
algebras by weakening the compatibility conditions between the algebra and coalgebra
structures of Hopf algebras.

Similarly to weak quasi Hopf algebras [11] and rational Hopf algebras [19, 8] the
comultiplication is allowed to be non-unital, A(1) = 1M ®1®3) £ 1®1, but in contrast the
comultiplication is coassociative. In exchange for coassociativity the multiplicativity of the
counit is replaced by a weaker condition: £(ab) = £(a1™M)e(1(®b), implying that the unit
representation is not necessarily one-dimensional and irreducible. Similarly to weak quasi
and rational Hopf algebras they can possess non-integral (quantum) dimensions even in the
finite dimensional and semisimple cases, which is necessary if we would like to recover them
as global symmetries of low-dimensional quantum field theories. In situations where only
the representation category matters these two concepts are equivalent. Nevertheless, finite
dimensional weak Hopf algebras (WHA) obey the mathematical beauty that, similarly to
finite dimensional Hopf algebras, they give rise to a self-dual notion: the dual space of a
WHA can be canonically endowed with a WHA structure. For a recent review, see [12].

Here we continue the study [2] of the structural properties of finite dimensional weak
Hopf algebras over a field k. The main results of this paper are:

1. The generalization of the Larson-Sweedler theorem [10] to WHAs claiming that a
finite dimensional weak bialgebra is a weak Hopf algebra if and only if it possesses a
non-degenerate left integral.

2. The characterization of inequivalent invertible modules of WHAs through left /right
grouplike elements in the dual WHA and the proof of the semisimplicity of invertible
modules, which include the unit module serving as a monoidal unit in the monoidal
category of left (right) modules.

3. A finiteness claim about the order of the antipode (up to an inner automorphism by a
grouplike element in the trivial subalgebra) and the derivation of the Radford formula
[15] in a weak Hopf algebra A: S%*(a) = ¢ — s 'as — S~1(0), a € A, where S (S)
is the antipode in A (fl), and s and o are distinguished left grouplike elements in A
and in the dual WHA A, respectively.

We note that it was established in [2] that WHAs are quasi-Frobenius algebras. Result
1 implies that they are Frobenius algebras. Grouplike elements in a WHA were introduced
in [2], the modules associated with them were studied in [13]. However, this notion of
grouplike elements in a WHA is too restrictive, for characterization of invertible modules
in Result 2 one has to introduce the less restrictive notion of left /right grouplike elements.
Result 3 was proved in [13] for the special case when the square of the antipode is the
identity mapping on the left subalgebra A% of the WHA A.

The organization of the paper is as follows. In Section 1 we review the axioms and the
main properties of weak bialgebras (WBA) and weak Hopf algebras. Here and throughout
the paper they are considered to be finite dimensional. Section 2 is devoted to the au-
tonomous monoidal category of modules of a WHA and to properties of the unit module
including semisimplicity. In Section 3 we prove a structure theorem for multiple weak Hopf
modules and establish the semisimplicity of the modules spanned by integrals of a WHA.
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Section 4 contains the generalization of the Larson—Sweedler theorem to the weak Hopf
case. In Section 5 we reveal the connection between invertible modules of a WHA A and
left /right grouplike elements in the dual WHA A and prove that invertible modules are
semisimple. Section 6 contains the definition and some basic properties of distinguished
left /right grouplike elements, the derivations of the form of the Nakayama automorphism
0x: A — A corresponding to a non-degenerate left integral A € A and the Radford for-
mula. We prove also here the already mentioned claim about the order of the antipode
and unimodularity of the double of a WHA. In Appendix A we give a simple example of
a WHA in which the order of the antipode is not finite. Finally, Appendix B contains the
generalization of the cyclic module to weak Hopf algebras containing a modular pair of
grouplike elements in involution.

1. Preliminaries

Here we give a quick survey of weak bialgebras and weak Hopf algebras [2]. We restrict
ourselves to their main properties, however, some useful identities we use later on are also
given.

1.1 The axioms

A weak bialgebra (A;u, p; e, A) is defined by the properties i-iii):
i) A is a finite dimensional associative algebra over a field k¥ with multiplication u: A ®
A — A and unit u: k — A, which are k-linear maps.
ii) A is a coalgebra over k with comultiplication A: A — A ® A and counit e: A — k,
which are k-linear maps.
iii) The algebra and coalgebra structures obey the compatibility conditions

A(ab) = A(a)A(b), a,be A (1.1a)
e(abM)e(bP¢) = e(abe) = e(ab®)e(dMe), a,b,ce A (1.1d)
10 21109 1@) = 10 1@ 16) = 11 g 10913®) g 1) (1.1c)

where (and later on) ab = p(a,b),1 := u(1) and we used Sweedler notation [17] for
iterated coproducts omitting summation indices and a summation symbol.
A weak Hopf algebra (A;u, p;e, A; S) is a WBA together with property iv):

iv) There exists a k-linear map S: A — A, called the antipode, satisfying

aW8(a®) =(1Wa)1®), (1.2a)
S(aM)a® =1We@1®), ae A (1.20)
S(aM)a®S(a®) = S(a), (1.2¢)

WBAs and WHAs are self-dual notions, the dual space A= Homy (A, k) of a WBA

A

(WHA) equipped with structure maps , fi, £, A, (S) defined by transposing the structure

A

maps of A by means of the canonical pairing (, ): Ax A — k gives rise to a WBA (WHA).
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1.2 Properties of WBAs
Let A be a WBA. The images AX/® = ML/E(A) = TTX/E(A) of the projections
L/E: A — A and TIX/B: A — A defined by
5 (a) ;== e(1Wa)1®,  1F(a) := 1We(a1®),

_ _ ac A 1.3
1 (a) := e(a1M)1®, 1f(a) := 1We(1®q), (13)

are unital subalgebras (i.e. containing 1) of A that commute with each other. A* and A%
are called left and right subalgebras, respectively. The image A(1) of the unit is in AR ® AF
and the coproduct on AY/F reads as:

At =1Yet 01, 2t el A@Ef)=1Y oM, feal (14)

Hence, A¥ and AT are left and right coideals, respectively, and the trivial subalgebra
AT .= ALV AR C A generated by AL and A]f is a subWBA of A.
The maps kr: ALY — AR and kp: A" — AL given by Sweedler arrows

pp(al) =2l =1, k(@) =1 — 2B PR e pAL/R (1.5)

are algebra isomorphisms with inverses ~g and £r, respectively. Moreover, for all ¢ €
Azt e AV R e AR
ol — o= (2l = 1)y, o —al =1 — 28,

. R (1.6)
:CR4<,0:<,0(33R41), gp/—xR:gp(lf—xR).

The restrictions of the canonical pairing to AL/R x AL/R (four possibilities) are non-

. _ ~R/L
degenerate. The maps ITX/% and IIX/8® (IIX/F and II ) are transposed to each other
) A R/L ac€A e A (1.7)
1T )

and due to (1.1c) they obey the identities

HR(a(l)) ® a(2) — 1(1) ® a1(2), ﬁR(a(l)) ® a(z) — 1(1) ® 1(2)(1,

oV ® I (a®) = 1We1®, Mg (0@ = a1® © 1), ac A (1.8)

Defining ZL/F .= AY/ENnCenter A and Z := A¥N A" the restrictions of Kr/R tO ZL/E and
Z lead to the algebra isomorphisms Z%/1% — Z and Z — ZR/L, respectively. Hence the
hypercenter H := Z N Center A = ZNZ = Z% N Z of A is isomorphic to the hypercenter

H of A via the restriction of k1, or kg to H.
The space of left/right integrals T*/® in A is defined by

I" :={l € A|al =T1"(a)l,a € A}, I .= {r ¢ A|ra=rlI1%(a),a € A}. (1.9)
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1.3 Properties of WHAs

Let A be a WHA. The antipode S, similarly to the case of Hopf algebras, turns out
to be invertible, antimultiplicative, anticomultiplicative and leaves the counit invariant:
¢ =0 .S. The projections to left and right subalgebras can be expressed as

- (a) = aMS(a®), 1%(a) = S(a™M)a®,

HL(CL) = S_l(a(Q))a(l), ﬂR(CL) _ Q(Q)S_l(a(l)), a < A. (110)

The restriction of the antipode to A” leads to algebra antiisomorphism S: AL — AR,
therefore AT is a subWHA of A, moreover,

Yo S =11F o TIF = S o TI%, %o S =M"oIlt = SoIlt. (1.11)

The left and right subalgebras become separable k-algebras with separating idempotents
[14] ¢* = SAM) 1@ e AL @ AL and ¢% = 1M @ S(1)) € AR ® AF, respectively, that
obey

tFS(1W) @ 1® = (1MW) @ 1) F, zt e AV,

1.12
21 0 51@) =1 @ 5(1@lt 2R e AR (1.12)

by definition. The product ¢%¢® € AT @ AT is a separating idempotent for A7, thus the

trivial subalgebra is a separable k-algebra, too. The separating idempotent ¢~/ % serves as
a quasibasis [20] for the counit:
SAM)e(1Pgh) = 2L = g(2F S M))1?), ke AR, (1.13)

1Me(S(A)2f = 28 = c(2F1W)5(1@), 2P ¢ AR,

thus the counit is a non-degenerate functional on AX/®. The properties S(11)1(3) =1
and 1(1)5(1(2)) = 1 of separating idempotents g;, and gr ensure that the counit € is an
index 1 functional [20] on A% and on A, respectively. Due to the identities (1.5),(1.7)
and (1.11-12) the corresponding Nakayama automorphisms 0y, /p: AL/E o AL/E which
are defined by

ey RO p(a™/ ) = e(xP/ Byt By, gl/R LR e ALIR (1.14)
can be given as

(1=ah)=8%(zh), b eAr (1.15)
Or(z™) = S(1 — ™) = 1=872(z%), e AR, '

that is 07, (6R) is the restriction of the square of the (inverse of the) antipode to AL (A%).
Since any separable algebra admits a non-degenerate (reduced) trace [6] the counit, being a
non-degenerate functional on AY/%, can be given by the help of the corresponding trace as
e(-) =trpr(tL/r-) withty g € AL/E invertible. Therefore the Nakayama automorphisms

0r,r are given by adtr,r and 52 is inner on AX/® hence, on AT, too.
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In a WHA a left integral [ € I* and a right integral » € I* obey the identities

1V g al?® = S(a)l(l) @13,

rDg @ r® = (1) g r@5(a), ac A, (1.16)

respectively. Moreover, there exist projections L/R: A — I*/® and L/R: A — I/ 1:

L(a) :== $%(8;) — ( a), R(a) := (ab;) — S2(B),

_ . ac A (1.17)
L(a) := (bia) «— 572(6y), R(a) := 572(83;) — (aby),

where {b;} C Aand {8;} C A are dual k-bases with respect to the canonical pairing. They
obey the properties

(L/g(w),cw = (o B/L@), Apci (1.18)

) = (¢, L/R(a)),

&
S

therefore the restrictions of the canonical pairing to JL/R « [L/R (four possibilities) are
non-degenerate.

2. Properties of the unit modules

In this Chapter A denotes a WHA over a field k.
A left (right) A-module AM = (M, ur) (Ma = (M, ugr)) is a k-linear space together
with the k-linear map pr: A®@ M — M (urp: M ® A — M) satisfying

a-(b-m)=(ab)-m, (m-a)-b=m-(ab),

mée M,a,be A,
1-m=m, m-1=m,

where (and later on) ur(a®@m) =a-m and pr(m @ a) =m - a.
Definition 2.1 The unit left (right) A-module 4 A" (A%) is defined by

a- ot =1 (axt) = aWal S(a?), eh e Al ac A

2.1
® . a =1 (zFa) = S(aM)zRa?, e AR ac A. @1

We note that these modules need not be one-dimensional as in the case of Hopf
algebras, they are not even irreducible in general. Nevertheless, they play the role of the
unit object in the monoidal category of finite dimensional left (right) A-modules. Here we
deal with only the category of left A-modules, the case of right A-modules can be treated
similarly.

Proposition 2.2 The category L consisting of finite dimensional left A-modules of a WHA
A as objects and left A-module maps as arrows can be endowed with an autonomous

(relaxed) monoidal structure: (L; x, AAY {1rcxnsn} {XE} {XE } ,A), where X is
the monoidal product, s A" is the monmda] unit, {1 xmxn} {X4} {XE} are natural
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L —\

equivalences satisfying the pentagon and the triangle identities, while and are the
functors of left and right conjugations, respectively.

Proof. Let us define first the monoidal product: x. The product module 4(M x N) of the
modules 4 M and 4N as a k-linear space is defined to be

MxN:=1Y.Mg1®.N (2.2a)
and the left A-module structure on M x N is given by
a-(meon):=aY - mea? . n, acA mneMxN, (2.20)

where (and later on) we have suppressed possible or necessary summation for tensor prod-
uct elements in product modules. The product on the arrows T,: M, — N,,a = 1,2 is
defined by T7 x T3 := (11 ® T) 0 A(1), i.e. by the restriction of the tensor product of the
linear maps T and T to My X M5. One can easily check that T7 xT5: My x My — Ny X Na is
a left A-module map. The given monoidal product is associative due to the associativity of
the coproduct and property (1.1c¢) of the unit, hence the components M; x (My x M3) —
(My x M) x M3 of the natural equivalence responsible for associativity in a monoidal
category are the identity mappings 17, x ar, x M IR OUr case.

The monoidal unit property of the left A-module A" can be seen by verifying that
for any object M the k-linear invertible maps X1 : M — A% x M and X%: M — M x A"
defined by

XE(m):=5aW)o1® .m, XEm) =1V .me1®,
L1/, L L R—1 L 1/,.L (2:3)
Xy (@ ®@m) =z -m, Xy (mez™):=85""(z7) -m,
are left A-module maps and the identities
XET = (140 x T)X,
VT = (Lar X 1) X3 M,N € ObjL, T:M — N, (2.4)

XBT = (T x1,40) XL

(X < In) (I x XY = Lyrwarxn (2.5)

hold, i.e. XL = {XI} and X® = {XI1} are natural equivalences satisfying the triangle
identity.
An autonomous category [21] contains both left and right conjugation functors by

A

definition. The left conjugate M of an object M in L is given by the k-dual M :=

Homy, (M, k) as a k-linear space. The left A-module structure M = (M, ;) is defined to
be
(a-m,m):= (m,S(a) - m), acAmeMmeM, (2.6)

where (, ) is the k-valued canonical bilinear paring on the cartesian product of M and M.
Dual bases with respect to this pairing will be denoted by {m;}; C M and {m;}; C M.

Due to the definition (2.6) of the left A-module M we have
m; @a-m; =S(a) - m;@m;, acA (2.7a)
mi @1 = 1-m; @1m; = 1WS5AP) . m; @y
— 1D, 1@ iy € M x M, (2.7b)
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where (and later on) we omit summation symbol for the sum of tensor product of dual
basis elements.

The arrow family of left evaluation and coevaluation maps E{,;: M x M — AL and

C’fw: Al — M x M, respectively, are defined to be

Elym@m) = 1@ (m, 10 . m), m®@m e M x M

(2.8)
Cly(zh) = 2l - my @y, zl e AL,
They are left A-module maps
El(a-(m@m)) =1P(a® m, 1Wa® . m) = 13 (i, S(aM)1M @ . )
= 11 (a®) i, $(aM)a® - m) = T (@) o, T (D) - )
=11"(a1®) (i, 1V - m) = a - B} (i @ m), (2.9)
Clhy(a-zb) = aWalS (@) -m; @ m; = aVal - m; @ a® -,
—a- Cly(a?)

due to the identities (1.8) and (2.7a) and they satisfy the left rigidity identities [21]

XE (1w x By (CYy x La) X5 (m) := S71(2@))S@1M) - my (g, 10913 )
= 571151 M)101® Ly =, m € M, (2.10a)

XEYEY, x 1)1 x CLO)XE () := 1D .15, 10913) . )13 Ly,
M M M M
— 151101 1D Ly =, e M (2.100)
for any M € Obj L. Thus defining the left conjugated arrow T: N — M of T: M — N by

T = XY EL % 1, )(1 x T x 1.)(1 x CL)XE 2.11
BN 1)1 x Tx 1) (1 x Ch)XE (2.11)

one arrives at the antimonoidal contravariant left conjugation functor :£ — L [21].
Similarly, the right conjugate M of an object M in L is the k-linear space M equipped
with the left A-module structure M = (M, ;)

(a-m,m) = (m, S a)-m), acAmeMmeM (2.12)
implying

m; @a-m; =S(a)-m;@m;, acA (2.13a)

— 1M 1@y € M ox M. (2.13b)
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The arrow family of right evaluation and coevaluation maps E%,;: M x M — AL and

Cr;i AL — M x M, respectively, are defined to be

El (mom) =12010 g m),  momeMx M,

(2.14)
ozl =2l iy @ my, ol e AL

Similarly to the previous case one proves that they are left A-module maps satisfying the
right rigidity identities [21]

X]{Z_I(E}\ﬂ/[ X lM)(lM X C&)Xﬁ = lM,

_ 2.15)
XR 1 1A ET CT 1A Xi — ].A (
= (MX ) (Chy X M) m v
Hence, defining the right conjugated arrow ?ﬁ — ]\7 of T: M — N by
T = XE 11 x E) (1. x T x 1)(C%, x 1) XK 2.16
B (L x BR)(Ls x T x L) (Chy x 1L)XA (2.16)

one arrives at the antimonoidal contravariant right conjugation functor :£ — L. m

In the following we establish the essential properties of the unit module.

Lemma 2.3 The trivial weak Hopf subalgebra AT C A is a sum of simple subcoalgebras,
ie. AT is contained in the coradical Cy of A.

Proof. First we decompose the WHA A7 into a direct sum of subWHAs.

The intersection Z := A*N A% is in the center of the separable algebra AT, because the
unital subalgebras AL and A® of AT commute with each other. The WHA identity (1.11)
implies z = S(z) for all z € Z. Hence, Z is a unital, pointwise S-invariant subalgebra of
the k-algebra Center AT and one can write A7 as an amalgamated tensor product algebra
AT ~ Al @, AR,

Let {z4}a C Z be the complete set of primitive idempotents in Z. They are central
idempotents in AT, therefore AT = @,AL, Al := ATz, is an ideal decomposition of
the algebra AT. But it is also a WHA decomposition: first, S(AL) = AL beacause Z is
pointwise S-invariant, and second, A(AL) ¢ AL ® AL because

A(224) = A(22020) = A2) (24 1) (1 ® 25) = A(2) (26 ® 24), x € AT, (2.17)

due to the form (1.4) of the coproduct for elements in A* and in A® and due to z, €
Al n AR

This decomposition implies that (AL)* = AX with X = L, R, T and that the WHA
AT has the amalgamated tensor product algebra structure AL ~ AL @, AP with unit
1, = z,. The algebra Z, := Zz, = Aé N Ag is an Abelian division algebra over the
ground field k in the center of the separable algebra AL hence Z, is a finite separable
field extension of £k [14].



Now we prove that the dual AT of the WHA AT is isomorphic to the simple algebra
M, (Z.), where n, = dimy, AL i.e. AT is simple as a coalgebra. For notational simplicity
we omit the o index. Since Z is also a unital subalgebra of the center of A%, that is A%
can be considered as an algebra over the field Z, there exists a product k-basis {e,i},.i =
{v,e1i}p.i of AL, where {v,}, is a k-basis of Z with v; = 1. The identity (1.13) shows that
the counit is a non-degenerate functional on AL due to the separability identity (1.12).
Hence, there exists a dual k-basis {fui},.; of A¥ with respect to the counit: e(eyf,;) =
duv0i5. The dual basis also has a product structure: {f,;},.; = {w, f1i},i, because z —
e(zey;f1:) defines a nonzero (hence nondegenerate) k-linear map E:Z — k for any . The
set {w,}, C Z is nothing else that the dual basis of {v,}, with respect to E and w, =
>, (67,0, where b1 is the inverse of the symmetric matrix b having matrix elements
b = E(v,v,) € k. Therefore the separating idempotent S(11)®1(2) € ALY ® AF| which
is also a quasibasis [20] of the counit as a nondegenerate functional on A%, can be given
in terms of the dual bases and

A(l) = 5—1(5(1(1) 1(2) = ZS wuflz @ vye1;

(2.18)
_Zwu flz ®Uuelz€AR®AL

Choosing the basis {¢}}}i ;. of AT dual to the product basis {e1;0,8~(f1;)}i . of AT

with respect to the canonical pairing AT x AT — k one can compute the product

Lok = D P (0l @ 0% AlermvaS™ (fin)))

m,mn,A\
= Y @ (9l ® @l AL (erm ® 0aS ™ (f1n)
m,mn,A\
N u , 1 (2.19)
= Z Conn (P55 © 1y e1mWp f1p @ 150,005 (f1n)))
m,n,\
= Ojk Z(Z(b_l)upc;\)gpg‘l,: jkzézy@?la
A P A
where {¢),} and {c),, = p(b_l)HPcZ)\} are the k-valued structure coefficients of the
algebra Z in the dual bases: v,v, = ), ci‘wv,\ and w,w, = Y Ei‘wwA. Hence, the

elements of the basis {¢};}i . C AT are just the matrix units of M, (Z) over k. m

Theorem 2.4 The unit left A-module 4 A" is a direct sum of irreducible submodules

aAY =P aAL, AL =AMz (2.20)
p

where {z]f }, is the complete set of primitive idempotents in ZL := AL N Center A.
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Proof. Let N be the radical of A. Since N is an ideal in A we have N - AL = HL(NAL)

IIX(N). But due to the identity N = (Co)* := {a € A|(Cy,a) = 0} [17], where Cj is the

coradical of the dual weak Hopf algebra A, the previous Lemma leads to the containment
= (Co)+ c (AT)L < (AL)L, hence using (1.7) the canonical pairing gives rise to

(A, TI*(N)) = (T (A), N) = (AF,N) =0, (2.21)

i.e. ITIL'(IN) = 0. Therefore the radical of A is in the annihilator ideal of the left module
4 AL, that is 4 A" is completely reducible.

Now we prove that End 4A% = ZL., that is the restriction of the A-action to the
subalgebra Z% on AY. The End 4A* > Z. containment is trivial. For the opposite

containment one notes that any f € End 4 A" can be characterized by right multiplication
by f(1) € AL, because for all z¥ € AF

flab) = f(z"1) = f(II*(2"1)) = f(a® - 1) = 2" f(1) = W* (2" f(1)) = 2" f(1). (2.22)

Hence,

M*(af(1)) =a- f(1) = f(a-1) = f(1I*(a)) = f(II"(a) - 1) = TI"(a) - f(1)

o . (2.23)
=" (11%(a) f(1)) =7 (a) f(1),  a€A,

therefore using (1.2c), (1.10), (2.23) and that the subalgebras A* and A commute with
each other

F(1)S(a) = F(DS@)aP 5(@) = S(a)a F(1)S(a)
(

(
SO (1) = SEOE ) (1) = S@IW), acd o)
)

implies that f(1) € AL N Center A =: ZL hence (2.22) leads to f(zl) = 2Lf(1) =
f)zt = f(1) 2"

Now, the direct sum decomposition (2.20) is clear and End AAL VA L . But Z%2 L
is an (Abelian) division algebra, therefore 4AL is indecomposable [5]. Together Wlth
complete reducibility of the unit module 4 A% this leads to the irreducibility of the direct
summands AAL .H

Remark 2.5 Similarly one can prove that the unit right A-module A% given in Def. 2.1
is a direct sum of irreducible submodules

Al = @ Ay, A= ARGT (2.25)

p p

where {2} := 5(2})}, is the complete set of primitive idempotents in Z# := A®NCenter A.
u

The product of primitive idempotents in Z¥ and Z% gives rise to a decomposition

of the unit 1 = quzng =2 o 2hS(zk) in Zz v Z% < AT n Center A" Of course,

1 Note that SQ(ZIJ;‘/R) = zzj;‘/ because S? is inner on AY/® and the idempotents are
central.
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certain products are identically zero due to the amalgamation with the hypercenter H =
AL N AR N Center A, because ZF v ZR ~ ZL @y ZR. If zﬁzf # 0 we refer to (p,q) as
an admissible pair. Hence, the non-zero summands are labelled by admissible pairs in the
decomposition of the unit, which induces a direct sum decomposition of every A-module
AM into submodules as M = &, q) My, 4y, Wwhere M, 4y := zﬁzf - M. We will call the left
A-module oM a member of the (p,q) class and write 4 M, 4y if (p, q) is an admissible pair
and

zhzll M = 684 M, (2.26)
for all product idempotents z]f, z§ c ZzL v Z%. Clearly, the irreducible submodule AAIE of

the unit module 4A” is in the class (p, p), because

LR .. L._ L Lo, Ry _ L L 1 _ L L
zi 2wz =z w2y S(2,)) = 2/ w2y 2 L = 6 g0p r22y) x e A”. (2.27)

The next Lemma shows that the irreducible submodules of the unit module 4 A” obey a

kind of minimality condition in the corresponding class of left A-modules.

Lemma 2.6 i) The k-dimension |M, .| of a nonzero left A-module a M, 4y in the (p,q)
class obeys the inequality
| Mp,q)| > max{|A7|,|A7]}. (2.28)

i) The restriction of A to the subalgebras AL and A makes M, ,) a faithful left
Aﬁ— and Af—modules, respectively.
Proof. Using property (1.12) of the separating idempotent of AY and the decomposition
of the unit into primitive idempotens in Z¥ one obtains
A1) =571 SAW) @1@2k = (@ 2f)A1). (2.29)

Therefore, for any two left A-modules M, N within a certain class we have

2 20 Mipyan) X Nipo gn) = 25 25+ (AL (M(p, 1) © Nips.g0)))

— 225251(1) “Mp.q1) ® 25251(2) - Nipa.aa)s (2.30)
implying
07 q1 % P2,
AM 1 q0) X AN (py,q0) = {A(M X N)( ) @ = po (2.31)
P1,92 ’ .

In the proof of Lemma 2.3 we have seen that the separating idempotent of A* has the
expression S(1M)® 13 = 3" f; ®e;, where {e; };, {f;}; C AL are dual bases with respect
to the counit: e(e; f;) = d; ;. Choosing a basis {e;}; = Up{e;}icp that respects the direct
sum decomposition A = @pAI%, i.e. {eiticp C AI% then f; ® e; € AI% ® Alg,i € p follows.
Since XI and X£ defined in (2.3) are left A-module isomorphisms

|Mp.q)| = A" x Mp.q)| = 1S1W) @ 1(2)25 - Mp,q)]
2.32
:|Zfi®ei'M(p,q)|:Z‘ei'M(p,q)‘7 ( @)

1EP 1EP
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[Mp,q)| = [Mp,q) X Al = |1(1)Zf “Mp,q) ® 1(2)‘
= 13" S7Hf) Mgy @eil = D 1S7HE) - Mg (2.32b)

i€q 1€q

for any left A-module M, .y in the (p, q) class. Hence, if we prove that M, 4 is a faithful

left AI%— and Af—module, i.e. 1‘5 - Mp,q) and :L'f - M, 4) are nonzero linear subspaces of
Mp,q) for all non-zero elements 1‘5 € AI% and :L'f € Af,
because a nonzero linear subspace is at least one dimensional and [AF| = [S(AF)| = |AL]

due to the invertibility of the antipode S.

respectively, then we are ready,

Let us suppose that 0 # zz:lf € Aﬁ is in the annihilator ideal of 4M, ;. Since
in the irreducible left A-module AA; every non-zero vector is cyclic AI% = {a- 1‘5 =

a(l)xﬁS(a@)) |a € A} should also be contained in the annihilator ideal of 4 M, ). But
this contradicts to the assumption that oM, . is a nonzero module in the (p,q) class.
Using the irreducibility of the right A-module AfA (see Remark 2.5) one has AfA =
{zl' - a == S(aW)zla® |a € A} for any non-zero zf' € AF and the assumption that a
non-zero element of A? is in the annihilator ideal of 4 M (9,q) leads to the contradiction as
before. m

3. Hopf modules in weak Hopf algebras

Besides A-modules we need the notion of weak Hopf modules of a WBA A [2]. First,
a left (right) A-comodule is a pair AM = (M, 1) (MA = (M, 6R)) consisting of a finite
dimensional k-linear space and a k-linear map 6,: M — A® M (dgp: M — M ® A) called
the coaction that obeys

(idA®5L)05L:(A®idM)05L, (5R®idA)O(SR:(idM®A)O(SR, (3 1)
(€®idM>O(5L:idM, (idM®€)O(SR:idM. ’
They incorporate only the coalgebra properties of A. In the following we will use the
notations dz(m) = m_1; ® mg and dg(m) = mg ® m;. Lower and upper A-indices will
indicate A-modules and A-comodules, respectively.
The weak Hopf modules (WHM) M4, AM*,4M, A M, of a WBA A are A-modules
and A-comodules simultaneously together with a compatibility condition restricting the
comodule map to be an A-module map, e.g.

M4y = (M, pg,05): (m-a)® (m-a); =mg-aY @ma?,
) 1) @) a€ A,me M.
AM* = (M, pp,0r): (a-m)o®(a-m); =a"’ -mo®a'“my,
(3.2)
As a consequence of these identities WHMs obey a kind of non-degeneracy property
m=mo WRm), me Ml m=Tm)omy, meaMh
m=mg - (m_y), me My; m=1E5(m_1) -mg, m e 4M. .
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We call AMf, AM;;‘,ﬁMA,ﬁMA, ﬁMﬁ multiple weak Hopf modules if they are pairwise
WHMs of the WBA A in the possible A-indices and if the different module or comodule
maps commute, e.g.

AMA = (M, pig, pr, 0r) : pro (pr ®@ida) = pr o (ida ® pr),

ApgrA . , (3.4)
M E(M:ﬂﬁbaL,(sR): ((5L®ZdA)O§R:(ZdA®§R)O§L,

The invariants and coinvariants of left /right A-modules and left /right A-comodules, re-
spectively, are defined to be

I(aM):={m e M|a-m=n"a) -m,ac A}, C(*M):={me M|é,(m)ec A% @ M},

I(My):={meM|m-a=m- 7fa),ac A}, C(M?):={me M|dr(m) e M AL}

(3.5)
For example, the left /right invariants and the left /right coinvariants of the multiple weak
Hopf module 444 = (A, p, 1, A, A) of a WBA A are the left/right integrals I°/% and
the right/left subalgebras A%/L respectively. Dualizing left /right actions or coactions of
a WBA A by the help of dual bases in A and A with respect to the canonical pairing one
arrives at right/left coactions or actions of the dual WBA A, respectively, e.g.

MA 3R(m) =b;, - m®pB;, me 1M, (3.6a)
Mjy - m- o= (m_1,p)mg, meiM,pecA (3.6b)

and the invariants (coinvariants) with respect to A become coinvariants (invariants) with
respect to A.

In case when A is not only a WBA, but also a WHA one can say more about the
invariants and coinvariants of (multiple) WHMs:

Lemma 3.1 Let A be a WHA.
i) The coinvariants and the invariants of a WHM of A can be equivalently characterized

as
C(MY) ={me M|ég(m) =m 10 @13},

) (m) =
C(aM*) ={me M|dz(m) =10 . me1®},
(3.7a)
CAM) ={me M |5 ,(m) =11 @13 .m},
C(AMA):{m€M|5L( )
I(M$)={me& M|mg-a®m; =mg®@miS(a),ac A},

)

( MA) _ {m c M|m0®am1 = S(a)'m()@ml’aeA}’ (3.7b)
I(4M)
) =

=10 g m- 1)},

={meM|m_1®a-my=5S(a)m_1@my,ac A},
I(AMa)={me M|m_1a®@my=m_1 ®mg - S(a),a € A}.

ii) The following maps define projections from WHDMs onto their coinvariants and invari-
ants, respectively

PA(m) :=mg - S(my1), m € MY, PA(m) := 87 (my) - mo, m € AM?,

_ 3.8a
AP(m) := S(m_1) -mg, m € 4M, “AP(m):=mg-S H(m_1), m € My, (3.80)
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Py(m) :==mq - R(my), m € M3,  aP(m):=L(my)-mg, m e aAM*, (3.80)
AP(m) = L(m_l)-mo, mEﬁM, PA(m) = mo-R(m_l), mEAMA, ‘

where S is the antipode and R, R, L, L are the projection maps (1.17) to integrals in
the WHA A.
iii) In case of the multiple WHMs oM+ and 4M, the coinvariants are left and right
A-modules with respect to the induced left and right adjoint actions, respectively.

Proof. 1) The characterization (3.7a) of coinvariants and the form (3.8a) of the projections

onto them have been already proved in [2]. Concerning the invariants of M4 first we note

that the set given in (3.7b) is contained in the set of invariants defined in (3.5) since
m-a=(id ®e)(mg - aV) @ ma®) = (id @ €)(mo @ myS(a)a?)

3.9
= (id ® €)(mo @ m 1% (a)) = (id @ €)(6p(m - T (a)) = m - T (a), (3:9)

for all a € A. Using the third identity in (1.8) the opposite containment is as follows

mo-a®@mi=mg-1Ma@m1® =mg-aV @ mlﬂL(a(Q))
=mg-aP @m1a®Sa®) = (m-aM)y® (m-aV)5(a?)
= (m- HR(a(l)))O ® (m - HR(a(l)))ls(a(Q)) =my® mlﬂR(a(l))S(a@))

=moy ®@ mS(a), ac AmeI(MY).
(3.10)
The cases of the other three WHMs can be proved similarly.
ii) The image of the map P, is in I(M#) due to the defining property (1.9) of the right
integrals in A. Applying P4 to an invariant m € I(M#) and using their characterization
(3.7b) and the non-degeneracy property (3.3)

mo - R(m1) :=mo - ((m1b;) = S(5;)) = mo - ((m1S(b;)) — S(6;))
= (mo - b)) - (m1 = S(5:)) = mo - bimi? (m}”, $(5,)) (3.11)
=mg - S(mgl))mgz) =mo - 1% (my) =m, meI(MY)
follows, that is P4 is a projection onto the invariants of M4. The cases of projections onto

the invariants of the other three WHMs can be proved similarly.
iii) We have to show that the maps

vi(a@m)=axm:=aV-m-Sa?), a€ A meC(aMy), (3.12)
vrim®a) =mxa:=S@Y) -m-a?, a€ A meC(AMy) .

provide a left and a right A-module structure (C(4M4),vr) and (C(4Ma),vr), respec-
tively. The image of the map vy, is in C(4M4), because for all a € A and m € C(4 M%)

Sr(a® -m - S@®)) = o . (10 ;) - §(a@) D @ 1912 5(a?)@
=a - m-Sa®)®a?S(a®) (3.13)
=a - m-S(a®) eI ) e Mo A",
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The map vy, is clearly a left A-action, i.e. a % (b*m) = ab*m, for all a,b € A and
m € C(aM%), moreover, for all m € C(4 M%)

m=1-m=(1-m)o-IE((1-m);) =10 . mg - TTEAPDmy)

3.14
=10 .. HR(l(Q)) —1D .. 5(1(2)) =1%m, ( )
where we used the identities (3.3) and (1.11) and the property (3.7a) of the coinvariants.
The proof of the case (C(4Ma),vg) is similar. m

Extending the result of [2] concerning the structure of a WHM the structure of a
multiple WHM is given by the following

Theorem 3.2 i) Let 4 M4 be a multiple weak Hopf module of the WHA A. Then 4 M4 is
isomorphic as a multiple WHM to 4(C(M) x A%), which as a left A-modaule is isomorphic
to the product of the left A-modules (C(M),*) defined in the previous Lemma and the
left regular module 4 A, while the right A-module and right A-comodule structures are
inherited from the WHM A% = (A, u, A).

ii) In particular, Aflﬁ = (/1, UL, bR, O0r) is a multiple WHM with structure maps

prla®@e)=a-p:=p =5 (a), (3.15a)
pr(p®a)=¢-a:=S(a) — p, ac€ A pec A, (3.15b)
dr(p) = o ® p1 1= B ® by, (3.15¢)

where {b;} C A and {3;} C A are dual bases with respect to the canonical pairing, therefore
WAL ~ A(C(A) x A%) = 4(I* x AY), (3.16)

where IV is the space of left integrals in the WHA A.
Proof. i) As a k-linear space 4(C(M) x A4) = (C(M) x A, ur, i, 0r) is (see (2.2a))

CM)xA:=1V M) @1PA=10.0(M)-51?)134
=C(M)- 1M1 @1®4=cM) -1TFaM) 134 (3.17)
=C(M)-S1M)y 1?4

due to the fact that z%-m = 28 (1xm) := 2F1M.m-5(1®)) = m-zf;m € C(M), 2 € AR,
which follows from the identities (3.14) and (1.12). One can easily check that the maps

Zm@b Za(l)*n ® a@b;,
Zm@b Q—Z”z@’ba aEA,Zni(X)bieC’(M)XA. (3.18)

Zm@b an®b(1)®b(2)
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provide C(M) x A with a multiple WHM-structure. The k-linear maps U: 4 M4 — C(M) x
Aand V:C(M) x A — 4 M# defined by

U(m) :=mg - S(m1) @ ma, Zn,@b an (3.19)

are inverses of each other [2], i.e. VoU = idAM;;‘ and U oV = idcaryxa- In order to

prove that 4 M4 and 4(C(M) x A4) are isomorphic as multiple WHMs as well, we have
to show that both U and V are left and right A-module and right A-comodule maps. We

can restrict ourselves to the left A-module properties, because the two other properties
were already shown in [2]:

U(a-m)=(a-m)y-S((a-m)1)® (a-m)sy
=a® . mg - S(ml)g(a@)) ® a®my
=aW % (mg - S(my)) ® aPmy
=a-U(m), ac€A meM, (3.20a)

(a- (Z n; @b;)) = Z V(aW xn; @ a@b;) = Z V(a® -n; - S(a®) @ a®by)
=S - S@®)a®h = 3 g T (),
= Za(l)HR(a(Q)) ‘n;-bi=a- (Z n; - b;)

VOO ni®b), acA > ni@b€C(M)xA  (3.20b)

ii) The WHM structure A4 = (A, ug,dr) given by (3.15b—c) of the multiple WHM
A A4 has been shown in [2]. The map pz, defined in (3.15a) is clearly a left A-module map

on A that commutes with the given right A-module map pug. The right comodule map dg
is also a left A-module map, because

Sn(a-p) = bnlp = 5! (@) = 5<wunﬂ<%s Ha))
= op((1 = TIH(@®))p) = 574(aV)) = da(((1 = a®)p) — 57 (a))
= Sp((1 — a® 57 (a® Mw;s Ha™M))
= 31— 07(a®))(p — S (M) @ b;

@;ﬂﬂmmw;s Ha®)) ©b; = (6 = a®)p) - 57 (D) B
aM) @ aPb; = aM - po@aP ey, ac€ A pc A,

(3.21)
where we used the identities (1.6) and (1.10-11). Hence, the maps (3.15) provides A with
a multiple WHM structure, and the statement (3.16) follows from the previously proved
structure of a general multiple weak Hopf module. By dualizing the right A-coaction to
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left. A-action as in (3.6) the right coinvariants C (A4) become the left invariants of the left
regular module A which is the space of left integrals /% in A. m

Remark 3.3 The k-dual Ay := (fl, ) of the left regular A-module 4A is projective,
because the inverse of the antipode provides the isomorphism of the right A-modules

ST Ay — (A pg :=— 0S)

and the structure theorem of weak Hopf modules implies that the latter is isomorphic to
a direct summand of the free right A-module I* @ A4. Projectivity of A4 implies the
injectivity of its k-dual, that is of 4A. Hence, A is a quasi-Frobenius algebra [5], which
has been already established in [2]. m

Corollary 3.4 4I® and A% are A-duals of each other. Al is the right conjugate module

—\

AI™ of 4I™ and they are direct sum of irreducible submodules

=@ arl, =R, (3.22a)
A" =P Al IF =20 1n, (3.22b)
p

where {z}f}p is the complete set of primitive idempotents in Z := AR N Center A.

Proof. Since the right integrals It form a left ideal in A and 4 A4 is injective it follows [5]
that every ¢ € Hom (417, 4A) can be extended to ¢ € Hom (44, 4A). But every such
element ¢ is given by a right multiplication of an element a € A, hence any ¢ is given by
the restriction of a right multiplication to I’

o(r) = ¢(r) = ra = rl1%(a), r e I". (3.23)

This establish that Hom (417, 4A) ~ AT as a k-linear space. The identical right module
structure, (4I%)’, := Hom (417, 4A) 4 ~ A% follows from

(¢ - a)(r) == ¢p(r)a = (re)a = rII%(za) =: r(z - a)

3.24
= ¢palr), z€ AR recIf ac A (3.24)

For the other duality relation one first notices that elements f € Hom (A%}, A4) can be
characterized by left multiplication with the image f(1) € A,

fle)=f(1-2)=f(1)z, =€ AR (3.25)

which should be a right integral, f(1) € I'?, because the module homomorphism property
requires

f(Ma= f(1-a):= f(II"(1a)) = f(1)II"(a). (3.26)

The common left A-module strucure is immediate since it is given by left multiplication
on the image f(1) € I in both cases.
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Since in quasi-Frobenius algebras the A-duals of irreducible right A-modules are irre-
ducible left A-modules the direct sum decomposition (3.22a) into irreducible submodules
is induced by the corresponding decomposition (2.25) of A%.

—\

Al = 40 [L follows, because the left A-module structures of 51 /L and AT are related
as it is required in (2.12)
(ax A r) = (a(l) -5(a®),7) = (52(a®) = A = 57 (aV),7)
“HaM)rs? (@) = (A, 57 (a)rI (5% (a?)))
“HaW)rsA (1)) = (A, 57HaW)rs?(ITF(a®)))) (3.27)
AM)SHa)rsP (1)) = (1x A, 57 a)r)
Ma)yr), aeArxell rerll

and the restriction of the canonical pairing to these integrals is non-degenerate. Hence, WL

is also semisimple and the decomposition (3.22b) follows because z;;” is a central projection

in A and I}t := 217 = IR = TRS71(]f) = ST ()17 . m

4. Existence of non-degenerate left integrals in weak Hopf algebras

Here we prove the generalization of the Larson-Sweedler [10] theorem for weak Hopf
algebras.

Theorem 4.1 A finite dimensional weak bialgebra A over a field k is a weak Hopf algebra
iff there exists a non-degenerate left integral in A.

Proof. Sufficiency. A left integral [ € A obeys the defining property al = I1*(a)l,a € A.
Non-degeneracy means that the maps
R;: A=A L;: A— A
e (p—1) A )

are bijections. This implies that there exist A\, p € A such that | — p = Li(p) =1 =
R;(A) = X\ — [. Let us define the k-linear maps S: A — A and S: A — A by

S(a) := (RioLy)(a) = (A —a) = 1 =1M{al® N,

) 4.1
S(@) = (Rao Li)() = (1= 4) = A=AV ({pA®, 1), o

They are transposed to each other with respect to the canonical pairing and S (p) = A. Now
we prove that A (p) is a nondegenerate left (right) integral in A obeyingl -~ A=1=1— p.
Since R; and L; are bijections the identities
Ri(YA) = (A) = l=¢ = (A= 1)=¢ = 1=T"() = 1=T" () = (A = 1)
= Ry(IT*(¢)\)
Li(pp) =1 (o) = (I = p) = =1 = ¢ =1 = I (¢) = (I = p) « " (1))
= Li(plI"(v))
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imply that A (p) is a left (right) integral in A. Using the properties [ «— p=1=\ — |

(1= p) =TT (M) (), 1) = 1M (p1®, 1) = 1W(AB) 1 — p) =1,

=R =B a 2 2(1) /5 (2 2(1) /5 (2 o (4.3)
I (—=XN=0I AP H=1Wa@x =101 x~)) =

which imply that [ — p = 1=1—Asincel = p,l =~ Xe AL and both of the AL — AR
and AL — AL pairings are nondegenerate. The proved properties of A, p € A allow us to
construct the inverse of the map S:

S7HW) == (R0 R)(¥) = (¥ = 1) = p = p (pP, 1), (4.4)

Indeed, for all ¢ € A one obtains

~

(§71 0 8)(w) 1= pD (pDAL, (AP, 1) = pM (@R (YWY, 1) (p@AD, 1)
= pWypW (p@yp@IND 1y (BN )

= pWypM (PRI (pCHAD 1Y (AP 1)

= pWypW (DT (), 1) = pHp(p®) 1) =

(4.5)

Therefore the transposed map S~ := (S~ 1)t = L;o L p 1s the inverse of S and invertibility
of §:= Rjo lA)A given in (4.1) implies that IAL,\ and f) are invertible, hence A and p are
nondegenerate left and right integrals in A, respectlvely
Since the right integral p € Ais nondegenerate there exists r € A such that p — r = 1.
In a similar way as before one proves that r is a right integral obeying r — p = 1:
L o(ra)=p+ (ra)=1+a=1+T1"(a) = L ,(rTTf(a))

i 4.6
I (r = p) = (p, I (r®)) = (p,r1M)1) = (p = 1, 1)1 =1, o

hence r < p = 1 follows since r — p € AR and the AR — AR pairing is nondegenerate.
But then S = L, o R, also holds (therefore r is nondegenerate), because

StoL,oR)(a)=(LioL,oL,oR,)(a)= r(l)a,p r(z)l(l),p 1)
P p p
= rWa® p)(rOIE (@)D )13 = rWa® p)(rPa@M) | p)a3)2)
= (W PV O (@)D p) a1 = (TR (aW) D) p)a2?)
= (I, p)al® = a.

(4.7)

Now, the three defining properties (1.2a—c) of the antipode fulfill for the map S :=
RyoLy =L, oR,, because for all a € A one has

aMS(a®) = aMM (@@ X\ =T (a) D (P \) = T5(a), (4.8a)
S(aM)a® = r@g@ M g® oy = @M () (rM | p) = 118 (a), (4.8b)

S(aMa@ 5 (a®) = TF(aM)S(a®) = T (@M)W (0212 ))
= 1M (al® ) \) = S(a). (4.8¢)
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Necessity. The statement follows from Lemma 2.6 and results (Theorem 3.16) in [2], but
for completeness we give a full proof. R
Applying the structure theorem of multiple WHMs to 4 A4 given by (3.15) we get

the isomorphism AAA ~ A (I* x A%). Therefore if we can prove that the restriction of the
left A-module structure of AL = (417, %) (see Lemma 3.1 iii)) to AT C Aleads to a free
AR module 4% = ( arlt , ) with a single generator A\g € I [~ we are ready, because using
the multiple WHM isomorphism V: [ [Lx A— A given in (3.19) and the presence of the
separating idempotent in I” x A := 1) *fL ®1®.4=71.51M)134
A=V(I* x A) = V(A" x ) x A) = V((Ao- S(AT)) x A) = V(Ao x S(AT)A)

(4.9)
= V(o x A) i=Ag- A= S(A) = g = A — X

implies the non-degeneracy of the left integral Ay in the weak Hopf algebra A.

To prove this assertion it is enough to show that there exists a permutation o of
primitive central idempotents {eZ}; c AP such that End 4r(eff x I*) ~ S(e f(l))AL as
algebras and it is given by S(eft oli ))AL* that is by the restriction of the left A-action x on
IV to AL C A. Indeed, I is faithful as a left AR- or left AL-module due to Corollary 3.4
and Lemma 2.6 ii), therefore the assumptions A" ~ End ARf L = AL+ and the existence of
the permutation o imply that as a left AT-module ( arlL, *) decomposes into direct sum
of irreducible AT modules:

@ o (i) ff(i)i = eﬁ(i)e?*ij Ik Syl = D nggayni, (4.10)

where {ef'}; C AR and {ef := S(ef')}; Cc AL are complete sets of primitive central

idempotents, DR/ Lis the division algebra corresponding to the Wedderburn component
R/LAR/L ~ M, (DR/L) of the separable algebra A%/ obeying DL( = S(DE). But due

to Lemma 2.6 i) we have the following inequality for the k-dimensions

Y IDflngyni = |17 = |AR| = Y |Df|n?, (4.11)

which can be fulfilled only if n,;) = n; due to the Cauchy—Schwartz inequality, which leads
to the opposite estimate. However, in the case n,;y = n; the left AR_-module (ARfL,*)

and the left AL-module (4= It x) are isomorphic to the left regular A®-module 4= A® and
the left regular A¥-module 4z A%, that is (AR/LfL,*) becomes a free left A®/L-module
with a single generator by restricting the A-action to these subalgebras.

In order to show AL ~ End 4rI* = AL, first we note that End I~ can be realized
by I @ 1% as (3, Aa @7a)(N) i= 30 Aa(Ta, A), A € I, due to the non-degeneracy of the

restriction of the canonical pairing to these integrals. The subalgebra End 4= IY c End ,I*
is given by I” x I't. Indeed, if f =" Ao ® 7 € End 4rI” then using (3.27) we get

FO) =F@xX) =fAMWSAP) % A) = 1D« £(S(1P)) x )
— Z 1M % A (re, SA@) % A) = Z 1D X, (1@ N)

«

(4.12)
=Y 1Wsx, @1®r)(\), relf,
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that is EndARfL c It x IR, Choosing f =), Aa ® 74 € IY x IR and zf € AR

flzf %)) Zl(l)*)\ ® 1@ ) (% \) Zl(l)*)\ (1@, 2 % \)

zzlm*M L) 1@, Zl(l)*A Sz rg, A)

:Zle(l)*)\aﬂ(Q)ra,)\) =2 % Z)\a®7“a)()\), e e AR Nell,

(4.13)
leads to the opposite containment, hence End ARf L —JL xR,

The structure of the subalgebra IT x IR of IE ® I can be obtained as follows. The
restriction of the multiple WHM isomorphism 4 A4 4~ a(l [ x A%) to the right invariants
leads to the isomorphism 4I(As) ~ 4I(I* x A4) of left A-modules, where the left A-
module structure of the right invariants is inherited from that of the corresponding multiple
WHM. In our case I(Ay) = AL and I(I” x Ay) = I* x I, Indeed, the latter equality
can be seen by using the form (3.8b) of the projection P4 to right invariants of the WHM
It x A%, To prove the former equality we note that Al T (/1 A) is the consequence of

" a:=5(a) = " =T1"(S(a)) = ¢* = ST (a)) — "

. 4.14
= ()OL ’ HR(CL)7 ()OL S AL7a € A, ( )

while the opposite containment follows from

(g, S(a)) = &) {p®, S(a)) = &(p - a)
= 2(pM)(p®), 5 (a))) = (V) (), 11 (S(a))) (4.15)
= (F A

using the identities (1.7) and (1.11). The restricted isomorphism U: gAY — 4(IF x IF)
with U given in (3.19) leads to

U(l) =1¢0-S(1o1)®1; = ZSQ(bj) — (B;81)®b; = Zﬁ(ﬁi)@@bi = Z)\a®ra. (4.16)

%]

Here {\as}a C I and {ra}a C I are dual bases with respect to the restriction of the
canonical pairing and in the last equality of (4.16) we used the property (1.18) of the
projection L defined in (1.17) onto left integrals in A. Therefore

End 4ol =T" x 1" = UAY) =U A" 1) = AL UQ) = A" O Xa®74)

Lo ) . (4.17)
:ZA 1()*)\a~®1( )ra:ZA * g Ty

leads to A ~ End ARIL Al because Y0 Na ®1g is just the unit element of End 4r IE.
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The property AX ~ End 4rI% = ALx ensures that I decomposes into simple left
AT _submodules of eF e? x I type, where eiL/ B e AL/R are primitive central idempotents.
For the existence of the permutation o required in (4.10) we have to show that the multi-

plicities 712;; of the simple left AT -submodules eF ef xIL give rise to a permutation matrix

7. Since 4T is the right conjugate of the module 4I* (see Corollary 3.4) the module 4 I
also becomes a direct sum of simple left A7-submodules of eF ef[ R type with ‘transposed’
multiplicities m;; = 7j; by restricting the left A-action to the subalgebra AT. More-

over, the above mentioned left A-module isomorphism U: AAL — 4 (IT x IR) relates the
AT -multiplicities m?j = 0;; of the module A AT to the AT-multiplicities M5, m;; of the
integrals:

5ij = m?j = Zmlkmk] (418)
k

Hence, using the property my; = m;; (4.18) implies that the integer valued multiplicity
matrix m is orthogonal, i.e. it is a permutation matrix. m

Corollary 4.2 A weak Hopf algebra A is a Frobenius algebra since a non-degenerate left
integral in the dual weak Hopf algebra A provides a non-degenerate associative bilinear
formon A. m

5. Grouplike elements and invertible modules

Here we describe (left/right) grouplike elements in a WHA A and their role in the
representation category of the dual WHA A.

The set of grouplike elements G(H) in a Hopf algebra H can be defined to be [17]
G(H):={g9 € HIA(g9) = g®g,e(g) # 0}. The grouplike elements are linearly independent,
they obey the property S(g)g = 1 and they form a group. The generalization of this notion
to a weak Hopf algebra A

G(A) :={g€ A[A(1)(g®g) = A(g) = (9 ® 9)A(1),95(g9) = 1}

given in [2] seems to be too restrictive, hence we introduce slightly softened generalizations
as well:

Definition 5.1 The set of right/left grouplike elements G r/1,(A) in a weak Hopf algebra
A is defined to be

Gr(A) ={g € Al(g® g)A(1) = Alg) = A1) (g ® I () 1g); TR/ L(g) € AT*} (5.1a)
Gr(A) :=={g € A|(gTTF(9) ' © g)A(1) = A(g) = A(1)(g ® g); T E(g) € A"} (5.10)

where Af/ L denote the set of invertible elements in A®/L. The set of grouplike elements
in A is defined to be the intersection G(A) := Gr(A)NGL(A).

Using the form (1.3), (1.10) of the maps II*/L and the identities (1.8) the defining
properties for g € G/ (A) lead to

1=I1"(g) = S(9)1"(9)"'g,  I"(9) =gS(9); g€ Gr(A), (5.2a)
1=IT"(g) = gIT"(9)'S(9),  I"(9)=S(9)g; g€ GL(A), (5.2b)
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hence elements of G/, (A) are themselves invertible. Using (5.1-2) it is easy to show that
GRr(A) and G (A), hence G(A) too, are groups, G1(A) = S(Gr(A)), and the definition
of grouplike elements G(A) above is equivalent to that of given in [2]. We note that the
set G(A) in Gr(A) can also be given by the subset of elements satisfying IT1*(g) = 1 or by
the subset of pointwise invariant elements with respect to S2. For verification of the latter
claim we note that if g = S?(g) holds for g € Gr(A) then I1*(g) = gS(g) = S%(9)S(g) =
S(I1f(g)), that is I1¥(g), hence I1*(g)~!, too, are in A¥ N AT C Center AL. Using these
consequences for g71 = S?(g~!) and (5.1a) one obtains

1=1"(g) = S1M)S(g)g1® = s@MIE (g~)~11®@
=51WNPI (g~ = S(g)g.

In order to reveal the meaning of (left/right) grouplike elements in the representation
category of the dual weak Hopf algebra A we give the following

Definition 5.2 An object M of a monoidal category (L; x, E) is invertible if there exists
an inverse object M € Obj L obeying M x M ~ E ~ M x M, where E € Obj L is the
monoidal unit of the category and ~ denotes equivalence of objects in L£.*

Lemma 5.3 i) Let £ be the autonomous monoidal category of finite dimensional left
(right) A-modules of a WHA A given in Prop. 2.2. The left (right) A-module M € Obj L
is invertible iff it becomes a free left (right) A¥- and AR-module of rank 1 by restricting
A to the subalgebras A" and AR, respectively.

ii) An invertible left/right A-module M € Obj L is the direct sum of inequivalent
indecomposable submodules:

. L _ R
AM = &M (7, (p).p)> Mrys(p),p) = TM(m "M =z, M,
R
Ma=6Mauyp)p),  Mayep) =M 25, =M -2,

™ (p) T

where {zl'}, € Z* and {z]' := S(z})}, € Z% are complete set of primitive idempotents
and Ty is a permutation on them.
Proof: 1) First we show that the left A-module M is invertible iff

M x M~ AF ~ M x M (5.3)

as left A-modules.
Clearly, if (5 3) holds then usmg the natural equlvalences XL and X% given in (2.3)

it follows that M ~ AL % M M x M x M M x AL ~ M hence M is invertible. Now,
let M be invertible with inverse M and let o: M x M — AL and 7: M x M — AL be the

corresponding invertible arrows. We will show that M~ ~M , which imply (5.3). The
arrow
wi= XN x 7)1y x o7t x 1) (X35 x 1y)77 " € End 4 A" (5.4)

L' In case of symmetric or braided monoidal categories invertibility is defined by the
condition £ ~ M x M [7].
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is invertible, therefore it is given by the action of an invertible element 2% € Z¥ := A N
Center A due to End 4 AY = Z¥- proved in Theorem 2.4. Hence, if 25: N — N denotes the
arrow given by the action 2z € Z% for N € Obj L then {z%} 5 is a natural automorphism of
the identity functor on £ and w = 24, . Defining 7 := zﬁ[lT =7(2k P x1yy): Mx M — AL

and using the form (5.4) of w the identity zﬁ;lw = 14z leads to

XEHF x 1)y x o7 HXE =14 (5.5a)
Hence,
X Ay x Ao x 1) X5y =1y (5.50)

also holds because of the identity
Lar =77 L= F(XE < 1) (Fx L x L) (Lar x 078 x L ) (X358 x 17)7 71
= XM FE X F) (A x o7 x Ly ) (XFE x 1) 77t (5.6)

= Flly x XE N1y x 7) (07" x Ly) X g7

Therefore using the right and left evaluation maps defined in (2.8) and (2.14)

XL By % L) (L x 7O XE. M — 1, (5.7a)
M

M
XE1 1 x By (07! x 1) XE:
M

o = — M (5.7b)

XE Yo x 1) (1 x Ch)XE: N — M, (5.8a)
M

XEH (s % 7)(Chy X 1) X fy: M — M (5.8b)
M

due to the left and right rigidity identities (2.10) and (2.15), respectively, and due to
(5.5a-b).
Now we prove that (5.3) fulfills iff M becomes a free left AL~ and Af-module with a

single generator by restricting the left A-action to these subalgebras. Let V: AY — M x M
and W: AL — M x M be the invertible arrows required by (5.3). Realizing Endz M by

M ® M one proves similarly to (4.12-13) that End arM = M x M and End ,0 M = M x M
as k-linear spaces. Let {m;}; C M and {7;}; C M denote dual bases then

End onM = M x M = V(AF) = V(AL 1) = AL . V(1) = AL -y @17, (5.9)
End 4o M = M x M = W(AL) = W(AR 1) = AR . W(1) = ii; ® AR - my, (5.98)

imply that
AF ~ End 4,rM = A" . AR ~ End 4o M = A" (5.10)
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as k-algebras. Therefore, as a left AT-module M is a direct sum of simple AT-submodules

. L R
M = @MUM(Z)’H MO'M(’L)Z Ll eUM(i)ei * M, (5.11)

where {eZR/ L}i c AR/L are complete set of primitive central idempotents and o is a
permutation of them by an argument similar to that of around (4.18). Then by repeating
the argument given around (4.10-11) one proves that M is a free left A*- and Af*-module
with a single generator.

Conversely, let 4 M become a free left AY- and Af-module with a single generator
m € M by resricting the A-action to these subalgebras. The elements m; and m,. of the
k-dual M of M defined by

(g, 2 - m) = e(x®), (e, P - m)py = e(zh), eB®/E e AR/IL (5.12)

are AL/E_generators of M and M, respectively, because choosing dual bases {e; }s, {fi}: C
AL with respect to the counit e the bases {e; - my}; € M,{S7(fi) - m}; C M and

{S7Yfi) -} C ]\7, {e; -m}; C M become dual to each other. Indeed, for the dual
Al -bases we have

8ij = e(esf;) = e(f15%(e:)) = e(S(e)S™H(f5)). (5.13)

The third equality follows from the invariance of the counit with respect to the antipode:
e = €0 S, while the second is the consequence of the identities (1.14-15) claiming that
S? is the Nakayama automorphism 6r: A¥ — A% corresponding to the counit as a non-
degenerate functional on A*. Therefore

0ij = (S(e)S™H(f;) := (i, S(e) STH(f5) - m)m
= (ei -1, STHf5) - m)na
513' = 5(5_2(fj)ei) = <17A7J7n, S_Q(fj)ei . m)M

= <S_1(fj) My, €5 - m)M .

(5.14)

Now we prove that the left and right coevaluation maps C4,;: AL — M x M and C%,: AL —

M x M defined in (2.8) and (2.14) are invertible, that is (5.3) holds. Using that 1) ®1(2) =
S~1(f;) ® e; (summation suppressed) in terms of the dual bases in A" one has

MxM:=10. Me1® . M =10 . Mo 1P AL 1y
— 1(1)5—1(AL) M@1@ o, =10 AL i 213 Ly,
= AMSTHf) - m®@e; -y = CYy(AT),
MxM:=1D - Me1®. M =10 A% ©1® . M
=10 ., @ 1@ 571 ALY M =1D i, @ 1P AR iy
=S fi) - @ Alte;-m = AVSTH(f) -t ®@ € - m = Oy (AD),

(5.15)
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i.e. CY; and C; are surjective. Injectivity of C%, and C%; follow from the faithfulness of M
as a left AL~ and A®-module, respectively. The inverse maps zS~1(f;) - m®e; -1y — x
and XS7L(f;) -, ® e; - m — xl, where 2% € AL are left A-module maps due to the
properties (2.7a) and (2.13a) of the dual bases and their explicit form are as follows:

Coln@ i) = SAD)Y i, 1? - n) (i my, n@ae M x M,

IR (5.16)
it en) =1Fm, 1@ @)y (n, )y,  A@ne M x M.
The case of invertible right A-modules is analogous.
ii) From the AX/F-freeness of M and from (5.10) we can deduce that
End 4M C End 4r M NEnd 42 M = (Center AY). = (Center A®) . . (5.17)

Let m € M be a free A“-generator. The action by an element z* € Center AY on M
represents an element of End 4 M only if

L (a)zl - m = aWS @)zt - m = aWzlS(a?) - m = 0¥ (azt) - m, ac A, (5.18)

ie. only if ITY (a)2® = L (az?) for all @ € A. Applying (2.24) with f(1) = 2 one obtains
that ¥ € Z, that is End 4M C Z%. The opposite containment is trivial. Hence, the
1ndecomposab1hty of the direct summands z - M of M follows, because End A( M) =
2} Z"- is an (Abelian) division algebra. Slmllarly one proves that End 4 (2 - M) = 2t 25
and the permutation 7, is induced by the permutatlon o of the subprOJectlons {elL} C
Center A% of the idempotents z} = > iep el € ZF .= Center AN AL through (5.11).
Inequivalence of the different direct summands zL M follows from the orthogonality,
= Opg2l »» of the primitive idempotents {zL}p C ZL
The case of invertible right A-modules is analogous. m

L
p

The connection between various types of grouplike elements ina WHA A and invertible
left, (or right) A-modules of the dual WHA A can be formulated as follows:

Proposition 5.4 Let A be a WHA and let F, := (A — a,—) denote the principal left
A-submodule of 4A = i(A,—) generated by a € A.

i) The element g € A is (right/left) grouplike iff g is an element of an invertible
submodule ;F of ;A and g obeys the normalization conditions 17/ L(g) = 1)
(g) = 1 =1I"(g).

ii) Two (right/left) grouplike elements g, h lead to equivalent submodules Fy, Fy, C ;A
iff gh~! is an element of the trivial subalgebra AT.

The elements of GE/L(A) = Gpr/(A)N AT are of the form gLS(gzl) € Gg(A) and
9157 (g7 ") € GT(A) with g1, € A" invertible and they form a normal subgroup in
Gr/r(A).
The elements of GT (A) := G(A)NAT are of the form g.S(g; ") with gr, = S%(g1) € AL
invertible and they form a normal subgroup in G(A).

iii) For any invertible submodule of ;A there is an equivalent submodule of ;A which
contains a right (left) grouplike element g € Gr(A) (g9 € GL(A)).
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iv) Every invertible left A-module is semisimple and isomorphic to a principal submodule
F, Cc A with g € Ggr(A) (9 € G(A)). The inequivalent invertible left A-modules can be
characterized by the elements of the (finite) factor group Gr(A)/GE(A) (GL(A)/GE(A)).

Proof: i) Let g € Gg/r(A) or g € G(A). Clearly, I, is a submodule of ;A that contains g
satisfying the required normalization conditions. According to Lemma 5.3 i) invertibility
of F, follows if F, becomes a free left A’- and Af-module with the single generator g

by restricting the left A-action to the corresponding subalgebras. If g € G r(A) then the
identities (1.6-7), (1.11) and (5.1-2a) lead to the relations

p—g= 15”9(% 138(g)™) = ((S(9)~" = ¢) = 1)g A
={I"(S(g) " =) =~ 1)g=1I"(S(9) " —~¢) =g, ¢cA, (519%)
o —g=9g10(p,g1®) = g((p — g) = 1)
—g(pmg) 1) =T (p—g) =g, peci (5.190)

They imply that F, C (AR = g)n (AL = g) = gAR N ARg, moreover, if 0 = oL —
g=(pr = 1)gor 0=l = g=g(S(pr) = 1) for certain /L e AR/L then F/L =
0, because g is invertible and the maps Ay in (1.5) and the antipode S are bijections.
Therefore F is a free left AE- and AE-module with a single generator g for any g € Gg(A),
ie. Fyis 1nvert1ble for any g € Gr(A). The case of g € G (A), hence the case g € G(A),
too, can be proved similarly if one writes the first coproduct form for g € G (A) as

A(g) = (gI"(9) ' ® ) A1) = (g ® ¢S (IT(g) ") A(1) = (9@ S~ (g~ ")) A(1). (5.20)

Conversely, let ;F be an invertible submodule of ;A. Then F' is a right coideal in

A and a free left AL~ and AR-module with a single generator f € F by restricting the
left A-action to these subalgebras. Thus one can define two projections (ID%: A — AY and

(TDJI?: A — AR by requiring
V(o) = f=¢—=f, o) =f=p— (5.21)

for ¢ € A. They are left AL~ and AB-module maps, respectively, and defining fl and fT
in the k-dual F' of F' as in (5.12) by

(fro™ = rp={(f = fr,0") = &("), " e AL,

. . . 5.22
<fl7(10Réf>F:<f/_fl7(pR> = é((iOR>7 SORGAR7 ( )
we have IF(f — f,) =1 =TIR(f — f;) and
% (p) = SAV)(f, 1P = fp = SAW)(f — [,1P¢)
= T (W) = frr o),
A (5.23)

() = (i = f)rS7 AP = (f = f1,iW)§71(1®)
(f = frpM)T (p2).
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Therefore using the identities (1.7-8)

= f=0F(p) = f=fOIEEW), fONF — fr. @)

= O, TIE(fO)(f — fr)) =10 0, 1D(f — f,)), (5.24a)
o= f=0(p) = f=rfD(eW f— I (@), £
= [, (f = f)lI*(f@)) = F1D(p, (f — f1)1P), (5.24b)

for all p € A, which imply
10f@1®(f — f) = [V e @ =D e (f ~ fi)1®. (5.25)
Applying the counit ¢ to the first tensor factor we obtain

E()(f = fr) = £ = (f = fI"(F). (5.26)

Let g be the element of F' that obeys I1%(g) = 1. Then g = p® — f = f(pf — 1) =: faf
for some @ € AR due to the A%-freeness of F and (1.6). Therefore 1 = I1%(g) = II#(f)z R,
that is z* is invertible, which implies that g is also an AL/F-generator of F. Thus (5.25-26)
hold for f = g € F, too. Since 1 = S~1(IT1(g)) = II¥(g) by assumption equation (5.26)
implies that g «— ¢ = g, hence I1¥(g) = ¢gS(g) due to (5.25). However, (1 =)I1%(g) =
S(g)(g +— 9») also holds due to (5.25), therefore S(g), hence g and I1¥(g) = gS(g) are
invertible, i.e. g « g, = I1¥(g)~'g due to (5.26). The substitution of these results into
(5.25) leads to the coproduct property (5.1a) of a right grouplike element g in A. The
cases g € G (A),G(A) can be proved similarly.

i) First we note that for g,h € Gr(A) (GL(A),G(A)) the invertible left A-modules
Fyy, and Fy x F}, are equivalent, because the maps

U:Fy x Fy, — Fyp ViFgp — Fyg x Iy, (5.27)
m®n — mn me— 10 ~mh1e1® ~p '

are left A-module maps, which are inverses of each other. Since the unit element 1 of A is
grouplike and since the invertible left A-module [ is equivalent to the left unit A-module
1AL through the maps kgr: A% — A¥ and &p: AV — AR defined in (1.5) it is enough to
prove that F, ~ Fy as left A-modules for a g € Gr(A) (GL(A),G(A)) iff g € AT,

Let g € GE(A) (GT(A),GT(A)). Then the ideal (AT)L := {p € A|(p,AT) =0} C A
is in the annihilator ideal of both of the left A-modules Fy and F,, because I, F, C AT
and AT is a subcoalgebra of A. Therefore Fy and Fy are also left modules with respect to
the factor algebra A/(AT) and the equivalence of the modules Fy and F, with respect to
this factor algebra ensures their equivalence as A-modules. The factor algebra A/(AT)L is
isomorphic to the dual W/IiIA AT of AT as an algebra, which is isomorphic to a direct sum of
simple matrix algebras, AT ~ @, M, (Z,), due to Lemma 2.3, where the Z,s are separable
field extensions of the ground field k£ determined by the ideal decomposition Z = ¢, Z,, of
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7Z = A¥ N A and the dimensions obey n, = dimz_ AL. Hence, F; and F, are equivalent

AT-modules if the multiplicities corresponding to the Wedderburn components of AT in
their direct sum decompositions are equal. In order to prove this, first we note that the
primitive idempotents {z,}o C Z are central in AT, hence they are in the hypercenter H

of AT and they are related to the primitive central idempotents {é,}o of AT as
o ~1=2,=1+¢, (5.28)

due to (1.6) and remarks after eq. (1.8). Hence, é, — g = (é,, — 1)g = 2,9 and F; and
F, are faithful left A”-modules, because 1 and g are invertible. Therefore the multiplicity

corresponding to a Wedderburn component of AT s at least one in both of the modules
Fy and F,. Then the identity

[Py = [Fyl = [A%] = |A[ = ) | Zaldimz, AL = ) | Zalna (5.29)

[e% (6%

for k-dimensions coming from the A®-freeness of invertible A-modules and from the algebra
structure of AT ensures that these multiplicities are equal to one, that is F; and Fj are
equivalent AT ~ A/(AT)L hence equivalent A-modules.

Conversely, let g € Gr(A) (GL(A),G(A)) be such that there exists a U: Fy — F,

equivalence between the invertible left A-modules Fy and F,. Using that U is an A-module
map we have

U(1) Do, U(1)?) == U1)=U(p = 1) = U(IT*(p) = 1)
=1T5(p) = U(1) = U 1)1 (), U(1)2)) (5.30)

~

=UM)W(p, " U 1)) =10U(1)(,1%),  pe 4,

that is A(1) = 1WU(1) ® 1), which ensures that U(1) € AL. Moreover, U(1) is an AL/E
generator of I, because it is the image of the AL/R generator 1 € Fy. Hence, there exists
an invertible element ¢ € AL such that g = & — U(1) = (o~ — 1)U(1) € ARAL, that
is g € AT,

The very last claim already implies that an element g € GL(A) (GL(A),GT(A))
has the product form g = grgr with gr := U(1) € AL and g = oI — 1 € AL
Since ¢ is invertible g;, and ggr are invertible. Using property (5.2) one obtains 1 =
1%(g) = T"%(grgr) = grS(gr) for g € GL(A) and 1 =11"(g) = 1" (grgr) = grS(gr) for
g € GT(A). Since GT(A) = GH(A) N GE(A) the form g = g1.S(g;") with S?(gr) = gz, for
g € GT(A) is also proven.

Since A = g — A = gAT = ATg for g € Gr(A) (GL(A), G(A)) due to (5.1) it follows
that gATg=1 = AT. Therefore GL(A) (GE(A), GT(A)) is a normal subgroup in Gr(A)
(GL(A).GA).

iii) Let f be an AL/B-generator of the invertible submodule F ¢ C 4A. If there is no
such element g in Fy that obeys I1%(g) = 1 let us define g := f + f, € A with f; given in
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(5.22). The maps

— fiFy — Fy, (5.31a)
arf— arf — fi=2r(f — fi) = zrg
— (I5(f) = 1): Fy — Fy (5.31b)

xrg — vrg — (I*(f) = 1) = apgll"(f) = arf

commute with the left Sweedler action, i.e. they are left A-module maps, and they are
inverses of each other due to (5.26), which property has been already indicated in (5.31a—
b). Therefore F; and F; are equivalent submodules of ;A, that is F is also invertible.

Since I7(g) = MR(f — f;) = 1 due to (5.22) and due to the non-degeneracy of the
AR — AR pairing ¢ is a right grouplike element due to i). The proof is similar for left
grouplike elements, one has to define g := f < f, with f, given in (5.22) to get g € G1(A)
in the submodule F, equivalent to F'y.

iv) Lemma 5.3 ii) claims that an invertible left A-module M is the direct sum of
inequivalent indecomposable submodules: M = @,z - M = @, M, where {]'}, C ZR
is a complete set of primitive idempotents. Since A is a Frobenius algebra (see Corollary
4.2) the injective hulls H(M,) of the indecomposable submodules M, are isomorphic to
principal indecomposable submodules ﬁ’p of the left regular module Afl [5]. Since the
orthogonal idempotents {é‘f}p are central in A the principal indecomposable submodules
Pp C Afl are also inequivalent for different p, therefore the injective hull H(M) of M, hence
M itself is isomorphic to a submodule of AA- But for Frobenius algebras the isomorphism
4A ~ ;A = (A, —) holds [5], which implies that M is isomorphic to an invertible
submodule of ;A, hence, by iii) to a principal submodule F, C ;A with g € GRr(A)
(9 € GL(A)). Due to ii) the inequivalent principal submodules can be characterized by
the factor group GR/L/Gg/L

Now, it is enough to prove semisimplicity of the invertible A-modules F, 9.9 € GryL (A)
The right/left grouplike properties (5.1) of g € G/ (A) imply that A, := —Ag A=
ATg = gAT is a subcoalgebra of A, and left (right) multiplication by an element g of
Gr(A) (GL(A)) lead to AT — A, coalgebra isomorphism. Hence, not only A7 but also
Ay C Ais a direct sum of simple coalgebras due to Lemma 2.3, i.e. A, is contained in
the coradical of Cy of A. This implies that Fy,g € Gr/r(A) are completely reducible

left A- modules with respect to the left Sweedler action, because they are annihilated by
the radical N = (Co)* of A. Therefore the decomposition of an invertible A-module
in Lemma 5.3 ii) into (inequivalent) indecomposable submodules is a decomposition into
(inequivalent) simple submodules, that is an invertible A-module is semisimple.

Since a Frobenius algebra possesses finite number of inequivalent simple modules there
is only a finite number of inequivalent modules that are direct sums of inequivalent simple
modules. Therefore the factor groups Gr,1(A)/GF / 1 (A) are finite groups. m

In consideration of Prop. 5.4 we can formulate why the notion of grouplike elements
in a WHA is too restrictive: One cannot always associate a grouplike element in A to an
invertible module of the dual WHA A. We formulate this claim as follows:
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Proposition 5.5 Let t;, € AL denote the element that relates the counit and the reduced
trace as non-degenerate functionals on the separable algebra AL: e(-) = tr (-t). The coset
gGE(A) C Ggr(A) for g € Gr(A) contains a grouplike element iff there exists z, € AL
such that

gtrg ' =xptragt (5.32)

In general, G(A)/GT(A) is a proper subgroup of Gr(A)/GE(A).

Proof: The adjoint action by g € Gr(A) on A gives rise to algebra automorphisms of
AL and AR, because (5.1-2a) imply that HR/L(gyR/Lg_l) = gyR/Lg_l for yr/1, € AR/
Using the invariance of the reduced trace with respect to algebra automorphisms and the
WBA identity e(abc) = ¢(I1%(a)bll(c));a,b,c € A, which follows from (1.1b) and (1.3)
one obtains

e(yrgS(9)) = e (g "y " (g)) = e(9™ "yrg) = tr (97 "yrgtL)

B L (5.33)

= tr(yogtrg™") = elyrgteg 't7"), wi € A",
ie. gS(g) = gtLg_ltzl due to non-degeneracy of the counit on A”. Therefore for all
g € Gr(A) we have

S(g)=trg 7', S*(g)=tgt™', t:=tLS(t; ). (5.34)

The element t;, implements the Nakayama automorphism 6. = S2 of € on AL, 6. = Adt;,
hence t := t;S(t;') € AT implements S? on AT and due to (5.34) on the subcoalgebras
gAT of A, g € Gr(A) as well. t is a grouplike element in the trivial subalgebra, t € GT(A),
because t € GL(A) by Prop. 5.4 ii) and S?(t) = t also holds.

Hence, if for a given g € Gr(A) there exists 1, = x1(g) € AL such that gtpg=! =
zptrry!, then gS(g) = gtrg 'ty = wptpe; 'ty = 2pS%(z;") due to (5.34) and h :=
27'S(z1)g € Gr(A) is a grouplike element in the coset gG'L(A) because T (h) = 1.

Conversely, if h is a grouplike element in the coset gGL(A) C Gr(A) then h =
zrS(z;1)g for some xy, € AL due to Prop. 5.4 ii). Hence, using (5.34)

1 =1%(h) = 2195(9)S*(z;"') = 2pgtrg 't 1 S* (2 ") = wpgtrg ta 't (5.35)

For the second statement of the proposition first we note that the inclusion gG* (A4) C
gG%(A) for g € G(A) induces the inclusion G(A)/GT(A) C Gr(A)/GE(A) of the factor
groups. To show that this inclusion is proper in general an example will suffice.

Let the WHA A over the rational field Q be given as follows. Let A* be a full matrix
algebra M,,(Q(v/2)), where Q(+/2) denotes the field extension of Q by v/2. Let the counit
as a non-degenerate index 1 functional on the separable algebra A" be given by the help of
the reduced trace and by t;, € AL satisfying tr (t;l) = 1. Let AT be the WHA of the form
Al @ AP = AL @ AR given in the Appendix of [2]. Now let A as an algebra over Q be
given by the crossed product A := AT>Z,, where Zy = {e, g} is the cyclic group of order
two and the action of the non-trivial element g € Z, on ALY (AF) is the outer automorphism
that changes the sign of the central element z;, = v/2-1 of A* (2 = v/2-1 € AR). Now it is
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a straightforward calculation that one extends the WHA structure of A7 to A := AT= 27,
by defining

E(g"x) = e(x),
Ag"z) == (9" ® g")A(), (5.36)
S(gnx> = S(x>tLg tL )

where z € AT and n =0, 1.

It is also easy to check that g € A becomes a right grouplike element for any possible
choice of tr,, that is Ggr(A)/G%(A) ~ Z;. However, if t;, € AL is such that the prescribed
outer automorphism on AL induced by g is not inner on ¢y, that is (5.32) does not fulfil,
there is no grouplike element in the coset gG5(A) C Gr(A), hence G(A)/GT(A) ~ {e}.
]

Remark 5.6 We note that condition (5.32) in Prop. 5.5 fulfils by definition if A is central
simple and it is also true if ¢;, is central in A, that is if S|2AL = td| 4. Moreover, in the
latter case the notions of various grouplike elements coincide: G(A) = Gg/r(A). This
happens, for example, if AF is Abelian. Indeed, for t;, € Center A the condition (5.32)
gtrg™' = tr,g € Gr(A) follows, because due to (5.34) S(g)g = trg~'t;'g, and it is a
central element in A”. Therefore 1 = IT1%(g) = S(11)S(9)g1? = S(g)g due to (5.1-2a).
n

6. Distinguished (left/right) grouplike elements, Radford formula and the
order of the antipode

After defining distinguished left/right grouplike elements and deriving some basic
properties of them we prove that similarly to the finite dimensional Hopf case [15] the
fourth power of the antipode in a WHA can be expressed by the help of distinguished left
(right) grouplike elements. Using this result we derive a finiteness type claim about the
order of the antipode in a WHA an prove that the double of a WHA is unimodular.

We note that the Radford formula was proved in [13] for WHAs in the special case
when the square of the antipode is the identity mapping on A%.! For such a special WHA
A the notions of various grouplike elements coincide, G(A) = Gr/(A), due to Remark
5.6.

Before turning to the definition of (left/right) distinguished grouplike elements in a
WHA let us examine the connection between integrals in dual pairs A, A of WHAS.

1 For WHASs based on certain separable, but not strongly separable [9] algebra A% the
property S |2A L # idj sz, i.e. the non-triviality of the Nakayama automorphism correspond-
ing to the counit as a non-degenerate functional e: A¥ — k, is not only a possibility,
but the only possibility, because € should be an index 1 functional on A”. For example, if
Al = My(Z,), that is a two by two matrix algebra over the finite field Zy, the reduced trace
tr on A" is non-degenerate but it has index 0. The two non-degenerate index 1 functional

on AL have the form tr (- ;) with tfl = (1 é) and lead to S|AL Adty #idj4se.
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The pair (I,)\),l € I* C A\ € IY c A is called a dual pair of left integrals if they
are non-degenerate and if they obey one of the equivalent relations I — A =1, — [ = 1.
Due to Theorem 4.1 such pairs exist in any dual pair A, A of WHAs. In the necessity
proof of Theorem 4.1 we have also seen that the left A-module ( alr, *) becomes a free left
AL/E_module with a single generator by restricting A to the subalgebras AX/E. Hence,
(aI*, %) is an invertible A-module due to Lemma 5.3 i). Since this module is the right
conjugate of the module 41 due to Corollary 3.4 4I% is also an invertible left A-module
and it becomes a free left AL/F-module with a single generator by restricting A to the
subalgebras AY/® by Lemma 5.3 i). An element r is a free AY (AF) generator in 4I%
iff  is a non-degenerate right integral, thus non—degenerate right integrals r,7’ € I are
related by an invertible element z;, € A" (zg € A™): ' = zpr (r' = zgr). By duality the
corresponding statement holds for non-degenerate right integrals in [ [E. Hence dual pairs
of right integrals (r1,p1) and (rg, p2), i.e when r; € I% p; € IR are non-degenerate and
obey one of the equivalent relations r; «— p; = 1,p; — r; = 1;i = 1,2, are related by a
‘common’ invertible element x; € AL (zg € AR):

A

(ro, p2) = (zrr1, (L — 27" )p1) = (zrry, (S (x5") = 1)py). (6.1)

Now, let us consider the element p — r € A constructed from the elements of the dual
pair (r, p) of right integrals. Since r is a non-degenerate functional on A and since pis a
free left AL/B_generator of the left A-module Af R by restricting A to these subalgebras,
p — r becomes a free left AL/B-generator of the left A-module A(fl - (p—=r),—), ie. it
is an invertible submodule in ;(A, —). Moreover,

M(p— 1) = IREO) (1), p) = 10 (1@, )

— 1(1)<1(2),p ) = 1(1)<1(2)7 i) =1, (6.2)
that is p — r € A is a right grouplike element due to Prop. 5.4 i). If (r;, p;);1 = 1,2 are
dual pairs of right integrals the corresponding right grouplike elements differ by a right
grouplike element in AT due to (6.1) and Prop 5.4 ii):

P2 — To = (i /— zczl)pl —xr = xLS(zczl)(pl —7r1), zy, € AL, (6.3)

However, it is not known to us whether the coset GL(A)(p — r) in Gg(A) is special
enough in order to contain always a grouplike element. But we note that if for a dual
pair (7, p) of right integrals p — r is grouplike, i.e. L (p — r) = 1 due to Prop. 5.4 i),
then r — p € G(A) already follows: By duality r — p is a free AL/ E_generator in the left
A-module 4(A — (r — p),—) with II®(r — p) =1 and

4 (r = p) = 0 (pM)(p®,7) = SAV)(Ap, 7)

=St (p—=r)~1)=51—-1) =1, (6.4)

that is » — p is grouplike by Prop. 5.4 i).
Similarly, one can show that a dual pair (I, \) of left integrals leads to left grouplike
elements: [ — X\ € Gp(A) and A — | € G (A). These considerations lead to the following
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Definition 6.1 Let (I,\)/(r,p) be dual pair of left/right integrals in a dual pair A, A of
WHAs. The elements s;, :==1 +— X (o, ;== XA+ 1) and sgp :== p =1 (o :=1r — p) are
called distinguished left and right grouplike elements, respectively, in A (A)

The dual pair (I, \)/(r, p) of left/right integrals is called a distinguished pair of left/right
integrals if s; /sg is not only left/right grouplike but also grouplike. In this case s; and
sgr are called distinguished grouplike elements.

Remark 6.2 The relation between the II” projections of distinguished right grouplike
elements or and sg is given by (6.4). Similarly, for distinguished left grouplike elements
one obtains the relation

R(s) = S(1 — OR(0y)) = S(1 — op). (6.5)

Since (S(r),S71(p)) is a dual pair of left integrals if (r,p) is a dual pair of right inte-
grals the cosets of left and right grouplike elements sy, and sg are related as s G~ (A) =
S(sp)GE(A) =trsp't;'GT(A) due to (5.34). m

Let us introduce some notations we use in the forthcoming Lemma: Using properties
(5.1-2) it is easy to see that a left /right grouplike element 7y, r € G1/r(A) gives rise to a

projection H%i: A — AL/E by defining

H,?L (a) :==TI* (v — a), H,]y%R(a) =T1%(a — vg), a€ A. (6.6)

The invertible right/left A-module structures of left/right integrals in A can be made
explicit by using these projections and distinguished left/right grouplike elements o /g
connected to the dual pair (I, \)/(r, p) of left /right integrals:

la = zﬂg(gzl)(a), ar = Hg(agl)(a)r, ac A (6.7)

For example the first relation can be proved by using (5.1-2b) and the injectivity of Ly:

AN—la=op—a=(S;")1", a)or1? =0, (1~ I (a — S(o")))

=0, — R(a+— S(o; ") =\ — ng(agl)(a).

Lemma 6.3 Let P, = AbA C A be the principal ideal with the generator b = b(v,d) € A

~

characterized by a left and a right grouplike element v € Gp(A),§ € Gr(A) through the
property
abc = Hﬁ(a)bH?(C), a,c€ A, (6.8)

where the projections H,% and IIE are defined in (6.6). The left/right Sweedler action
by left/right grouplike elements provide isomorphisms between such types of principal
ideals as (possibly non-unital) rings. The image b of the generator b = b(~y, ) obeys the
characterization property

Br — b+ Br=b=0bS(Br)vBL", Br'S(8L)), Br/r € Gr r(A). (6.9)
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Proof. First we note that the set of such principal ideals is non-empty, for example, [ € I*
from a dual pair (I,\) of left integrals provides such a generator: [ = I(1,S(o; ")) due
0 (6.7), where o, =1 — X € GL(A) is the corresponding distinguished left grouplike
element.

Since left /right Sweedler actions by left /right grouplike elements in A provide algebra
automorphisms of A the isomorphism of the corresponding principal ideals as rings follows.
The only open question is the transformation property (6.9) of the generator b = b(7y, ).
Using defining properties (5.1-2) of left /right grouplike elements and the properties of the
maps kg, £y, given in (1.5-6)

a(Br —=b) =P — (B = a)b =0 =~ TE(B = a)b=TE(B," — a)(BL — b)
=T (y = B, = a)(By — b) =117, (a) (B — D), (6.10a)
(B = b)e= B = b(B; = c) =B = bIF (B, —¢)

= (BL = b)(BL = T (B" = ¢) = (B — )18, TF (BT — )1®))
(B = b)((BL — TIF(BL" =) = 1)

= (B — b)(HL(ﬁL(i — B = c—0))) 1

= (Br = D)IH(BL(A — (Bt —c—6) = 1)

= (B, = b)AD gt = c = 5)(BP1P8(87) = 1)

= (B = b)(AW, B = c = 6) (8,131 — 1)

= (B = 0)(S(BL)1M B, Bt = c = 5)(1®) — 1)
(Br = b)(AW, ¢ — 65(81))(1? — 1)

= (B = b)((1 = P (c = 65(8L))) = 1)

= (B, = b)I*(c = 65(1)) = (Br — b}, (). (6.100)

The transformation property (6.9) of the characterizing left /right grouplike elements under
the right Sweedler action b — (g, Br € Gr(A) can be proved similarly. =

Corollary 6.4 Distinguished left grouplike elements in A fall into central elements of
the factor group G (A)/GY(A). There exists a two-sided non-degenerate integral in A iff
distinguished left grouplike elements in A fall into the unit element of this factor group.

Proof. For any 8 € G(A) the map Bg(a) := 3 — a — S~(0),a € A defines an algebra
automorphism of A, which maps the space I L of left integrals into 1tself due to the previous
Lemma. The image | = Bg(l) of a non-degenerate left integral [ = 11, (0;1)) is a non-

degenerate left integral having the characterization property { = [(1, 5? (ﬁ_l )S(o7 L DIG))
due to (6.9). Hence, the distinguished left grouplike element &, corresponding to [ is given
by

o1 =S5(Borf "t =pporp™t, STEHB)S T =0 =5 e er € GL(A),  (6.11)

with o, = S~HIIR(B71)) € AL due to the form (5.2b) of IT%(3~1). However, distinguished
left grouplike elements, similarly to the case (6.3) of distinguished right grouplike elements,
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differ by elements in GT(A), hence for the cosets (6.11) implies [o7] = [¢][8][oL][6] " =
[8][o][B])", that is [or] is central in the factor group G (A)/GT(A).

If the non-degenerate left integral [ € I is also a right integral then we have the
relation H}S%( Zl) IT7 due to (6.7). Hence, oy, = 1 since

(1,0) = (1,11%(a)) = (1,11, -1y(a)) = (S(o") @1,A(a)) = (S(o;"),a), ac€A.
Conversely, if [0 ] is the unit element of the factor group then there exists a dual pair (I, \)
of left integrals with distinguished left grouplike element o7, = 1. Then IT% Sorty = 17 and
L

(6.7) implies that [ is a (non-degenerate) two-sided integral. m

Theorem 6.5 Let A, A be a dual pair of WHAa. If (I, \) is a dual pair of left integrals and
(sp,or) is the corresponding pair of d1st1ngu1shed left grouplike elements in A x A then
the Nakayama automorphism 60y := R LolyA— A corresponding to the non-degenerate
functional \: A — k can be written as

O0x(a) =o' = S%(a) = 57 S 2(a)s, — S~ (o1), ac A (6.12)
The fourth power of the antipode S of A can be written as:
S%(a) = op — s;tasy — S~ (o), a € A (6.13)

The order of the antipode is finite up to an inner automorphism by a grouplike element in
the trivial subalgebra AT

Proof. In the sufficiency proof of Theorem 4.1 we have seen that the antipode and its inverse
can be given by the help of pairs of non-degenerate integrals [/r € TE/R, Ap € IL/R

S(a) = (Ryo Ly)(a) := (A —a) =1, A=l=1,1—=X=1, (6.14a)
S7Ya) = (Lo L,)(a) =1 (p — a), l—p=11—p=1 (6.14b)
S7Ha) = (R, o Ry)(a) == (a — \) =, A—r=1A—=r=1, (6.14c)

S(a):(LroRp)(a) =r — (a — p), r—p=1,p—r=1. (6.14d)

Choosing a dual pair (I, A) of left integrals we rewrite the antipode relations (6.14b—d) in
terms of (I.\) and the corresponding pair (s,0) = (sp, o) of distinguished left grouplike
elements. We note that the second relations between the members of integral pairs given
in (6.14a—d) are consequences of the first ones (see the proof of Theorem 4.1), hence, it is
enough to ensure only these ones.

For (6.14b) the new member of the required pair (I, p) of integrals is given by p :=
S71(\) = (A — s)IT%(o)~'. Indeed, p is a non-degenerate right integral and A\ = S(p) =
(I — p) — X implies the relation | — p = 1 due to injectivity of Ry. Moreover, using
property (1.16) of left integrals

~

A= (o)t i= (A= ([ = \)IE(0)7 = DD, DAPTE () !
= AW DETTANADTE ()™ = ST (W) oIl (o) (6.15)

~

= STYWIR(0)TR ()~ = §7L(\) = p.
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Hence, interchanging the role of A and A the new member of integrals for (6.14c) is given
by r := S7Y() = (I — o)ITIf(s)~L. For (6.14d) the pair is given by (r := S=(1),p :=
S(\) = s — ), because p = S(A\) = (I = A\) = A =5 — X and r = S~!(I) are non-
degenerate right integrals and r — p = S71(I) — S(\) = S~}(\ — I) = 1. Therefore we
can rewrite (6.14b—c) as

S7Ha) =1 (p—a) =1+ (A= s)[TI*(0) ' —a) =1 (A — sa)[TF(o)""
= [l — (A= sa)](1 = IIf(0)™") = (L; 0 Ly)(sa) (1 — TP (o)1), (6.16b)
SN o —a)=95""(a) < S(c) = ((a—=A) = r) < S(o)
=(a—=X) = (1= o)If(s)™" = S(0) = (a = ) = (I = 0S8(0))IT7(s) "
=(a— ) = (I =" HmH(s) ™!
=(a—= ) =11 =1%o ") )HR( )7t
= (a— ) = 71— 08(0)) < S(o™")ITF(s)™"
=(a— X)) =151+ J)HR(S) =(a— ) — ZHR(S)HR(S)_l
=(a— AN —=1l=(Ro RA)(a) (6.16¢)

where we used the identity 0.5(c) = II%(6=1)~! following from (5.2b), the right A-module
property (6.7) of left integrals and the relation (6.5). Finally, using property (1.16) of left
integrals (6.14d) can be rewritten as

Sa)=r+—(a—p) =10—o)I%s)" —(a— (s = X))
=[(l = o) «— (as = NI (s) ! = [l = oA (AP as)]TTF(s)
= [l = XS Ho)A® as)TTF(s) ! = [l = ((as — S~} (o)) = NI (s)~"
= (L; o Ry)(as — S~ (o)) ITF(s)!
(6.16d)

Therefore using (6.14a), (6.16b—d), the algebra isomorphism property of the map Ar given
n (1.5), the relation (6.5) and the form (5.2b) of IIf(s) we get

(Rio Lx)(a) = S(a) =S‘1(04( ~t = 5%(a)) = (Rio Ry) (07" = S%(a)), (6.17a)
(Lio Ly)(a) = S7' (s a)(1 — 11(0)) = ST (117 (s)sa)
= S[STHIT(s)~1) ST (TF ()5~ a)]TT(s)
= S[STA(SI(s) I (5)s™ )T (s) = S[ST(S?(s~1)a) 1T (s)
= S[s71872(a)[IR(s) = (L; o R\)(s7'S72(a)s — S~ (o). (6.17b)

Due to injectivity of R; and L; (6.17a-b) lead to connections between ]3{,\ and IAL,\ that
imply (6.12). The equality of these two different forms of the Nakayama automorphism 6
gives rise to the Radford formula (6.13).

Since left /right Sweedler actions by left /right grouplike elements are algebra automor-
phisms iterating the Radford formula m times one arrives at

SAm(a) = 84 (s7H) .S (s (0™ — a = STH0™)) S (s) ... 84 (s), ac A (6.18)
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For g € G (A) the relation S?(g) = S(ITT (¢~ 1)~ I%(g71)g € GT(A)g holds due to (5.2b)
and Prop. 5.4 ii), hence, S?"(g) € GT(A)g is also true for any integer n. However, the
factor group G1(A)/GE(A) is finite due to Prop. 5.4 iv) therefore there exists an integer

m and = = S(zr)rg" € GL(A),¢ = S(pr)pr' € GEL(A) with xg € AR pr € AR such
that (6.18) reads as
St (a) = a7 e = a = 57N (p))x

=27} (S(pr) = DL = 57 (o aler’ = DL = pr)z

=2 'S 1 < pRr)(1 < ¢x)aSTH (1 < ') (1 < pr)z (6.19)

=27 'STHL < pr)(1  pr) 1aSTH(L < 9r) TN (1 — pR)T

= S(yr')yraS(yr)yz', a€A
with ygp = S H(1 «— ¢r) € AE, that is S*™ is an inner algebra automorphism of A by
an element y := S(yr)yp' € GL(A). However, S*™ is also a coalgebra automorphism of

A, which requires y to be a grouplike element. Indeed, using the coproduct property (1.4)
and separability identities (1.12) for A¥ and A’ one derives the relation

A(a) = (S(yr) @ yr )A(S(yg yraS(yr)yr ) (S(yr') @ yr)
= (S(yr) @ yg VA(S"™(@))(S(yz") @ yr)
= (S(yr) @y NS @ ST (A(0))(S(yR') © yr) (6.20)
= (yr ® S(yz'))A)(yz' ® S(yr)) = (yrS*(yz') ® VA(a)(yryr ® 1)
= (yrS®(yz') ® 1)A(a),  a€A,
that leads to the equality 1 = yRSQ(yIZLl) by applying the counit to the second tensor

factor. Hence, y = S(yr)yx" is not only in G¥(A) but also in GT(A) due to Prop. 5.4 ii),
which together with (6.19) proves the last claim in the theorem. m

In case of Hopf algebras the original result [15] was used to prove that the Drinfeld
double D(H) of a Hopf algebra H is unimodular [16]. In case of the double D(A) of a
WHA A [3] the same result holds:

Corollary 6.6 The double D(A) of a WHA A is unimodular, i.e. there exists a non-
degenerate two-sided integral in D(A). Namely, if (I, A) is a dual pair of left integrals in
A x A then D(I ® S()N)) is a two-sided non-degenerate integral in D(A).

Proof. The double D(A) of a WHA A is the tensor product of A and A amalgamated by
Al ~ AR and AR ~ AL

D(A) 3 D(azrzr ® ¢) = D(a® (xp, — 1)(1 — zr)yp) (6.21)
witha € A, p € A, Tr/R € AL/R together with the WHA structure maps

D(a® )D(b®@ 1) := D(ab® @ pPy)(aM, S71 (™)) (a®, oMy,
€D( (a® ) :=celalp = 1)) =&((1 = a)yp),
Ap(D(a® p)) :=D(aM ® o) @ D(a® @ M), (6:22)
Sp(P(a®¢)) :==D(1® S (p)D(S(a) ®1).
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Let (I,\) be a dual pair of left integrals in A X A with the corresponding pair (s,0) =
(sr,or) of distinguished left grouplike elements. From the form (6.12) of the Nakayama
automorphism 6; corresponding to [ it follows that A%(1) = IV ® S2(I®)s 1), hence using
properties (5.1-2b) of a left grouplike element

1131511y = M) @ P15 1) = |1 @ 121 M s=15(s71)5(1)5(13))
— 1M @I (s~ 151 = 1V @ TIF (1), (6.23)
Moreover, the first relation in (6.7) for A € I” and ¢ € A implies that

PS(N) = S(MIF,—1)(S7H(9))) = (S oI 0 71 (s7! = ) = [Ia(9)S(N).  (6.24)

Using these relations and the amalgamation properties (6.21) of D(A) one computes

D(a® ¢)D(I® S(N) = (al(2)®s@ SONAW, STH @) (AP, M)
(M)W, 57BN (1), M)
_ D(al(2)(gp(2) —1) ®S( )) 13 ) (1)>< —1g- (l(l)),gp(3)>

=D(al® @I (s7t — ) §
(I
(A

D(a(ﬁR(s@(”) — 1) ® SN, (”><s‘15‘1(l(”>, o)
D(al® @ S(\) (1@, i (@)W (s7187H(IMW), ) (6.25)
D(al® @ S (I s71871 (1MW) )

= D(alV @ S(N){ITF(1?), ) = D(a(IT"(¢ )Al)®S<A>)
D(aS(IT*(p) = 1)1 ® S(N) = D(a(l — STHIT*(9)))l @ S(N))

~ ~R “ ~

DII*(a(1 —1I (w)))l®S(A>)=D(HL( ({f—H (¢) ®@1)D(l® S(N))
11

that is D(I®S()N)) is a left integral in D(A). Similarly to (6.25) one obtains that it is also a
right integral, only we have to show that D(I® S(\)) is a non-degenerate functional on the
dual D(A) of D(A). The WHA D(A) [3] is the tensor product of A and A amalgamated
by AR ~ AL and AL ~ AR

D(A) 3 D(p @ zraS  (zg)) =D(S™ 1 «— 2r)p(z, = 1) ®a) (6.26)

with ¢ € Aa e A,xp R € AL/E together with the WHA structure maps transposed to
that of D(A) with respect to the non-degenerate pairing

(D(p®a), D(bR)) := (p@a, P(b@1h)) = (P(p®a), b)), a,be A, ¢, A, (6.27)

where P:A® A — A® Aand P: A® A — A® A are the k-linear projections given by the
help of separating idempotents of A” and AF

Ph@) :=b1MWs51M)) @ (13 = 1)1 — S(1P))y,

. , A . , (6.28)
Plp®a):= 1" =~ 1)p1® ~1) 1@,
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Clearly, P(A® A) and D(A) ( P(A® A) and D(A)) are isomorphic k-linear spaces and
D(P(b® 1)) = D(b® ) (D(P(p @ a)) = D(¢ @ a)) also holds due to the amalgamations
in D(A) (D(A)). The two-sided integral D(I ® S(A)) is non-degenerate if the k-linear map
Rpugso): D(A) — D(A) is injective, hence bijective due to finite dimensonality. Thus we
have to show that if 0 = D(p®a) — D(1® S(N)) then 0 = D(¢ ®a). Using the mentioned
1som0rphlsms of the k-linear spaces,Athe fprm of the coproduct in D(A) and the identity
(1~ HR( )(S(l(l))))ﬂg_l(l(z) — 1) = 1 we prove later on one computes
P @ SN (D(p ©a), DI® © S(N)M))
= I0105100) & (1€ = )(d « SAP)SND (Blp© @), DI @ S()M)

=151 e 1) = 1SN (D(p @ a), DIPSAV) @ 51 — SA))5N)M))
:Nmuww®a@WAinWMm¢®@,a®aﬂ%ﬂ”®a>m»

= [1SAMP @ [(1® = 1)SW]P(D(p @ a), D(ISAM)® @ [(1*) = 1)IN))MV))
=W @SN (D(p®a), DAV, (SAW)) @ M2, (1® = 1)5(0)M))
=100 SN (D(p®a), DIP © (1 1f __, (SAW)IE. 1 —1)S)M))
=1 @ SN (D(p®a), DI? @ S(N)M))
=10 @ SNP(P(p®a),l® @ SNW) = (R @ Lg(,))(P(p © a)). (6.29)

However, the k-linear map R, ®IA)SA(>\): A®A — AR A s injective due to the non-degeneracy

of the integrals I and A, hence (6.29) implies that P(¢ ®a), or equivalently ?(gp@a), should

be zero if the left hand side of (6.29), or equivalently D(¢ ® a) —= D(I ® S(A)), is zero.
Finally, the proof of the identity we used in (6.29) is as follows:

(1= 1E,  (SAMNIEA® = 1) = (1 — 1 (5a) <= S )it (s~11® ~ 1)

= (1 8(5aW) = 8(o1))sAM)(s711?,1®)

= SAM) s A0 — (071 = 521D

-9 1(1))<8 1(2) 1(2) . ( -1 _ 52(1(1)))>

= 5AWY (o~ S(AMY(S2(1W) (0 — s711D)), 1571y

q
Ly /\
[t
—~
—
~—
~—
I
—_
e
—~
)
~
]—l
—~
[\
~
~

1(1))54(1(2))54( —1) 1(2)>
o) (ITH(S*(1 1) 54 (1) 5%(s71)), 1)
= S‘(a‘li a)<S4(1(2))S3(1(1)), 1(2)> = S(a‘li(1)0)<1, 1(2)) = i,

where we used the properties (5.1-2) of left/right grouplike elements, that a left/right
grouplike element leads to an algebra automorphism by the left /right Sweedler action and
the Radford formula (6.13). m
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Appendix A

Here we give examples of finite dimensional WHAs of A = AY ® A% = B ® BP type,
where B is a separable k-algebra equipped with a non-degenerate functional E: B — k of
index 1 (see Appendix of [2]), having antipode of infinite order.

Let B = M,(R), i.e. a full matrix algebra over the real field, and let tr: B — R
denote the trace functional with tr(1) = n. Any invertible element ¢t € B with tr(¢~!) =1
defines a non-degenerate functional E: B — R by

E(x) = tr(tz), x € B, (A1)

which has index 1. Indeed, if {eq} is a set of matrix units then {e;}; = {t™ s} () and
{fi}i = {eva}(a,p) are dual R-bases of B with respect to £, E(e;f;) = d;;, and the index

of F is
Ind E := Z fiei = Zebat_leab =tr(t™ ) Z epy = 1. (A.2)
7 a,b b

The Nakayama automorphism 6 of E defined by E(zy) =: E(yf(x));x,y € B is inner,
0(x) = tot™!, r€B (A.3)

due to the form (A.1) of E. We can construct the WHA B @ B°P [2]: it is the R-linear
space B ® B with structure maps

(21 ® 22)(Y1 ® Y2) = T1Y1 ® Y22,
Az @ 22) = Xi:(l’l ® fi) ® (e; ® w2), (A4)
e(x1 ® x2) := E(r122),
S(x1 ® x2) 1= 29 ® O(x1).

Clearly, S? = 0 ®0, therefore the form (A.3) of the Nakayama automorphism 6 shows that
the order of the antipode S is finite iff t™ € Center B for a certain positive integer m.
However, this is not the case for a generic invertible t € B = M,,(R) with tr(¢71).

Although the order of the antipode is not finite in the generic case, already S? is an
inner automorphism by a grouplike element in the trivial subalgebra A7, which, in this
case, is equal to A itself. Indeed

SP(zey) =0)®0@) =ttt Nzeyt ot), (A.5)

and t@t ! = (te1)St 1) witht®1 = S%(t®1) € AX. Therefore t ® t~! is a
grouplike element in the trivial subalgebra AT by Prop. 5.4 ii).

Appendix B

Here we give the generalization of the cyclic module [4] AEU 5) for weak Hopf algebras
having a modular pair (o, s) in involution. The details will be published elsewhere.
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Let A be a weak Hopf algebra. The pair (0, s) € G(A) x G(A) of grouplike elements
is called a modular pair for A if

o= s=s5=5*o0, S—=0=0=0+“Ss. (B.1)

They form a modular pair in involution if they implement the square of the antipode

S%(a) =0 —sas™ ' —o7 !, acA (B.2)

Clearly, a modular pair (in involution) is a self-dual notion for WHAs.

The identity (B.2) is a kind of square root of the Radford formula, hence, modular
pairs in involution do not exist for arbitrary WHAs. However, there is a wide class of
WHASs having such a pair. For example, in a weak Hopf C*-algebra A there is a canonical
grouplike element g € A implementing S? on A [2], hence (1,9) is a modular pair in
involution for A. Another example can be given as follows: Let A be a WHA over k and
let the WHA Ag := (AT, Gr(A)) be the subWHA of A generated by the trivial subWHA
AT and by (a subgroup of) the right grouplike elements Gr(A) in A. Then (1,t) with
t € GT(A) defined in (5.34) is a modular pair in involution for Ag, because ¢ implements
S? for AT and Gr(A).

Proposition Let A be a WHA over the field k and (o,s) € G(A) x G(A) be a modular
pair in involution. Let the cochains C’( s)(A), n > 0 be defined by the n-fold product of
the left regular module 4 A, i.e. the k-linéar spaces

O, o (A) = A

. ol (B.3)
Clos(A)i=AxAx. ... xA=A""(1)- (A®A®...0A).
The face operators 5( ", Oy 81) (A) = €, (A), 0<i<n are
& () = (),
5%1)(11 =xy
=1 1) ©1%0, ®as @ ... Qan_1, 1<n, (B.4)

5§n)(a1®...®an 1
57(1”)(a1®...®an 1

a1 ®ay®...0Ala;)®...0ap,—1, 1<i<n,1l<mn,
= R Ap_o® l(l)an_l & 1(2)8, 1 <n,;

):
):
5(()n)(a1 ® ... ®ap_1):
):
)

the degeneracy operators a( "), C’(”;FSI)(A) — O, o(A), 0<i<nare

oy (a) = 11" (a),
ai(n)(al X...x an+1) =1 ®...Q% HL(ai_|_1)CL¢+2 R...Q0apt1, 0<i<n,0<n,
(

an”)(al @ ... Qapg1) =01 Q... R ap_1 @M api1)a,, 0<n,
(B.5)
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and the cyclic operators 7(y): C’?U’S)(A) — (7, 5 (A) are given by

T(O)(xL) =2xr,

1 (B.6)
Ty (a1 ® ... ® ap) = AP (S(a —0))- (a2 ®...®a, ®s), n>1.

With the definitions (B.3-6) Aua NE {CT, 5 (A)}n>0 becomes a A-module, where A is the
cyclic category.
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