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Abstract

We consider the problem when the product of certain higher commutators arising from a fixed
element in a ring lies in the ideal generated by some power of this element. The result which we
obtain is applied to the study of (generalized) derivations in rings and (Banach) algebras.

0 2003 Elsevier Inc. All rights reserved.

1. Introduction

Let A be a ring. As usual we denote the commutatbr— ba of elementsa, b € A
by [a, b]. In our main result (Theorem 2.1) we discover some elementary properties of
higher commutators of the forfa, [a, [a, .. ., [a, b] .. ]]]. A simplified version of its most
interesting part reads as follows.

Theorem 1.1. Let A be an algebra over a field with charF) = 0. Leta, bo, co € A and
setb; =[a, bi_1l, ¢; =[a, c;—1] for everyi > 1. Suppose thdb;, c;]=0forall i, j > 0.
Letm1, m» be odd positive integers and let= (my + m2 + 2)/2. Thenby,, cim, lies in the
ideal of A generated by:".

Since by, = 21;1210(_1),; ("jl)a’"l‘-/'boa/' it is clear thatb,,, lies in the ideal ofA
generated bya1+V/2 and similarly, ¢,,, lies in the ideal generated hy2+1/2,
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Theorem 1.1 tells us thd,, - ¢, lies in the ideal generated by the produ€titb/2.
am2+1/2 of these two generators.

Theorem 2.1 gives a much more detailed information. In particular, it considers the
situation when4 is an arbitrary ring.

Whenm1 andmy are even this result fails. However, in this case we have a different
conclusion (see the last sentence of Theorem 2.1), though from the point of view of
applications apparently a less useful one.

The assumption on the commutativity bf andc; seems to be a rather strong one,
but there is a special instance where it is automatically fulfilled. It concerns derivations of
algebras. Letd be an algebra and lei(A4) be the algebra of all linear operators fro#n
into A. For everyx, y € A we defineL,, R, € L(A) by L,(a) = xa, Ry(a) = ay. Obvi-
ously,L, andR, commute for any. andy. A derivation ofA can be defined as an operator
D e L(A) suchthallp) =[D, L] foreveryx € A, or equivalentlyRp,) = [D, R,] for
everyy € A. Accordingly, L pi () = [D, L pi-1()] and Rpi(,y = [D, Rpi-1(,,] for every
i > 1. Letting D, L, andR, to play the roles of:, by andcg respectively (and of course
L(A) playing the role of4), we immediately get the following corollary to Theorem 1.1.

Corollary 1.2. Let A be an algebra over a field® with charF) = 0. Let D be a
derivation of A and let x,y € A. Further, let m1, m> be odd positive integers and
let n = (my1+ mz+2)/2. Then the operatol pmi ) Rpmz(y lies in the ideal ofL(A)
generated byD".

A more precise version of Corollary 1.2 (Corollary 3.1) is given at the beginning of
Section 3 where one can also find some concrete formulae that illustrate our results. Also,
a similar result is stated for the so-called generalized derivations for which our main result
is also applicable.

Section 2 is devoted to our main result, and Section 3 to its various applications: we
shall generalize and unify various existing results concerning (and related to) nilpotency
of derivations, complete and extend a recesutt of the first two authors on derivations
certain of whose powers have finite rank, and finally indicate (the full treatment will be
done in another paper) possible applications to the study of derivations on Banach algebras.

All applications of our main result that we have found so far treat (generalized)
derivations, and moreover only in the context of noncommutative rings and algebras. In
view of the elementary nature of this result, however, we hope that it might turn out to be
applicable also in some other areas.

2. Themain result

Let us fix our notation. Throughout this sectiof will be an arbitrary associative ring
(possibly without an idelity element). We writex o y = xy + yx for anyx, y € A. Note
that[y, yox]=yo [y, x]1=[y2 x]; we will use this without comment in the sequel.

Leta, bo, cg be fixed elements i, and set

bi=la,bi_1l, c¢i=la,ci—1] foranyi>1.
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So, for example¢1 = [a, col, c2 = [a, [a, col], c3 = [a, [a, [a, co]]], etc. It is well known
and easy to see that

i = Z(—l)j <’,)a"icoai foralli >1. (1)
: J
j=0

Next, n > 2 will be a fixed integer. For anys = 1,...,n — 1 we introduce then x m
matrix
(1)

() ()

JRN S TG B (e
m = . . .
e I e IR iy

and seb,, = def(4,,). We also sefy = 1 and define
Am =5n7m8n7m+l~~5nfly m=1...n.

Finally, by G we denote the additive subgroup.dfgenerated by all elements of the form
a"*bicj, bia" ke, cja*b; andb;c;a"t* wherei, j, k are nonnegative integers with
i+j+k=n—-2

We are now in a position to state our main result.

Theorem 2.1. Suppose tha;, c;1=0wheneveti >0,0< j <n—2,and0<i+j <
2n — 2. Letm < n andk < n — 1 be positive integers.

(i) If miseven themmbk+,,_,,,_1[a"—k, aocy_2]€g.
(ii) 1f m is odd thenA b1 p—m—1la"*, cm_1]1 €G.

In particular, A,,,b2,—m—2(a o cy—1) € G if m is even, andA,, b2, —p—2¢, € G if m is odd.

The last sentence is just another way of stating (i) and (ii)kfet n — 1. Namely,
if k=n—1then[a"* aocyzl=I[a,ao0cy—2=aola,cy2]=aocy_1 and
[an—k’ cm-1l =la, cp—1l = cn.

Theorem 2.1 would be meaningless withoutgoadditional information on the integers
A For our purposes the following result is sufficient.

Lemma 2.2. A prime numbep > 2n — 1 does not dividej,, for everym =1, ..., n.

Proof. We fix m with 1 <m < n — 1. It suffices to show thgt does not divide,, .
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By ai,ag,...,a, we denote’the rows of the matrix,,. Let B,, be the matrix whose
k-th row is equal toy"5_; (—1)*~ (*_})a;. Of courseB,, has the same determinantas,
i.e., detB,) =§,,. Note that(B,, ), ;, the(k, j)-entry of B, is equal to

k . k-1 .
p—i (k—=1\(n+i—-1\ ak—1mi(k =1\ (n+i
;(_D (i—1><j+i—1)_§,( Y ( i ><j+i)'

This sum can be presented in a simpleywadeed, since the coefficient of + X)* at X!
is (}) it follows by comparing the coefficients at*/~1 in

k—1
A+ X)"=(-X+1+ X))k71(1+ X)'= Z (
i=0

k _ 1) (_X)k—l—i (1+ X)I’l+i

that (B, j = (j+2_1) where it should be understood tH&} = 0 if s > n.

For any integer we shall writer =r + pZ € Z,. Let B, € My, (Z,) be the matrix
whose(k, j)-entry is equal to

S n
(Bm)k,,-=<j+k_1>.

The lemma will be proved by showing that dBt,) # 0. Equivalently, we have to show
that the rowsbs, by, ..., b, of B, are linearly independent. So assume that there are
o1,Q2,..., 0y € Z, such that

a1b1+a2b2+---+ambm=0€Z’£. (2)
Define f(X) € Z,[X] by
FXO) =0+ X)" (X" +a2X™ 2+ ).

Writing f(X) = _?ié”‘lﬁfX" we see thaBym—1= a1, frim—2 = (," 1)1 + a2, etc.
The key observation, however, is that (2) yieBis= 0 wheneverm <i < 2m — 1. That s,

FMO =) == fEP) =0, (3)

Note thatf ™ (X) = (1 + X)""h(X) for someh(X) € Z,[X] of degree at most — 1.
From (3) it follows thati(0) = #/(0) = --- = K=Y (0) = 0 which shows that(X) is
actually 0. Consequently," (X) = 0, and hencé&+m —1)(n+m —2) - - -nfy1m_1 =0.
Sincep >n+m —1weseethatn + m — 1) (n + m — 2) ---n £ 0, which in turn implies
that 8,+m—1 = 0. That is,«; = 0. The same argument then shows that= 0, oz = 0,
etc. O

The proof of Theorem 2.1 will be given at the end of this section. First we shall derive
some other properties &f, andc,,.
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Lemma2.3. For all k > 1andm > O we havei‘b,, = 3=} _q ()bm+ja* .

Proof. Usinga**1b,, = [a, a¥b,,] + (a*b,,)a one easily proves the lemma by induction
onk. O

By (x1,x2,...,x,) we denote the additive subgroup 4f generated by, x», ...,
xm € A.

Lemma 2.4. Lett be a positive integer, and set

i, 1 ifii
= 1@ caail ifiisodd g5 o g
[a',aocy_;] ifiiseven

Thenuy, uz, ..., ur € (Ur41, Us42, - -, U4 41)-
Proof. Let ws = a? 1 5cpa® — a®coa® 1%, 0< s < r. We claim that

Wy € (Upy1, Ury2, ... U2+1), O<s <t 4)
Fors = 0 this is trivial sincewg = u2,+1. SO we may assume that- 0 and that (4) holds
true for any nonnegative integer smaller tharsuppose first that is even. Using (1) we

have

U1 = [a2’+175, Cs]

N
= |:a2t+ls, Z(—l)j <s,)asjcoaj:|
j=0 /
s s
_ Z(_l)j (f>a2z+1—jcoaj _ Z(_l)j (f)as—jcoazwl—sﬂ
; J
j=0

j=0 /

s N
= Z(—]_)f (s.>a21+1j(;0aj _ Z(_]_)j (s) I coa?+1-
; J
j=0

j=0 /

s—1
= (Z(—l)j <j)w,) + wy,
Jj=0

which clearly yields (4). Assuming thatis odd we have

[a2t+1—s

U2i41—g = ,aocs_1]

s—1
. -1 . .
— |:a21+ls’ao§ :(_1)j (S . )asl]coaj]
J

Jj=0
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s—1
(s —1 . , . ,
S (1) 4o
; J
j=0

s—1
s —1 . . 4 o
_Z(_l)]( . )(aSJCOaZIJrler] +a° 1 ]Coa2t+2 .S+])
; J
j=0

s—1

(s —1 . , . ,
; J
j=0

s—1
. -1 . . . .
- Z(—l)] (s ) )(a”lcant] + a]can’J“l*J)
X J
j=0

s—1 s —1 s—2 s —1
= (Z(—l)-’( j )wj) + (Z(—l)’( i )wj+1> + wy,
j=0 j=0

and so (4) holds in this case too.
In view of (4) it suffices to prove that; € (wo, w1, ..., w;), 1 <i < t. For convenience
we definew;; = —w;41—j for j =1,...,¢t + 1. First assume thatis odd. Then

241 :
. ; (2t 41— i—j
up=[a', car1-i] = |:al’ Z (—1)"( +j 1)612’+1_’_16001i|

j=0

2t++1—i

= Z (—1)j(2t+.1_i)a2t+ljcoaj
J

j=0

2t+1—i .
Y <2t+;|-— l>a2z+1—i—jcoai+j
J

Jj=0

2t++1—i 2t++1—i

=X (—1)j(2t+.1_i)02t+1j60f1j— > (—1)j(2t+.1_i)aj60a2t+lj
j j

j=0 j=0

2t+1—i

(2t +1—1i
= Z (—1)1( +. l)ij(wo,wl,...,w,).
j=0 J

Now assume thatis even. Then

2t—i

. . (2t —1i . .
ui=[a',aoca_i]= [a’,a o Z(—l)’( . l)a””coa’}
; J
Jj=0
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2t—i .
P2t — L S
= E (—1)-’( ‘ l)(a2’+1_-’coa/+a2’_-’coa/+l)
; J
j=0

2t—i .
. 21‘—[ .. — .. —
_Z(_l)]< . (a2t+lflfjcoal+] +a2tflfjcoaz+]+l)
=0 /

2t—i
(2t —1i . . . .
= Z(—l)'l( : l)(02’+1_"coa’ +a* " coa’ ™)
; J
j=0

2 2t —i
; J
j=0

2t—i . 2t—i .
(2t — i (2t — 1
=Z(—1)f( . )w,;+2(—1>f( . )wm
j=0 J j=0 J
€ (wo, w1, ..., Wy). O

Lemma 2.5. Letr be a positive integer, and set

o= | l@aecasay] dtiisodd 55 5,
[a', cor42—i] if i is even

Thenvy, va, ..., V41 € (Vi42, Vr43, ..., V24 42).

Proof. We definez; = a% 2 5coa® — a’coa® 2=, 0< s < t. In the first step of the proof
we show that € (vi42, V143, ..., v2r+2), 0<s <t, and in the second step we show that
vi € (20,21, ---,2t), 2< i <t + 1. The proof is similar as that of the previous lemma, so
we omit details. O

Proof of Theorem 2.1. Recall thaiG is the additive subgroup od generated by elements
a"kbicj, bia" ke, c;ja"t*b; andb;c;a"t* wherei, j, k are nonnegative integers with
i + j+k=n—2.We shall writex = 0 to denote that € gG.

Let 0< s <! beintegers. Using Lemma 2.3 we see that

s
' n+s o
a"“bzfs—g ( . )bzsﬂ'a"“]
J

j=0
n+s n
n+s . n+s _
(e (et
j=1+s J k=1

Now assume thdt< n — 2. Then, according to our assumptidby.;, ¢,—;—2] = 0 for all
k=1,...,n.Using this together with (5) we then get
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n—1 n

n+s —k n—+s _k

bri[a" ™", cp—1-2| = br1a" ™", cn—1-2
Z(k—i—s) +l -2l =1 ) k+s) *F "
k=1 k=1
*/n +s
= |:Cl"+5bl—s — Z < i >b1_3+l].an+s—.l,cn_l_2:|,

j=0
which clearly implies that

n—1

) <” +s>bk+l [@" % cami—2] =0, O0<s<I<n-2 ©)
P k+s

This is our first key relation. Let us now dee the second one, under the additional
assumption thak > 3. Let 0</ < n — 3. Note that thenby, c,—;—3] = 0 for all
k=1,...,n,and so using (5) we get

n—1 n+s
Z <k N S)karl [@" %, cpi—3]a

k=1

n
n—+s _
= [Z(k+ )bk+1a" k,Cn—1—3:|a
k=1 §
n+s - n+s n+s—j
=|a bl—s—z i b5y ja I eni-3)a

j=0

N

n+s .
= a"‘”bl—scn—l—Sa — Z < . )bl—s+ja”+s Jen_i—3a
=0~ 7

N
' n—+s i
—cp—1-3a""b_ya + E < i >Cnl3bls+jan+s A
j=0

In view of b,,a = ab,, — by+1 andcya = acy,, — 41 it follows easily that each of the
terms on the right hand side lies¢h For example,

a"Pby_sen—i—za =a"bi_sacy_j—3 — a" P bi_scn_i—2
1 _
=a" "y _sep_j—3 — a" P bi_gy100—1-3 — d" T bj_scu1—2 =0,
while for other terms the argument is even shorter. Accordingly,

n—1

+
Z <Z N j) brsi[a" ™, cumi—zla =0,

k=1

which together with (6) yields
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+ - S (n+ B
<: + S)bk+l [a" k, Cn—l—z] + 2; (Z + ;)bkﬂ [“n ‘ C”—l_3]a

]
™7

Il
H [

n—

NNk

<n N S)bk+l ([a" ™ 1a, cn1-31] +2[a"*, cni-3]a).

k+

Noting that[a" ¥, [a, cp—i—3]] + 2[a" ¥, chi—3la = [a" ¥, a o c,—_;_3], we thus get our
second key relation:

n—1

Z (n +s>bk+l[ank,a ocn_l_g] =0 0<s<I<n-3 @)
P k+s

We shall prove the theorem by induction en The case whem = 1 is now easy to
handle. Just set=rn — 2 in (6) and note that the relations obtained can be expressed
through the matrixd,,_1, i.e.,

(li) (rzl) T (nfl) bn—l[an_l, col 0

(5 e e | baler e | (o
:* Vl:* ; n:f 7: O
@3 @3 ... (@) Peslacl

Multiplying this relation by the adjoint ofA,_1 we obtains,_1b,_1[a" "1, o] = 0,
Sn—1bpla"2,¢c0l =0, ..., 8,—1b2,_3[a, co]l = 0, which is exactly the desired conclusion
form=1.

So we may assume that> 1. In the special case whette=m = 2, G is generated by
elementmzboco, boazco, Coa2b0 andbocoaz, and sadbgla, a o cg] = boazco — bocoa2 eqg,
as desired. The theorem is thereby provedifer2. So letn > 3. Further, we may assume
that the theorem is true for every positive integer smaller thathat is,
n—k'

A,n/bk/+n_,n/_1[a ,ao Cm’—Z] =0, meven 1<m' <m—-1,1<k'<n—-1, (8

and
Am/bk/_,_n_m/_l[a"_k/, Cm/—l] =0, modd 1<m' <m—-1, 1<k <n—-1. (9)
(i) Let us first consider the case whenis even. Our first goal is to prove that
Ap—1bisn-m-1[a" ¥, aocn_2]=0 whemn —m+1<k<n—1. (10)
First of all, settingk’ =n — 2 andm’ = m — 1 (which is indeed odd) in (9) we get
Am—1b2y—m—2[a?, cm—21= 0. Sincela?, ¢,u_2] = [a, a o c,u—o] this shows that (10) holds
true fork = n — 1. So we may assume thiat< n — 2. We haven = 2p with p > 1 and

2p < n. Let us fixk such thatt — m + 1 <k <n — 2. We have to treat separately two
cases, when — k is odd and when it is even.
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Case 1. Assume first that — k is odd. So we have — k = 2¢g + 1 and note that X ¢ < p.
Sett = p+q — 1. Note thatn —k =29 + 1< p + g = + 1. Therefore, adopting the
notation of Lemma 2.5 we have

n

vnt = [a" ¥, a0 cm_2] € (Vi42. V43, ..., V2r42). (11)
Again we have to divide the proof into two parts.

Subcase 1a. We first treat the case when+ ¢ is an odd number. Then (11) can be written
as

[an_k’ ao Cm—z] € <[ap+q+1’ Cp+q—1]’ [ap+q+2’ ao Cp+q—3]’ [ap+q+3’ Cp+q—3]’

. [a2p+2q71, ao co], [a2p+2q, co]).

Sincek+n—-m—-1=2n—(n—k)—-m—-1=2n—(2g+1)—-2p—-1=2(n—p—q —1),
(10) will be proved by showing that

<p+q+1

Am—le(nfpqul) [ap+q+2r—l’ Cp+q—2r+l] =0, 1<r< 2 > (12)
and
p+q—-1
Am—le(nfpqul) [ap+q+2r’ ao Cp+q—2r—l] =0, 1<r< T (13)

First we prove (12). lfp + g + 2r — 1 > n then (12) trivially holds, so we may assume
thatp+¢+2r —1 < n. Therefore&’ =n—p—q—2r+1> 1. Clearlyk’ < n— 1. Further,
m'=p+q—2r+2isodd (sincep + g is odd),m’ > 1 (sincer < (p +¢9 +1)/2) and
m' <m —1 (sinceg < p andr > 1). Therefored,, by p_m—1la"* , c,y_1] = 0 by (9).
Sincek’'+n—m'—1=2n—p—q—D,n—k'=p+q+2r—1,m'—1=p+q—2r+1,
and A, dividesA,,—1 (sincem’ < m — 1), this proves (12).

The proof of (13) is similar. Now we may assume thatt ¢ + 2r < n and so
1<k =n-p-q—2r <n-— 1. Further, note that”’ = p + g — 2r + 1 is even and
1< m’ <m — 1. Therefore (13) follows from (8). This completes the proof for this case.

Subcase 1b. Now assume thagt + ¢ is an even number, so that (11) can be rewritten as

[anik’ ao Cmfz] € ([aerqu ao Cp+q*2]’ [ap+q+2’ Cp+q*2]’ [ap+q+3’ ao Cp+q*4]’

. [a2p+2‘7_1, ao co], [a2p+2q, Co]).

Therefore (10) will follow from

Amfle(n—p—q—l) [ap+q+2rfl’ ao Cp+q72r] =0, 1I<r<———, (14)
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and

N

Ap—1b2(n—p—g-1) [ap+q+2r, Cp+q_2r] =0, 1<r (15)

In order to prove (14) we may assume thet ¢ + 2r — 1 < n. Note that then (14)
follows from (8) by choosingt’ =n —p—qg—2r+1andm’ =p +q — 2r + 2.
Similarly, we may assume that+ ¢ + 2r < n and then (9) wittk' =n — p —q — 2r
andm’ = p +q — 2r + 1 implies (15).

Case 2. Now suppose that — k is even, i.e.p — k = 2q with 1 < ¢ < p. Again we set
t=p+qg—1.Themn — k =2q <t, and so Lemma 2.4 tells us that

"Kaocn 2] € Uit w2, ... uz41). (16)

Up—k = [a
Subcase 2a. Suppose thap + ¢ is odd. Then (16) reads as
[anik’ ao Cmfz] € <[ap+q’ Cp+q*1]’ [ap+q+l’ ao Cp+q*3]’ [ap+q+2’ Cp+q*3]’

. [a2p+2‘172, ao co], [a2p+2‘171, co]>.

Thus, to prove (10) it is enough to show that

_ p+g+1
Am—le(nfpfq)fl[ap+q+2r 2’ Cp+q—2r+l] =0, 1<r< g > (17)
and
_ p+qg-—1
Am—le(nfpfq)fl[ap+q+2r l’ ao Cp+q—2r—l] =0, 1<r< + (18)

To prove (17) we may assume that- g + 2r — 2 < n and apply (9) withkk’ =n—p —q —
2r+2andm’ = p+q —2r +2, and to prove (18) we may assume thatg+2r —1<n
and apply (8) withk' =n —p—g—2r+1andm’=p +q — 2r + 1.

Subcase 2b. Assuming thap + g is even, (16) means that

[anfk’ ao Cmfz] € ([aerqv ao Cp+q*2]’ [ap+q+l’ Cp+q*2]’ [ap+q+2’ ao Cp+q*4]’
e [a2p+2q_2, ao co], [a2p+2q_1, co])

and so we have to prove that

_ +
Amflbz(n_p_q)_l[aerquzr 2, ao Cp+q,2r] =0, 1<r« p—zq, (29)
and
_ +
Amfle(n—p—q)—l[ap+q+2r l, Cp+q72r] =0, 1<r< u (20)
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To prove (19) we may assume that- g + 2r — 2 < n and apply (8) withkk' =n— p — g —
2r+2andm’ = p+q — 2r +2, and to prove (20) we may assume thatg+2r —1<n
and apply Q) withk  =n—p—g—2r+1andm’'=p+qg — 2r + 1.

The proof of (10) is thereby complete. i = n then (10) already gives the desired
conclusion, so we may assume thak n. Consider (7) witH =n —m — 1 (sincem <n
andm is even we indeed haveQ! < n — 3). Multiply this relation byA,,_1. Note that,
in view of (10), the relation so obtained reduces to

n—m

Z Am—l<n * S)bk-l—n—m—l[an_ka ao Cm—Z] =0, 0<s<n—m—-1
Pt k+s

One can express these relations through the mairix,. Accordingly, arguing similarly
as in the case when = 1, it follows that

Am—lan—mbk+n—m—1[anik’ ao Cm—2] =0, 1<k<n-m.

This, together with (10), proves (i).
(ii) The proof for the case whem is odd is similar and so we give only its very brief
outline. The crucial step of the proof is to show that

Am_lbk_,_n_m_l[a”_k, Cm—l] =0, n—m+1<k<n-1 (21)

Now we havem = 2p + 1, p > 1, and again we consider two different cases, namely
whenn — k =2¢g — 1 is odd and when — k = 24 is even (we remark that the case when
k =n — 1 in (ii) does not require a different argument). In each case we have ¥ p.
Setr = p + ¢ — 1 and use Lemma 2.4 in the first case, and Lemma 2.5 in the second case.
In each case we consider separately the subcasesmhenis odd or even, and of course
we apply (8) and (9).

After proving (21) we may assume that< n and then consider (6) with=n —m — 1.
The rest of the argument is essentially the same as in (i).

As already showed above, the last assertion in the formulation of the theorem is just
another way of stating (i) and (i) far=n — 1. O

3. Applications

Before treating some concrete question we shall first state two immediate corollaries
to Theorem 2.1, the first one concerning derivations and the second one concerning
generalized derivations. The first result is in fact just a special case of the second one,
but certainly the most interesting case so we state it explicitly.

We partially keep the notation introduced above. In particuaryill be a fixed
integer > 2 and A,, the corresponding integers. Unlike in the introduction where for
simplicity we have considered algebras over fields, we continue to treat the case when
Ais an arbitrary ring. The definitions and observations concerbin@®, and derivations,
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however, are the same in the ring-theoretic setting (just that of course we assume only
the additivity of derivations instead of the linearity). B(.4) we denote the ring of
all additive maps from a ringd into itself. Let D € £(A) be a derivation. Pick any
x,y € A and letg be the additive subgroup @ (A4) generated by all elements of the
form D" L i oy Rpi (s L pi oy D" Rpi (s Rpi 3y D" L iy @NAL pi () Rpyi () D"
wherei, j, k are nonnegative integers witht j + k =n — 2.

From the last part of Theorem 2.1 we immediately infer

Corollary 3.1. Letm < n be a positive integer.

(|) If m |S even themmLDZn—m—Z(x)(D o RDm—l(y)) S g
(i) If m is 0dd themd,, L p2r-n-2(, Rp ) € G.

A careful inspection of the proof of Theorem 2.1 allows one to obtain more explicit
formulae. For example, when= 2 andm = 1 one gets

2LpyRp(y) = D?LyRy — Ly D?’Ry — RyD?L + L, R, D?, (22)

which can be easily verified and is in fact already known (see, e.qg., [4, Observation 1]). For
largern’s these formulae seem to be less tractable. For example,fo4 andm = 1 we
have
2L sy Rp(y) = 2DPLy Ry — 6D°Lpx) Ry + 5D*L 2\ Ry
— 2L D®Ry — 6L p(x)D°Ry — 5L p2() D*R,
— 2RyDPLy +6Ry DL p(x) — 5RyD*L 2,
+ 2L RyD® + 6L p(x)Ry D + 5L 2 Ry D*,

and forn = 4 andm = 3 we have

10LD3(X)RD3(}')
= 2D6Lx Ry — 6D5LD(X)Ry — 6D5LXRD(y) + 15D4LD(X)RD(),)
— 2L, D®Ry — 6L p(x)D°Ry + 6L, D°Rp(y) + 15L p(ry D*Rp(y)
— 2RyD6Lx + 6RyD5LD(X) — GRD(),)DSLX + 15RD(}V)D4LD(X)
+ 2L, RyD6 + GLD(X)R}VDS + 6L, RD(y)DS + 15LD(x)RD(y)D4~ (23)

We have considered only associative rings and algebras so far. Let us mention that the
assumption thatd in Corollary 3.1 is associative can be replaced by a slightly milder
assumption thatD' (x)r) D’ (y) = D' (x)(r D/ (y)) for all » € A and various choices of
and; (in order to guarantee thaty ,, andR;,, commute).

By a generalized derivatioon a ring.A we shall mean a mag € £(A) such that
there exist a derivatiof®» of A andc € A such thatG = D + L.. The usual definition, as
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introduced in [4] and then used for instance in [9,12,13], is somewhat more general, but to
make the paper less technical we shall use this simplified definition in the present paper;
besides, in unital rings these two definitions coincide. A generalized derivatisrsaid
to be inner if there are, b € A such thatG = L, — R;. Inner generalized derivations have
been studied mostly in operator theory.

We have to introduce some more notation. Given a generalized derivatien
D + L., we define another derivatiodd = D + L. — R.. Further, fixx,y € A
and denote byG the additive subgroup of(A) generated by all elements of the
form G"+kLHi(x)RD_/(y), LH,‘(_X)G'_’H(RD_/(”, _RDj(y)G'H'kLHi(x) andLH,-(x)RD_,v(y)G’“Fk
wherei, j, k are nonnegative integers with+ j + k = n — 2. Note thatL i, =
[G, Lyi-1()] and Rpiy =[G, Rpi-1(y)] for everyi > 1. Therefore, lettings, L, and
R, playing the roles of:, bg andcg, Theorem 2.1 yields the following corollary.

Coroallary 3.2. Letm < n be a positive integer.

(i) If m is even them,, L yai-n-2()(G © Rpn-1()) €G-
(i) If m is odd thenA,, L yai-m-2(,)Rpm(y) €G.

Replacing the roles ofL, and R, at the beginning (i.e., lettind., to play the
role of co and R, the role of bp) we obtain analogous statements, in particular
AmLpgmx)Rpz-n-2, € G for every oddn <n.

3.1. Nilpotent and related (generalized) derivations

One can easily construct nilpotent derivations. &et .4 be such that™ = 0. Using
(1) we see that the inner derivatidh = L, — R, then satisfiesD?"~1 = 0. There are
many results in the literature (see, e.g., [8,15,16]) showing that every nilpotent derivation
essentially arises in this way. In order to state one of them we have to introduce some more
notation and terminology. Letl be a prime ring, i.e., a ring in which, R, = 0, where
a,b e A, impliesa =0 orb =0. By Q;(A) we shall denote the symmetric Martindale
ring of quotients ofA, and byC the extended centroid ofl. For definition and basic
properties of these and some related conctyatswill be used we refer the reader to [2].
Let us just mention tha®, (A) is a prime ring containingl as its subring( is its center
and it is a field. Recall that a derivatidn is said to be X-inner ifD = L, — R, for some
a € Q;(A) (we shall use the notatioh, and R, even whera can lie in a ring bigger
thanA).

Theorem 3.3. Let .4 be a prime ring, letD be a derivation of4, letn > 1 and suppose
thatchan.4) = 0 or chal(A) > n. ThenD" = 0 if and only if there exista € Q,(A) such
thatD = L, — R, anda!tD/21 = .

Theorem 3.3 follows from [11, Theorem 1]; its proof, however, rests heavily on results
from [10] and [15]. Using Corollary 3.2 we are now in a position to extend this result to
generalized derivations.
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Theorem 3.4. Let A be a prime ring and leG be a generalized derivation of. Letn > 2
and assume thathar.4) = 0 or char(.A) > 2n — 1. Then the following two conditions are
equivalent

() G*=0.
(i) There exist;, b € Q;(A) and a nonnegative integer< n — 1 such thatG = L, — R,
a*t1=0,andpr"* =0.

Proof. It is trivial to check that (ii) implies (i). Assume that (i) holds. We shall use
the notation introduced before the statement of Corollary 3.2 K 0 thenG = L,
wherec € A and ¢" = 0, and so (ii) holds true fou = ¢, b =0 ands =n — 1.

So we assume thab £ 0, and a similar argument shows that we can also assume
that H # 0. By Corollary 3.2 we haved1L a3, Rp(y) = 0 for all x, y € A, which

implies that H%*~—2 = 0 since A is prime. Therefore, by the result stated above, there
is a € Qs(A) such thatH = L, — R, anda”1 = 0. Let s be an integer such that
a’t1 =0 anda® # 0. Of courses < n — 2, and alsos > 1 since H # 0. Note that
H? L, = (—1)°(* Y Las Rer # 0 and soH?~1 £ 0. By Corollary 3.2 (and the remark
following its statement) it follows that L jy2:-1(,) Rp2n-2:-1,) = 0 for all x, y € A where
r=2n—2s—1(f2n—-2s—1<n)orr=2s —1 (if 2n — 29 — 1 > n). Hence it
follows that D%~%~1 = 0 and so Theorem 3.3 tells us that there existsQ,(A) such
thatD =L, — R, andb"* =0. SinceL, — R, =H =D+ L. — R. = Lcyp — Re1p
we have[c + b — a, A] = 0 from which it follows that, =c + b — a € C (see, e.g.,
[2, Remark 2.3.1]). Therefor6 = L. + D =L.yp — Ry = Al + L, — Rp. In view of
a*t1 =0 andb"* = 0 we have(L, — Rp)" = 0. SinceG" = 0 as well it follows that
A2 = D% 1= (G- (L,— Rp)® 1 =0.However( is afield and sa. = 0 which
completes the proof of (ii). O

If nin Theorem 3.3 is an even number, then it follows immediately from the conclusion
of this theorem thaD”~1 = 0. Chung and Luh [6] proved this under a milder condition:
If D is a derivation of a 2-torsionfree semiprime ring, the# = 0 implies D%~1 =0
(recall that a ringA is m-torsionfree ifma = 0 with a € A impliesa = 0). A related,
but analytic result was obtained by Turovskii and Shulman [18]. They proved tiaisf
a derivation on a Banach algehrg then D% (A) C J(A), whereJ (A) is the Jacobson
radical of A, implies D%~1(A) € J(A). Recently Beidar and Bre3ar [1] generalized this
result to arbitrary algebras over fields with some restrictions concerning their characteristic.
The proofs of these related results are quite different. Corollary 3.1 makes it possible to
unify and generalize them. Setting= 2k andm = 2k — 1 we immediately get

Theorem 3.5. Let A be aring and letZ be an ideal of4. Suppose thab is a derivation
of A such thatD" mapsA into 7. If n = 2k is even, themp_1L pac-1(,) R p2-1(,,) Maps
A into Z for any x, y € A. In particular, if Z is a semiprime ideal and the ringd/Z is
(4k — 2)!-torsionfree, therD%—1 mapsA into Z.

LettingZ = 0 we thus have: iiD% =0 thenAy_1 D%~ 1(A)AD%*1(A) =0.If Ais
not semiprime then it does not necessarily follow th&—* = 0 (even when chaA) = 0).
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For example, ifA is the ring of all Z x 2k upper triangular matrices over a field and
a=-e1p+ex3+---+ex_12 € A (wheree;; denotes the matrix unit), then the derivation
D =L, — R, satisfiesD% =0, D%~1£0, andD%~1(4)ADZ*1(A) =0.

Incidentally we remark that the abowvarguments clearly show that, as already
mentioned in the introduction, Theorem 1.1 does not hold true in the casemhand
my are even. Namely, if it was true then under rather mild assumptions we could show that
D%+1 =0 always impliesD® = 0 which is of course false.

Let Z be a nonzero ideal of a ringd, and suppose thad”(Z) = 0. Chung and Luh
[7] proved that thenD" (A) =0 if A is a prime ring. Our results enable to consider this
condition in arbitrary rings. Indeed, from Corollary 3.1 it follows that foraly € A we
haveA,lLDn_z(x)RDn » (@) =0ifnisodd, ancm,,_lLD,,_l(x)RDn_l(y) (Z)=0ifniseven.
SinceA,—1 = A, in any case we can say the following.

Theorem 3.6. Let. 4 be a ring and letZ be an ideal ofA. If D is a derivation of4 such
that D" (Z) =0, thenA,, D" (A)ZID"(A) =0.

If we assume in addition thatl is (2n — 2)!-torsionfree semiprime ring and is its
essential ideal, then it follows th#t” (4) = 0.

3.2. Powers of (generalized) derivations having finite rank

In 1983, Bergen [3] proved that if a derivatiad of an infinite dimensional prime
algebra is such thab” has finite rank, thenD?*~1 = 0. In the recent paper [5] the
first two authors obtained a considerably more detailed conclusion (see Theorem 3.8
below). Our first goal is to improve this result. More precisely, we shall obtain a similar
but more intrinsic conclusion, and simultaneously extend it to generalized derivations
(Theorem 3.10).

We need some definitions and results from [5] and [14]..Mdie a semiprime algebra
over a fieldF. It is well known that a left ideall of .4 is minimal if and only if there
exists an idempoterte A such thatC = Ae andeAe is a division algebra. The socle of
A is defined as the sum of all minimal left ideals.df Further, thdower socleof A is
defined as the sum of all minimal left ideale of .4 such that dim (e.Ae) < oo [5]. We
shall denote the socle of by soq.A) and the lower socle a#l by sog.(.A). Using the
semiprimeness of it is easy to see that both g0¢) and sog (A) are ideals (in fact, both
definitions are left-right symmetric). In general we of course have 64r € soq.A). In
the caseA is prime it is easy to establish (see [5]) that sd) can be different from
sod.A) only in the case when s@¢A) = 0. Let us now state [5, Theorems 3.3 and 3.4];
we remark that almost identical results were also obtained independently in a remarkably
similar paper [14] (though in [14] the concefittbe lower socle is not explicitly defined).

Lemma 3.7 [5,14].If A is semiprime, then € sog, (A) if and only if the operatol, R,
has finite rank. Moreover, il is prime anda, b € A are nonzero, thea, b € s0¢, (A) if
and only if L, R, has finite rank.
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Assume now thatl is a prime algebra. The base figldcan be viewed as a subfield of
the extended centroid, and the central closutdC (i.e., the subring 0, (A) generated
by A andC) can be regarded as an algebra o¥eass well as an algebra ovér. We can
now state

Theorem 3.8 [5]. Let A be an infinite dimensional prime algebra over a fidid let D

be a derivation of4, and letn > 1 be such thathal F) = 0 or chalF) > 2n. If D" has
finite rank andD™ # 0, thenn > 2 and there exist € 9,(A) and an integers such that
D=Lys—Ry,(n—1)/2<s<n,a*t1=0,a° #£0,anda"* € S0G-(AC).

Theorem 3.8 follows from a slightly more general result [5, Theorem 5.3] which deals
with the assumption thab”" (A) is contained in a finite dimensional subspaceXf.A)
whereQ; (A) is considered as an algebra o¢&rThis explains why the extended centroid
and the central closure appear in the condn%f Theorem 3.8. It seems natural to ask
whether their presence can be avoided in the case when the assumptions deal only with
the base field? (as in Theorem 3.8), more precisely, whether the role of 6d€) can
be replaced by sga.4). We shall prove this is true indeed (Corollary 3.11), and so in
particularA itself (not only its central closure) is a primitive ring with nonzero socle.

First we give some general comments on the connection betwegn 4pand
S0G-(AC). It may happen that se€A4) = 0 while so¢(AC) # 0. For example, if
A = M, (E) where the fieldE is an infinite extension of the field", thenC = E
and sog (AC) = AC = A while sog(A) = 0; moreover, if we consider for example
A= M, (F[X]) then so¢A) = 0 (and so of course also spcA) = 0) while sog. (AC) =
AC = M, (F (X)) is even bigger thand. On the other hand, if seg.A) # O then
50, (A) = s0G-(AC). Indeed, in that case we have ggel) = soq.A) and soA is a
primitive algebra which yields that s@d) = soq. AC) by [2, Theorem 4.3.6(ii)]. Now
given any minimal idempotent € soqAC) (= sod.A)) we have that dim(eAe) < oo
from which we infer that dima(e. ACe) < oo, thus_sog(AC) # 0 and so_sge(AC) =
S0qAC). Accordingly, sog (A) = sod.A) = sog- (AC).

We shall also need the following result, a somewhat simplified version of [5, Corol-
lary 4.4] (a very similar result, though not sufficient for our purposes, was obtained also
in [14]).

Lemma 3.9 [5]. Let A be a prime algebra. Suppose th@ti, ...,a,} and {b,..., b}
are C-independent subsets @,(A) such that) :_; L, Ry, maps.A into some finite
dimensionalC-subspace 0, (A). Thena;, b; € so¢-(AC) foralli=1,...,r.

Theorem 3.10. Let A be an infinite dimensional prime algebra over a fidid let G be
a generalized derivation afl, and letrn > 1 be such thathai F) = 0 or chaKF) > 2n.
Then the following two conditions are equivalent

(i) G™ has finite rank and;" # 0;

(i) n > 2 and there exista,b € Q;(A) and integerss,t such thatG = L, — Ry,
O<s,t<n,s+t=na*1=0a" #0, a"" e€soc(A), b1 =0, b #0, and
b" ™% € 50C: (A).
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Proof. Assume that (i) holds. As above we set= D + L. andH = D + L. — R.. Given
anyy € A we haVeRDZn—l(y) = [G, RD2'7_2(_}')] = [G, [G, [G, .oy [G, Ry] . ]]], that iS,

2n—-1

(=1 L .

Rpai-1(y) = Z(—l)’( ; )GZ” iR, G
i=0

SinceG" has finite rank it follows thaR 2.1, has finite rank too, i.e., the left ideal

AD?~1(y) is finite dimensional. However, an infinite dimensional prime algebra cannot
contain nonzero finite dimensional left ideals [14, Theorem 1.7] (the proof is simge: if
was a nonzero finite dimensional left idealéfthena — L, would be an embedding of
into the finite dimensional aIgeb@(I) of linear operators off). ThereforeD?'~1 = 0.
The same argument shows thd#"—1 O By Theorem 3.3 there exigt, b € Q;(A)
suchthatH =L, — R,, D=L, — Rp, a" =0, andd” = 0. Let 0< s, < n be such
thata’t1 =0, a®* # 0, b't1 =0, b' # 0. As in the proof of Theorem 3.4 we see that
A=c+b—aeCandG = L,y — Rp. Suppose that # 0. Theni + a is invertible in

Qs (A) sincea is nilpotent. Letx € A be such that & ub’ € A (see [2, Proposition 2.2.3]).
Note thatL;,)-»G" R,y = Ryupr. Since G" has finite rank it follows thatR,;: has
finite rank too, a contradiction. Therefoke= 0 and soG = L, — Ry. In particular, it
is now clear that: cannot be 1, and that ¢+ # 0 ands + ¢ > n since G" # 0. Note
thatG" =i _,_ (=1 (})Lu-i Ryi. Since dimy G"(A) < oo and F is a subfield ofC,
> s (=D (})Ln-i Ryi of course mapsA into a finite dimensional subspace 4fC.
The setda"", a"~'+1, ... a®} and{p"*, b"5+1, ... b'} areC-independent since and
b are nilpotent, and so it follows from Lemma 3.9 that all these elements lie j(S4c).
In particular,a”" ", b"~* € s0¢-(AC). It remains to prove that they actually belong to
s0¢C: (A). In view of the above remarks it suffices to show that,g0t) # 0. Sincea® # 0
and b’ # 0 one can easily show (as in the proof of Theorem 3.4) #&t ! + 0 and
D?%~1 0. Therefore alsd?'~%~1 £ 0 sinces + ¢t > n. Similarly as in Theorem 3.4
we now apply Corollary 3.2 to obtain that, L y2i-1(,) R p2i-2-1, has finite rank for all
x,ye Awherer =2n —2s — 1 (if2n —2s —1<n)orr=2s — 1 (if 2n — 2s — 1 > n).
By Lemma 3.7 it follows thatd?~1(x), D?"~%~1(y) € s0G.(A) for all x,y € A. In
particular this proves that sp¢A) # 0, as desired.

Conversely, assume that (i) holds. Th&t = > i_, _ (—1)(})L,-iRyi. Since

soc:(A) is an ideal ofA containing the elementg'~" andb"~*, it contains all elements

a"“bl,i=n—s,...,t. Therefore Lemma 3.7 tells us tha;n i Ry has finite rank for
eachz =n-—s,...,t. But thenG" has finite rank too. O

Corollary 3.11. Let A be an infinite dimensional prime algebra over a fié¢ldlet D be
a derivation of A4, and letn > 1 be such thathar F) = 0 or chaF) > 2n. Then the
following two conditions are equivalent

(i) D™ has finite rank and” # 0;
(i) n>2andthere exist € Q;(A) and an integes suchthatb =L, — R,,(n —1)/2 <
s<n,a’t1=0,a°#0,anda" " € S0G (A).

In particular, in this casesoc, (A) # 0, D#+1 = 0 and D?*~2~1 maps intosoc, (A).
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Let us show by an example that the last assertion, namély! = 0 andD%*~2-1(A)
C soc, (A) where(n — 1)/2 < s < n, is not equivalent to (i) and (ii).

Example 3.12. Let V be an infinite dimensional vector space over a fiédwith
chalF) +# 2, and leth € £(V) be any operator of infinite rank such thst = 0. Let A

be the subalgebra of (V) generated by and all finite rank linear operators. Then the
inner derivationD = Lj, — R), satisfiesD3 =0, D? # 0, andD(A) C soc. (A); however,
the rank ofD? is not finite.

In general we cannot claim that in Corollary 3.11 the eleradias in A, so the presence
of some rings of quotients is really necessary:

Example 3.13. Let V andb be as in Example 3.12, while b§ we denote the algebra of all
finite rank linear operators on. Moreover, let € A be such thabe = cb =0, ¢? # 0 and
¢ = 0 (concrete examples of sudhandc can be easily found), and set= b + ¢. Note
thatD = L, — R, is a derivation fromA into itself (which is not inner but just X-inner),
and thata ¢ A, 0# a? = ¢ € s0G. (A) = A anda® = 0. ThereforeD* # 0 and has finite
rank.

Let A be as in Corollary 3.11 and leb" have finite rank. Then it follows that
D"1(A) C s06:(A), unless of cours®” = 0. In any case we havB" (A) C soc.(A),
and moreoveD"1(A) C soc. (A) if n is even [6]. This observation can be extended to
semiprime algebras.

Theorem 3.14. Let .4 be a semiprime algebra over a fiekd let D be a derivation ofA4,
and letn > 1 be such thatharF) = 0 or chaF) > 2n — 1. If D" has finite rank then
D"(A) C soc. (A). Moreover, ifn is even therD"~1(A) C soc, (A).

Proof. Letn be odd. Ifn > 1 then by Corollary 3.1A, L pn-2(,)Rpn(y) has finite rank
for any x,y € A, and so in particulal pn(,yRpn(yy has finite rank. The same is true
for n = 1 since in this case bothp(,) =[D, L,] andRpyy = [D, R,] have finite rank.
ThereforeD” (y) € soc:(A) by Lemma 3.7. lfn is even, then Corollary 3.1 implies that
An—1L pn-10 Rpu-1(,y has always finite rank, and hen&1(y) € soc.(A). O

Theorem 3.14 settles the problem mentioned in [5]. The special casennhehwas
already handled in [5, Corollary 5.6].

3.3. Derivations on Banach algebras

A Banach algebrad is said to beultrasemiprimeif there exists a constamty > 0
such that|L,R,|| > k.4lla||? for everya € A. For example, ifA is a C'-algebra then
laa*a|l = ||la||® for everya € A, which shows thatd is ultrasemiprime (withc 4 = 1).
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Let D be a derivation of an ultrasemiprime Banach algelirdn [4, Theorem 2, Re-
mark 4] it was proved thatD?|| > K_A% | D||2. This follows easily from (22). Indeed, using
this identity we get

’

24| D@)||” < 12L ooy Rl < AL RN D?|| < 41x112] D?|

which implies this inequality. We can now extend this to higher powers of derivations. For
example, using (23) a similar argument shows that'|| > « 4(10/116)(|| D3| /|| D|)>3.

So, arguing in this manner we see that there is a sequence of positive real numpers (
(independent of4) such that

) IDZ11\?
102> ka0x (2

for each positive integek. This result can be viewed as an analytic version of the result of
Chung and Luh [6].

Finally we just indicate another area wherer results are applicable. Recall that an
elementz from a Banach algebrd is said to becompactif L, R, is a compact operator
on A. We denote the set of all compact elementsdirby K (A). We remark that from
K (A) # 0 we can often get some useful information on the structure of the algebra
(for example, if A is a C-algebra thenk (A) = sod.A) [17, Proposition 2.1] and so, in
particular,K (A) # 0 implies so€A) # 0). Since compact operators frashinto A form
an ideal of the algebra of all bounded linear operatorsipa simple modification of the
proof of Theorem 3.14 yields the following result:fif* is a compact operator oA then
D"(A) C K (A); moreover, ifn is even thenD"~1(A) C K (A) (in particular,K (A) # 0
provided thatD" # 0). This result will be used in the forthcoming paper of the first author
and Yu. Turovskii, where the problem of determining derivations whose power is compact
will be thoroughly studied.
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