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Abstract

In this article we develop a Galois theory of commutative rings
under partial actions of finite groups, extending the well-known results
by S. U. Chase, D. K. Harrison and A. Rosenberg.

1. Introduction

In the celebrated paper by S. U. Chase, D. K. Harrison and A. Rosenberg
[2] the authors developed a Galois theory for commutative ring extensions
S D R, under the assumptions that S is separable over R, finitely generated
and projective as an R-module, and the elements of the Galois group G are
pairwise strongly distinct R-automorphisms of S. Among other results their
Theorem 1.3 gives several equivalent conditions for the definition of a Galois
extension and Theorem 2.3 states a one-to-one correspondence between the
subgroups of G and the R-subalgebras of S which are separable and G-strong.
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On the other hand, partial actions of groups have been introduced in
the theory of operator algebras giving powerful tools of their study (see, in
particular, [8], [9], [12], [16] and [17]). A related concept, that of a partial
representation of a group on a Hilbert space, have been defined independently
by R. Exel [9], and J. C. Quigg and I. Raeburn [17]. Several relevant classes
of C*-algebras, were deeply investigated in [10], [11], [12] from the point of
view of partial actions and partial representations of groups, including the
Cuntz-Krieger algebras introduced in [3].

Partial actions on C*-algebras (partial C*-dynamical systems) grew out
from the desire to extend C*-crossed products, the most important steps
being made in [7], [16] and [8]. The concept of a partial action of a group
G on an abstract set X was introduced by R. Exel in [9] as a family of
partial bijections of X satisfying natural compatibility conditions. It also
can be defined as a partial homomorphism (partial representation) from G
to the symmetric inverse semigroup J(X) of X (see [9]), which in this case is
easily viewed as a premorphism [15], a rather natural concept studied in the
theory of inverse semigroups. Recently, in a pure algebraic context, partial
representations and partial actions of groups on algebras have been studied
in [4], [5] and [6]. J. Kellendonk and M. Lawson [15] observed the relevance
of partial actions for Fuchsian groups, model theory, group presentations, the
Ribes-Zalesskii property of groups, R-trees and various aspects in the theory
of semigroups.

Given a partial action of a group on an object it is natural to ask whether
it is a restriction of a global action defined on a bigger object. Such global ac-
tion is called a globalization or an enveloping action, provided that a certain
minimality condition is satisfied which guarantees its uniqueness. Globaliza-
tions of partial actions where first considered by F. Abadie in his PhD Thesis
of 1999 (see also [1]). In the cases of abstract sets and general topological
spaces enveloping actions always exist, however, when dealing with Hausdorf
spaces a problem appears which implies that C*-algebraic global extensions
not always exist. Independently from [1] globalizations of partial actions were
investigated in [15], including the cases of abstract sets, topological spaces
and partially ordered sets. As a further development, B. Steinberg studied
partial actions on cell complexes, viewed as combinatorial objects [18], estab-
lishing some interesting parallels with the Bass-Serre Theory of group actions
on trees.

A partial action « of a group G on a unital algebra S is a collection



of ideals S,, 0 € G, together with isomorphisms a, : S,-1 — S,,0 € G,
which satisfy some additional conditions of compatibility with the group.
From the categorical point of view it seems to be reasonable to suppose that
the S,’s and S are objects of the same category, i.e., each S, is a unital
algebra. This idea is confirmed when dealing with globalizations: a partial
action on a unital algebra possesses an enveloping action (which is necessarily
unique) if and only if every S, is an algebra with unity element [5]. That
this situation is natural in one more sense follows from the results of this
article: assuming this condition a complete generalization of the results by
Chase-Harrison-Rosenberg can be obtained in the context of partial actions.

The purpose of this paper is to develop a Galois theory for a commutative
ring extension S O R, when G is a group acting partially on S by R-linear
maps. It is almost unnecessary to say that a part of our results are proved
using some ideas of [2], but it is required to check carefully many details which
come from the fact that the action of the Galois group is partial instead of
being global.

We shall deal with a partial action a of G on S which has an enveloping
action, i.e., there exist a ring S’ and a global action of G on S’ such that S
is an ideal of S’ and the restriction of the global action to the ideals S, gives
the partial action « [5].

Section 2 contains some preliminaries. In Section 3 we define partial Ga-
lois extensions and prove a theorem giving several equivalent conditions for S
to be a partial Galois extension of the ring R, extending to our case Theorem
1.3 of [2]. In Section 4 we show that S is a partial Galois extension of R with
group G and partial action « if and only if S’ is a (global) Galois extension
of S’ with Galois group G. Section 5 is devoted to prove the Fundamental
Galois Theorem for partial actions, giving an extension of Theorem 2.3 of
[2]. Finally, in Section 6 we include some examples and additional remarks.

Throughout this paper R denotes a commutative ring with an identity
element. Algebras are assumed to be commutative and associative with iden-
tity element and homomorphisms of unital algebras are always assumed to
send the identity into the identity. Unadorned ® means ®pg.



2. Prerequisites

We first recall the notion of a partial action of a group on an algebra [5].

Let G be a group and S a unital R-algebra. A partial action o of G on S
is a collection of ideals S,, o € G, of S and isomorphisms of (non-necessarily
unital) R-algebras «, : S,-1 — S, such that:

(i) S1 =S and «; is the identity automorphism of S,
(11) S(UT)_I D) 04;1(57 N SU—l),

(iii) o, 0 ar(7) = @, (2), for every z € a;'(S; NS,-1) and 0,7 € G.

In the rest of the paper, to say that a = {a, : S,-1 = S, | 0 € G} is
a partial action of a group G’ on an R-algebra S we will simply say that «
is a partial action of G on S, where the ideals associated with the action
will be denoted by S,, unless otherwise stated. We recall some facts which
are already known (see [5]). The property (ii) of the definition easily implies
that a,(Sy,-1 N S;) = Sy, N S,,, for all 0,7 € G. Also ;' = a,-1, for every
oed.

From here on we assume that the group G is finite and any algebra S is
a commutative faithful R-algebra with identity element. We identify R with
R1 and so we may assume R C S. Furthermore, unless for some remarks in
Section 6, each S, is supposed to be generated by an idempotent element 1,,
i.e., S, is an R-algebra with identity. It is clear that in this case S, NS, =
1,1;S. In the particular case that S, = S, for all ¢ € G, we have a usual
(global) action of the group G on the R-algebra S.

The following lemma will be very useful in the sequel.

Lemma 2.1 Let a be a partial action of a group G on an R-algebra S such
that each R-algebra S, has identity element 1,. Then the equalities

(i) as(15-11;) = 1,1,, and
(i) ag (o (2l-11,-15-1)) = ap (@ (21-1)15-1) = agr(21,-15,-1) 14,

hold for all 0,7 € G and x € S.

Proof. The relation (i) follows from the equality o, (S,-1 N S;) = S, NSy



Using this relation we have

as(a(zl-11-15-1)) = agp(ar(rl,-11,-11,-1,-1))
= ao(ar(xl-1)ar(1,-11,-1,-1))
= a,(a(xl-1)1;1,-1))
= a,(a(xl-1)1,-1)

On the other hand, since 21,-11,-1,-1 € S;-1NS;-1,-1 = @,;-1(S;NSy-1),
using again (i) we have

(- (xl-11,-15-1)) = Qgr(rl,m11,-15-1)
= o (xl-1p-11-15-11,-1)
= aUT(xlT lg— l)aUT(lT 10’11771)
= OégT(SL‘l —10—1)1071
= Oém—(.’L'l —10—1) O]

Given a partial action a of G on the R-algebra S, the skew group ring
S %q G is defined as the set of all the formal sums ) .. 25Uy, 2, € S,, With
the usual addition and the multiplication determined by (z,us)(y,u,) =
g (y-1(245)y; )Ug,. Since each S, is an algebra with identity, then S %, G is
an associative R-algebra ([5], Corollary 3.2).

A natural map j : S %, G — Endg(S) is defined by j(>_ ., Totis)(2) =
Y vec Lolg(215-1), for every z € S. Clearly, j is a homomorphism of left
S-modules. We claim that it is also a homomorphism of R-algebras. Indeed,
for any 0,7 € GG and z € S, we have

7 )tgr)(2)
(2’1771071)
(21771071)10.

J(ote) (yrur))(2) = jlag(as1(74)y
o (g1 (24)y, )
- 060(040*1(330)?}7)04

On the other hand,

j(quU)j(yTU/T)(Z) = anU(yTaT(ZlT_l)la_l)
= a,(p1(zy)yrar(21,-1)15-1)
= ao(e1(z,)yr) g (- (21,-1)1,-1).

By Lemma 2.1
050(057'(217'*1)10*1) = aUT(Z17*10*1)10

and thus j((@,15) (yrttr)) = J(25us)j (rur), as claimed.



Let M be a left S x, G-module. We put
MY ={m e M : (1,u,)m = 1,m,for all 0 € G},

an R-submodule of M. Note that M is an S-module via the embedding
x +— zuy from S into S %, G.

The algebra S can be considered as a left S %, G-module via j, that
is, (z,ue)y = j(rous)(y), for all y € S and ¢ € G. Then the subring of
invariants is S = {x € S|ay,(vl,-1) = 1,2, for allo € G}. Note that
r € SY is equivalent to a,(za) = wa,(a), for every a € S,-1, o € G. Since
each a, is R-linear we have R C S¢.

As in the classical Galois theory the trace map plays an important role.
In our case we define it by trg/r(z) = > s as(2l,-1), for every z € S. By
Lemma 2.1 we have

oceG

ar(trg/p(@)l1) = Y ar(ag(2ly-1)1-1)
oeG
= > o(l,1,1)1 = trg/p(e)ls,
oeG

for all 7 € G. Hence trg/p(z) € S¢ for all x € S, and so tro/p S — S¢ i
an R-linear map.

3. Partial Galois Extensions

We say that two elements o and 7 of GG are strongly distinct, with respect
to the partial action a of G on S (a-strongly distinct, for short), if for any
non-zero idempotent e € S, U S, there exists x € S such that a,(x1,-1)e #
a,(zl-1)e.

Now we prove the following result, corresponding to Theorem 1.3 of [2].

Theorem 3.1 Let « be a partial action of a (finite) group G on an R-algebra
S. Then the following statements are equivalent:

(i) S is a finitely generated projective R-module and j : Sx,G — Endg(S)
is an isomorphism of S-modules and R-algebras.

(ii) S is a finitely generated projective R-module and for every left S, G-
module M the map u : S ® M% — M, given by u(r ® m) = zm, is an
isomorphism of S-modules.



(iii) S is a finitely generated projective R-module and the map 1) : S®S —
[I,cc Sos defined by ¥(x ® y) = (za,(yls-1))seq, is an isomorphism of S-
algebras.

(iv) S¢ = R and there exist elements x;,y; € S, 1 < i < n, such that
D i<icn Tt (Yily—1) = 01,5, for each o € G.

(v) S¢ = R, S is separable over R and the elements of G are pairwise
a-strongly distinct.

Proof. (i)=-(ii) Since S is a finitely generated projective R-module there
exist elements z; € S and f; € Homg(S,R), 1 < i < [, such that x =
D ici<y filz)x;, for all z € S.

For each 1 < i <[ put v; = j7'(f;) € S %, G. Note that j(1,u,v;)(z) =
J(1ouq) (j(vi)(2)) = j(Lous)(fi(2)) = ao(fi(z)1o-1) = fi(z)1o = 1oj(vi)(z) =
Jj(1ov;)(z), for every x € S. So l,u,v; = 1,v;, for every o € G, and con-
sequently v;m € MY, for all m € M and 1 < i < [. This implies that the
map v: M — S® MY, defined by v(m) =, ,., 7 @ vym, is a well defined
homomorphism of R-modules. o

Note that j(3_, ;. ivi) (%) = > i @if(vi)(2) = Do 1iq@ifi(z) =
for all x € S, which implies that >, _,, z;v; = us.

Also, for z € S, v =13 VYollsg € S*o G and m € MY we have

v(em) = (v(zu))m = (X Youo)(wus))m

= (5 aulas e = 5 anlar s(un)ele
= > Yoy (xl,-1)m = j(v)(x)m.

ceG

Using the above relations we immediately obtain that puv and vu are the
identity mappings.

(ii)=(@ii) Put F={f : G — S| f(o) € S,, for allo € G}. Then it is
clear that J is an S-algebra evidently isomorphic to [, . S,. Foreacho € G
and f € F the map o x f : G — S defined by (0 x f)(7) = a, (f(c7'7)15-1),
for every 7 € G, belongs to F. In fact, (o * f)(7) = a,(f(07'7)1p-1,15-1) =
o (fo™' ) =1)a(15-1,15-1) = au(f(07'7)1,-1)1,1, € S;. Also, Lemma
2.1 easily implies that F has a structure of a left S x, G-module given by
(xotp) f = xo(0 % f).

It follows from the assumption (ii) that the map u : S ® F¢ — F ~
[I,cc So defined by ji(z ® f) = (2f(0))seq is an isomorphism of S-algebras.
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Finally, for z € S denote by f, the map from G to S defined by f,(7) =
ar(z1,-1), 7 € G. Lemma 2.1 gives ((1,u,)f:)(T) = ao(fu(o7'7)15-1) =
(g1, (21,-15)15-1) = a,(2l,-1)1, = 1,f(7), for all o,7 € G, which
means that f, € F¢ The converse is also true: if f € F¢ we have
ao(f(o7i1)1,-1) = 1,f(7), for all 0,7 € G. In particular, taking 7 = o
we obtain a,(f(1)1,-1) = 1,f(0) = f(o), and so f is uniquely deter-
mined by f(1). These considerations easily imply that the map S — F€,
x — fz, is an isomorphism of S-algebras and consequently the composition
S®S —=SRJFY— [I,cc So is also an isomorphism of S-algebras, which is
clearly equal to .

(iii)=(iv) Take z € S¢. It follows from (iii) that z® 1 = 1® z. On
the other hand, since S is a faithfully projective R-module there exists an
R-submodule M of S such that S = R@& M. Write x =r +y withr € R
and y € M. Then y®1 = 1®y and they are in different direct summands of
S®S. Hence y®1 =0 and so y = 0. Consequently x =7 € R and S = R
follows.

For the second part of (iv) take (1,0,...,0) € [], .4 S, whose first en-
try corresponds to o = 1. Since 1 is an isomorphism, there exists w =
D icicn Ti ®yi € S ® S such that ¢(w) = (1,0,...,0) and (iv) follows.

(iv)=(i) Note that trg/z(z) € R for any z € S, since S = R. Take
TiY; € S; 1 <1 < n, with Zl<i<n$iaa(yila—1) = 51,0 and define fz S
Hompg(S, R) by f;(x) = trs/r(y;x), for all z € S. Then

. filwz = Y0 Y ag(yirly-1)w;

1<i<n 1<i<n oeG
= Z( Z xiav(yilafl))aa(mlafl)
c€G 1<i<n
= Y Si.0,(7l,-1) =z,
oceG

for all z € S. Hence S is a finitely generated projective R-module.
Now we show that j is an isomorphism. For arbitrary h € Endg(S) set
W= cadcien M(Ti)as(Yilo=1)us € S%q G. Then for any = € S,

Jw)@) = > X Mai)as(yilo-)as(215-1)

oG 1<i<n

= > Mx)(Y as(yirler)) = > h(zi)trs/r(yir)
1<i<n oeG 1<i<n

= h( Y witrgr(yiw)) =h(DY. Y mias(yiwls—1)) =
1<i<n c€G 1<i<n



= (X (X mias(yile1))as(rls))

c€G 1<i<n

= h(). dea,(rls-1)) = h(x),

oelG
hence j is surjective.
Take now w = Y . z,u, € Ker(j). Then j(w)(x;) = 0, forall1 <i < n.
Using Lemma 2.1 we obtain

0 = > > Jj)(@)or(yl—)u,

TEG 1<i<n

= > > > weas(rile-1)a, (yl-1)u,

T€G 1<i<n 0€G

= Y > rean( Y miae-r(or(yil-1)1,))u,

T€G oG 1<i<n
= 3 > xeap( D> w1, (Yili-1,)1lo-1)u,
TEG oG 1<i<n
= > Y Te@u(01r-1515-1)Ur
TEG 0EG
= D TylUy =w
oeG

and so 7 is injective.

(iv)=(v) If z;,y; € S, 1 < i < n, are such that ), .., v, (y;l,~1) =
1,0, for all o € G, then the element e = > .. 2z, ®y, € S® S is the
separability idempotent of S ® S. In fact, Y, ,., z;y; = 1 and, for any
x € S, we have o

Yo rri @y = Y, (Y as(zrile-1)die) @y
1<$i<n 1<i<n 0€G

= > (X ag(zzily-r) Y mjas(yile—1)) @y
1<i<n 0€G 1$5n

= > (X ar(zziyile1))r; @y
1<i,j<n oc€G

= > witrgrzry) @ui= Y, x; @ trs/r(vwiy;)ys
1<4,5<n 1<4,5<n

= Z T ® Z Z aa(xxiyjlafl)yi
1<j<n 1<i<n oG

= T e S el X sl
1$5n oG 1<ien

= Y 150 Y a(lieryiler) = > x; @y,
1<j<n oeG 1<j<n

Now take o, 7 € G and suppose that v € S,US; is a non-zero idempotent.
We can assume v € S,. If a,(zl,-1)v = a,(xl,-1)v, for all x € S, using
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Lemma 2.1 we have

za,-1(vl,) = az-1(ar(xl-1)vl,)
= -1 (rl-1)1,)a-1(vly,)
= -1, (xl-1,)a,-1(vly),

for all x € S. In particular we have a,-1(vl,) = >, ;c, TiVide-1(vl,) =

N icion Tito=1-(Yilr-15)0p-1(v1,) = 8y y-1,04-1(v1,). Since v1, # 0 we con-

clude that ¢ = 7. So the elements of G are pairwise a-strongly distinct.
(v)=(iv) For o € G consider 0, : S®S — S®S5, the homomorphism of S-

algebras defined by 0, (z®y) = 2®a, (yl,-1). Denote by e = 37, ;. 2;®y; €

S ® S the idempotent of the separability of S over R and by p: S® S — S

the multiplication map. It is easy to verify that, for each o € GG, the element

e, = p(b,(e)) = > zia,(yil,-1) € S, is an idempotent. Furthermore, since

S'is an S ® S-module, 4 is S ® S-linear and 0, is S ® S%-linear, for any z € S

we have

vee = wplfs(e)) = (v @
= wl-((1®x)e)) =
= a,(xl,-1)e,.

1(05(e)) = p(0,
(6, (1 0

pls((z @ 1)e))
(1@ 2))u(0a(

1)
p €))

Since the elements of G' are pairwise a-strongly distinct, if o # 1 then e, = 0
and 50 > ;. Tio (yil,—1) = 0. The proof is complete. O

We say that S is a partial Galois extension of R with group G and partial
action a (an a-partial Galois extension, for short) if the equivalent conditions
of Theorem 3.1 are satisfied. When this is the case, the elements z;,y; € S,
1 < i < n, satisfying the conditions of (iv) are called a Galois coordinate
system.

Clearly, in the particular case that S, = S for all ¢ € G, this notion of
partial Galois extension coincides with the classical notion of Galois extension
given in [2].

Corollary 3.2 Let S be an a-partial Galois extension of R. If 15 =
[I,cc1s # 0, then Sl is a (global) Galois extension of Rlg with Galois
group G.

Proof. Obviously, z1g € S,, for all z € S and ¢ € G. Moreover, using
Lema 2.1 we easily see that for any © € S, a,(2lg) = a,(x1,-1)1s and for
any y € S we have ylg = yl,1g = ay,(rl,-1)1lg = a,(x1g), for some = € S.

10



So a,(S1g) = Sl and consequently a,|s1,, € Autp,(S1g), for all o € G.
Also (Slg)G Q 500510 = RﬂSlG Q RlG Q (Slg)G and so (Slg)G = RlG

Finally, by the assumption there exist z;,y; € S, 1 < 7 < n, with
D icion Tt (Yily—1) = 614, for all o € G. So, Y, ...(wile)os(vilg) =
> cien Tie (Yil,~1)1g = 61,41, which completes the proof. O

Proposition 3.3 Let S be an a-partial Galois extension of R. Then we
have:

(i) There exists ¢ € S with trg/r(c) = 1.
(ii) For any commutative R-algebra T, T ® S is a 1 ® a-partial Galois

extension of T' =T ® R, where the partial action of G on T'® S is given by
themaps 1 @ a, : T ® S;-1 T ® S, for any o € G.

Proof. (i) We claim that for any f € Hompg(S, R) there exists s = s(f) € S
such that f(y) = trg/r(sy), for all y € S.

In fact, since Homg(S,R) C Endg(S) ' S *qo G, there exists w =
Y e Tolle € Sxq G such that f = j(w). This means that f(y) = j(w)(y) =
Y e Tos(yly-1), for all y € S. Using Lemma 2.1 we have
Oér(f(y)lf—l) = aT(Z xaaa(yla—l)lT—l)

oeG

= > ar(w,l-1)am (yly-1,-1)
o€l

= > ar(z-1,1-1)a,(yl,-1),
peEG

for all 7 € G.

On the other hand, since f(y) € R = S we have a,(f(y)1,-1) =
FW)1r S0 > cqar(Tr1,l-1)ap(yl,-1) = 3 cqTp0p(yl,-1)1, and this im-
plies that j(ZpEG aT(:ETflplT*l)lpuP) (y) = j(ZpGG xﬂlTuP) (y)a for all y €< S
and 7 € G. Consequently >, a;(z,-1,1,-1)1u, = > ,z,l,u, and thus
or(2,-1,1,-1)1, = x,1,, for every p,7 € G. In particular, for p = 7 one has
ar(r11;-1) =z, forall 7 € G. Hence fory € S, f(y) = >, cq vrar(yl—1) =
Yoreq (il )ar(yl1) = >0 oo ar(riyl, 1) = tr(z1y), as claimed.

Now, since S is a faithfully projective R-module, there exist y; €
and f; € Homg(S,R), 1 < i < n, with >,_,.. fi(y;)) = 1. Take z; €
such that f;(y) = trs/r(z;y), for all y € S. Then 1 = > ... fi(y:)
Y cion trs/r(Tiyi) = trg/r(Y i<y, i) and the result follows.

(i) It is easy to see that (T'® S,,1 ® a,) defines a partial action on
T®S. Also T can be identified with T® R C T ® S. Furthermore, a Galois

Il t»n »n
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coordinate system for S over R easily gives a Galois coordinate system for
T ® S over (T ® S)¢. It remains to show that T =T ® R = (T ® S)°.

Evidently T ® R C (T ® S)“. Conversely take w € (T ® S)¢. Then if
c € S is such that trg/r(c) = L one has ) (1 ®a,)(1®c)(1® 1,-1)) =
1®Y ,cq0r(cly1) =1® 1 and therefore

w = w(1®1):w%(1®aa)((1®c)(1®1r1))
= > (1®a)(w(l®1-1))(1®a:)((1®c)(1® 1,-1))

ceG

_ U;G@ ® o) (w(1®c)(1®1,1)).

Writing w(l®c¢) =3, cic,ti ® 5; € T ® S we have that

wo= > 2 (1®a)t®sils)

1<i<moeG

= Z t; & ( Z aa(silafl))

1<i<m el

= Z t; tI'S/R(SZ') €T ®R,

1<i<m
and the proof is complete. O

As a consequence of Theorem 3.1 and Proposition 3.3 we obtain the fol-
lowing

Corollary 3.4 Let S be an a-partial Galois extension of R. Then, for any
prime ideal p of R, rankpg (S,) < |G|. Moreover, rankg,(S,) = |G| for every
o if and only if S is a (global) Galois extension of R with group G.

Proof. By Proposition 3.3 (ii) we can assume that R is a local ring. So
S and S, are finitely generated free R-modules and S ® S ~ [[ .- S,, by
Theorem 3.1 (iii). Consequently,

ceG

(rankg(S))* = rankp(S ® S) = ZrcmkR(SU) < |G|rankg(S)

oeG

and the first part follows.

For the second assertion note, in particular, that the above relation im-
plies rankgr(S) = |G| if and only if rankg(S,) = rankg(S), for every o € G.
On the other hand, since S is separable over R, so is S, and by ([14], Lemma
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1.1) we obtain rankg(S,) = rankg(S) if and only if S, = S. The result
follows. u

4. Enveloping Galois actions

Assume that « is a partial action of G on S, as given in the former section,
i.e., any of the ideals S, has identity element 1, and S¢ = R.

By Theorem 4.5 of [5], @ possesses an enveloping action, which means
that there exists a ring S” and a (global) action of G by automorphisms of S’
such that S can be considered as an ideal of S” and the following properties
hold:

(i) the subalgebra of S" generated by |, 0(S) coincides with S” and we
have S" =3 . o(9),

(ii) S, = S o(S), for every o € G,

(iii) ay(z) = o(x), for all 0 € G and = € S,-1.

In the rest of the paper we will say that (S', G) is an enveloping action
of a.

Note that S’lg = Slg = SﬂO'(S) = S’lsﬂSIO'(ls) = 51150'(15), and
this implies that 1, = 1go(1s), where 15 denotes the identity element of S.
This remark will be used frequently in the sequel.

Set R = (8")¢ = {z € S'|o(z) = z, forallo € G}. Then S is an
extension of R and we may assume G' C Aut g (S').

Theorem 4.1 Let R, S, R', S', G and a as above. Then the following
statements are equivalent

(i) S" is a (global) Galois extension of R with Galois group G.

(ii) S is an a-partial Galois extension of R.

Proof. (i)=(ii) By assumption R = S¢. Let zl,yl € S, 1 < i < m,
such that Y, .. zio(y;) = d1,1g for every o € G, and consider the ele-
ments z; = zilg and y; = yils, 1 < i < m. Then Y, ., ity (yilo—1) =

Z1§igm Tilso(yilsly-1) = Z1§1‘5m zio(yi)1so(ls)l, = Z1§1‘5m zio(y;) 1, =
010ly = 0151g, for all o € G, and the result follows.

(ii)=(i) Put G ={oy =1,09,...,0,}. It is easy to see that the identity

13



element of S’ is given by

Ly = Zaj(ls) - Zaj(ls)ak(ls) e (1) Haj(lg).

j<k
Each term of this sum is an idempotent element of S’ and we can write 1 as
an orthogonal sum 1gr = e;@es®- - -@e,, where e; = 1g, €9 = (1g—1g)02(1s)
and € = (151 — 15) c. (15/ — Ujfl(ls))a'j(lg), for 2 S] S n.
By assumption there exist z;,y;, € S, 1 < ¢ < m, such that

D i<icm Tito (Yily—1) = 01,,1g, for every o € G. Consider in S’ the elements
1<i<

vy, = oj(zi)e; and yi; = oj(yi)ej, 1 <i<m, 1 < j <n. Then

iz]:m;jyzl‘j ZUJ( i)ejoi(yi)e; = ;Uj(; TiY;)e;
| z%<) =Y e =1y

J
Also, putting g; = (1gr — 1g) ... (1sr — 0;_1(1s)) we have

ZZ«’Eéjaz(y{-j) = ZZUj(xz')m(aj(yz'))ejal(ej)
’ = o) ison(ls)+
> 5 0, (12)e1(03 )5 (15)on( (15))y01(0)
= Y o) ot
2%(; 205 ' 010(y;) 1505 '010;(15)) gjou(g;)
= ]Zfﬂ 10, (Yil,1)+
5 035 501 0y D25 = 0,

i>1 1

for 2 <1 < n, and the proof is complete. O

In the rest of the section we use the same notation as above and we assume
that the equivalent conditions of Theorem 3.1 are satisfied. We study the
relation between R = S and R’ = (S")“.

For any » € R we put

=3 Y () (r)on (1s) .. 0y, (1s).

1<I<n i1 <<y

14



Note that Y a,(zl,-1) = > o(z)l, = ) o(zlg)ls = ) o(x)lg, so
oceG oceG oceG oelG
we have trg/g(v) = trg/p(z)ls, for any x € S. Since R = trg/p(S), given
7 € R there exists v € S with trg/p(x) = 7. Hence r = trg//p(2)1s and
Y(r) = troyr(@)( X 3 (1) oy(Ls) ... 03,(1s))
1<I<n i1 <<y
= trS//R/(SE)lgl = tI‘S//R/(:E).

Thus we obtain a (well-defined) map ¢ : R — R’ given by 9(r) =

trgr/r (x), where x is any element in S such that trg/r(z) = .

Now we can prove the following

Theorem 4.2 Under the above notation we have:
(i) R = trS//R/(S),
(i) R'ls = R,
(iii) v is an isomorphism of rings.
Proof. (i) Obviously trg/ g (S) C trgr(S’) = R'. Conversely, let ¢ € S’

be such that trS,/RI(c) = 1lg. For an arbitrary x € R’ we can write cx =
Y vec 0(2,) With 2, € S, since S" = ) o(S). Thus we have

oceG

r = zlg =atre p(c) =12 plc)

— 5 a0 = 5 (5 pla)
= ;G'chI/R/ (LEU) S trSI/RI(S).

Hence RI = trSI/RI(S).

(ii) As we pointed out above we have trg p(S)lg = trg/r(S). Since
trg/r(S) = R the result follows from (i).

(iii) Tt is clear that ¢ is an additive mapping. Using the same notation
as in the proof of Theorem 4.1 we can easily see that ¢(r) = >, ..., 0i(7)e;.
Since ey,...,e, are pairwise orthogonal idempotents it is clear that 1 is
multiplicative and injective. Now, take ' € R’ and choose x € S with
r'" = trgp(z). Then for r = trg/p(x) one has ¢ (r) = trg/p (z) = ' and so
Y(R) = R'. Finally, since 1z = 15 and 1z = 1g/, we have

YpAp) = > > (D)o (1s) ... 0y(1s) = Ly = 1p. O

1<I<n i1 < <4
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Remark 4.3 From the proof of Theorem 4.2 it easily follows that the inverse
of the isomorphism v is the map ¢’ : R' — R defined by ¢'(r') = 1'15.

5. The fundamental results

In this section we assume that S is a partial Galois extension of R with
group G and partial action a. For a subalgebra T" of S we denote by Hp the
subgroup of G defined by Hr = {0 € G|a,(x1,-1) = z1,, for allz € T}.
We say that T is a-strong if for every o,7 € G, with 0='7 € Hy, and any
non-zero idempotent e € S, U S, there exists an element ¢ € T such that
Qg (tl,-1)e # a,(t1,-1)e. If the action of G on S is a global action, then we
have the well-known notion of G-strong subalgebra.

The purpose of this section is to extend Theorem 2.3 of [2] on the one-
to-one correspondence between subgroups of G and G-strong separable sub-
algebras of S, using the results of Section 4. First we prove the following

Theorem 5.1 Let S be an a-partial Galois extension of R, H a subgroup
of G and T = S¥. Then

(i) S is a partial Galois extension of T with the action oy = {ay : S;-1 —
Sy|o€ H} of H on S.

(ii) T is R-separable and a-strong.
(iii) Hy = H.

Proof. Obviously the restriction ay of o to H is a partial action of H on S.
(i) It follows directly from (iv) of Theorem 3.1.

(ii) Denote by (S’,G) the enveloping action of a. Recall that S’ =
Y v 0(S). It is easy to see that there exists a global action of H on

S =73 ey 0(S) which is the enveloping action of ay.

The global action of G on S’ induces a partial action of G on S for
which it is also enveloping. Then Theorem 4.2 implies that (S')91z = (9)“

and (9")%1s = SY Consequently (5)%1s = (9")%1zlg = (5")%1s = SC.
Moreover, (S)71g= SH.

On the other hand, §' = S"15® S'(1s — 15) = S® S'(1g — 15). Clearly,
S'(1gr — 1g) is H-invariant, hence (S)7 = (S)# @ (S'(1y — 15))" and
(S)H1g = (S)F1g = (S)F. Thus T = SH = (5)F1s = (9) 1515 =
(S 1g.
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By Theorem 4.1 S’ is a Galois extension of R = (S")¢ with Galois group
G, hence by the results in [2] the R'-algebra (S’) is separable, G-strong and
H = Hgyn. It is easy to verify that if ¢’ € (S")” @ (") is the separability
idempotent of (S")7 over R', then e = ¢'(1s®15) € ()15 @p14 (S")H 15 =
SH @ SH = T ® T is the separability idempotent of 7" over R. Thus T is
R-separable.

It remains to show that T is a-strong. Take any 0,7 € G with o~ !7 ¢
Hr and a non-zero idempotent e € S, JS,. Since (S") is G-strong and
o't ¢ Hr D H = Hgnu, if el,1, # 0 there exists 2 € (S) such that
o(x)el,1, # T(x)elng. Consequently z1g € T and a,(xlgl,-1)el,1, =
ay(rl,-1)el,1, = o(x)el, 1, # 7(x)el,1; = a,(xlgl,-1)el,1,, and therefore
ay(rlgly-1)e # aT(xlsl 1)e. Finally, if el,1, = 0 and e € S, we have
ag(lglg—l)e =l,e=e#0=c¢el,1, =el, = a,(1sl,-1)e. The case e € S, is
similar and this completes the proof of (ii).

(iii) Obviously Hy O H. Conversely, assume that o € Hy \ H = Hgn.
Since (S")H is G-strong it follows that there is z € (S") with o(z)1, # z1,.
Hence a,(21sl,-1) = o(x)1, # x1, = 2151, which is a contradiction because
o € Hyr and xlg € (S")71g = T. Thus Hy = H, as desired. O

For the next result we need the following

Lemma 5.2 Let S be an a-partial Galois extension of R and T a separable
and a-strong R-subalgebra of S. Then there exist x;,y; € T, 1 <1 < m,
such that Y, ..., wy; =1 and Y oo w0, (yily-1) = 0, for allo € G\ Hr.

Proof. Let e = ZKKm x; ®@y; € T ®T the separability idempotent of T’

over R. Then }7 ., i =land 37, ;. 22,®@y; = D e, Ti®y;, for all
x € T. Denote by ,u T®T — T the multiplication map. For any o € G take

O =p0l®ay(...1,-1) and f, = 0,(e). Then f, =" .., i, (yil,-1) €
S,, [?2 = f, and for every x € T' we have o
a(rle-1)fo = X miog(ryile—) =0,( 3 ;@ xy))
1<i<m 1<i<m
= 0,( Y 22i®y)= > amias(yils—)
1<i<m 1<i<m

= xf,.

Since T is a-strong, if o ¢ Hp the above implies that f, = 0. O

The next theorem completes the proof of the one-to-one correspondence

17



between subgroups of G' and subalgebras of S which are R-separable and
a-strong.

Theorem 5.3 Let S be an a-partial Galois extension of R and T a separable
and a-strong R-subalgebra of S. Then S =T for H = Hr.

Proof. Clearly T C S¥. So, it remains to prove the converse.

Let (S, G) be the enveloping action of a and R’ = S'“. As in the proof
of Theorem 5.1 we consider the subalgebra S = Y wen 0(S) on which H
acts as a group of automorphisms and (§, H) is the enveloping action of
ag ={(Sy,,a,) |0 € H}, a partial action of H on S.

By Remark 4.3 there exists a ring isomorphism ¢y : S¥ — (S)7 such
that ¢y (z)lg = , for all z € ST, Write T = ¢y (7).
Claim 1 There are elements z;, y; € T, 1 <i<m,suchthat ), .. T,y =
Land Y, ;. Tio(y;) =0, for every 0 € G\ H. o

Indeed, by Lemma 5.2 there exist elements x;,y; € T, 1 < 7 < m, such
that >, ziy; = 1 and Y ..., Tias(yil,~1) = 0, for all 0 € G\ H.
Since Y cicmio(y;) € SN o(S) = S, we have that Y, ... zio(y;) =
Zlgz‘gm zi0(yi) 1o = Z1gz‘§m Qo (Yils-1) = 0.

Write Z; = ¢y (x;) and y; = Yy (y;) in T, 1 < i < m, and denote by

71 = 1,79,...,7 the elements of H. As it was seen in the proof of The-
orem 4.2 (ii), for every z € S¥ we have ¢y (z) = >, o, Ti(x)e;, where
e1,...,e € S are pairwise orthogonal idempotents. Therefore Y, ... 7y, =

Vi (D 1cicm Ti¥i) = Yu(ls) = 15 and for each o € G\ H we have

YcicmTio() = > > mi(mi)ejo(ry(yi)es)

1<i<m 1<j,5'<l

= Y eolen)( X w;tory(yi) =0,

1<5,5'<l 1<i<m

which completes the proof of Claim 1.
Note that since H C Hz and the elements ;, y; of Claim 1 are in T, this

claim implies, in particular, that Hz = H.

As we saw in Theorem 5.1, the restriction of (S', G) to S gives a partial
action of G on S for which it is also enveloping. Then it follows from Theorem
4.2 that there is an isomorphism of rings (S")¢ — (5)¢ sending z to z1s.
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Also, the map z + zlg is an isomorphism from (S')¢ onto R. Thus we
¢ — R defined by y — ylg, for any y € (g)G,
whose inverse is 1y restricted to R. Hence ¢ (R) = (S)¢ and consequently
T = ¢y (T) is separable over (S)¢.

Note that (S")? = (S")"1z8(S) " (1g—15) = (S'15) ()" (1g—15) =
(S)" & (S)" (1 — 15). Consider the subalgebra 7" =T & (S")" (1g — 13).

have an isomorphism (S)

Claim 2 7" is separable over R’ and G-strong.

In fact, since (S)¢ and R'(1g — 13) are separable over R, then (S)° @
R'(1g—15) is R'-separable. Also, $"¥ is separable over R’ and so (S")(1g —
15) is separable over R'(lg — 15). Because we also have that T is (S)%-

separable, it follows that 7" is separable over (S) @ R'(1g — 15) and conse-
quently T” is separable over R'.

To prove that 7" is G-strong assume that 0 € G\ H and e € S’ is
an idempotent, and suppose that o(x + y)e = (z + y)e, for all z € T and
ye (8)(1g — 15).

Put e = e; + e, with e; = elz and e; = e(lgr — 15). Then multiplying
oz +y)e = (z+y)e by 1z we obtain o(z + y)e; = (z + y)e; = zey, for
all z € T and y € (5')7(1g — 15). In particular, taking y = 0 we see that
o(z)e; = wey, for every z € T.

By Claim 1 there exist z;,y; € T, 1 <i<m,with Y}, .. 7;5; = 13
and Zlgigm ZEZO'(gz) = 0. Hence 0 = Zlgigm Eia@i)el = Z;Sm figiel =
]_§61 = €.

Thus ¢ = e, and o(z + y)es = (z 4 y)es = yey, for all z € T and
y € (8)"(1y — 15). Taking = 0 we obtain o(y)es = yeq, for every
ye (S)(1y —1g).

On the other hand, since (S")" is G-strong and separable over R', by
Lemma 4.2 there exist u;,v; € (S)7, 1 < j <[, with 33, uv; = 1g
and 37, ujo(v;) = 0. Consequently 0 =37, u;o(v;)o(ls — lg)es =
Y i< tvi(ls —1g)ez = 1o (1g — 15)e2 = ez, which completes the proof of
Claim 2.

Now we are able to complete the proof of the theorem. By Claim 2 and
the results in [2] 7" = (S)" for H' = {0 € G | o(x) = z, for allz € T'}.
Also, by definition of 7", an element o0 € G is in Hy = H' if and only if
o € Hz = H and thus H' = H. It follows that 7" = (S")¥ and S =
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(§)H15 = (81 =T'1g = Tls =T. The proof is complete. O

The above results immediately imply the following Fundamental Theorem
of partial Galois theory, which is an extension of Theorem 2.3 of [2].

Corollary 5.4 Let S be a partial Galois extension of R with group G and
action . Then there is a one-to-one correspondence between the subgroups
of G and the separable subalgebras of S which are a-strong.

6. Examples and Remarks

In this section we give some examples and remarks which illustrate our
results.

Example 6.1 Let R be a commutative ring and put S = Re; & Res ® Res,
where {e1, 9,3} is a set of non-zero orthogonal idempotents whose sum is
one. We denote by G the cyclic group of order 4 generated by o, and define
a partial action of G on S taking S =S, S, = Re; ® Res, S,2 = Rey @ Res
and S,3 = Res @ Res, and defining o = idg,

g 1 Sys = S, by ag(es) = €1 and ay(e3) = e,
(2 @ Sy2 — Sy2 by a2(e1) = ez and a,2(e3) = e and
(3 0 Sy — Sy by aga(er) = e and ays(es) = es.

Then it is easy to verify that S is an a-partial Galois extension of R. In
this case it is also clear that the enveloping action of « is the trivial extension
S" =S @ Rey of R, where the global action is given by o*(€;) = €;_i(mod1)-

Example 6.2 Let R be a commutative ring and put S = ), ..., ®Re;,
where {ey, €9, €3, €4} is a set of non-zero orthogonal idempotents whose sum is
one. Denote by G the cyclic group generated by o of order 5. The mappings
defined on the ideals {S,S, = Res, S,2 = Rey,S,s = Re3, S;a = Req} by
ap = idg, ay(e1) = ez, ay2(e3) = ey, ays(eq) = ez and o a(es) = eq, give a
partial action of G on S.

It can easily be verified that S = R(e; + e2) @ R(e3 + e4) and taking
r; =y; = e, 1 <i<4, we have a Galois coordinate system for S over S¢.
Thus S is an a-partial Galois extension of S¢. Also, it is not difficult to show
that the enveloping action is given by S" = S @ ), ;. ®Rv;, where the set
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{v;]1 < j < 6} is a set of orthogonal idempotents which are also orthogonal
with the e;’s and such that ), e; + >, v; = 1. The action of o is given by
€1 — €y — V1 — Uy — Uz — €1 ande3—>v4—>e4%v5—>vﬁ—>63. Here we
have S’ = R(ey + ey + v1 + va + v3) @ R(es + eq + v4 + v5 + vg).

Example 6.3 Let A be a cyclic (global) Galois extension of a commutative
ring R with Galois group G generated by o of order 6. Set S =Y, ... ®Ae;,
where {e;|1 < i < 5} is a set of non-zero orthogonal idempotents of sum
one. Define the partial action o of G on S taking A, = Ag_; and i (ae;) =
o'(a)eg_i, 1 < i < 5. Thus we have a partial action of G on S and S¢ =
{aey + bey + ces + o2 (b)ey + o(a)es |a,b € A, c € A7’}

Let a;,b; € A,1 < i < m, a Galois coordinate system for A over R and
consider the elements z; = y;e;,7 = 1,2,4,5 together with the elements
Ti3 = a;e3,Y;3 = b;ez. It is easy to see that this gives a Galois coordinate
system for S over S¢. Hence S is an a-partial Galois extension of S¢.

We can verify that the non-trivial separable a-strong subalgebras of S
are S; = {m1e; + Taes + w363 + 0% (T9)ey + w565 | T € A} and Sy = {11 +
Toey + T3e3 + Taey + T5€5 | T3 € A7z, € Afori # 3}.

The above examples shows that is quite easy to construct partial Galois
extensions. In certain sense, partial Galois extensions are ubiquitous:

Example 6.4 Assume that S is a Galois extension of R with Galois group
G and A is an ideal of S. By the results in Section 4 of [5], if for any 0 € G
we define A, = ANo(A) and denote by «, : A,-1 — A, the restriction of
the automorphism o of GG, then we have a partial action of G on A. Under
the additional assumption that A is generated by an idempotent element 14
of A then, by the results of Section 4, S is an a-partial Galois extension of
R1,4.

We can obtain a consequence of the main results in the case S is a re-
duced ring. Assume that S is reduced and denote by () the complete ring
of quotients os S. Recall that () can be obtained considering the filter & of
essential ideals of S and the set of all the S-homomorphisms f : H — S,
where H € F. Two homomorphism f : H — R and f': H — R are said to
be equivalent if the restrictions of f and f’ to H N H' are equal. Then @ is
defined as the set of all the equivalence classes of this homomorphisms with
natural operations. Also, S can be considered as a subring of Q).
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Let a be a partial action of the group G on S and we denote, as in the
former sections, by (S,)sec the ideals involved in the action. It is well-known
that there is a one-to-one correspondence, via contraction, between closed
ideals of S and closed ideals of ). So for any ¢ € G there exists a closed
ideal S* of @ such that S* NS = [S,], where [S,] denotes the closure of S,
in S. Also, Si is the complete ring of quotients of the reduced ring (without
identity) S,. Thus the isomorphisms o, : S,-1 — S, can be extended to
isomorphisms o}, : ST, — S, which we will denote by «, again, and it can
easily be seen that this defines a partial action a of G on (). Note that this
extended action satisfies the assumption we used in the former sections, i.e.,
the ideals S have identity elements. For more details on this results the
reader can see ([13], Section 1).

Let S be a reduced ring and « is a partial action of G on S. Denote by
@ the complete ring of quotients of S and again by « the extended partial
action of a to (). As a consequence of Corollary 5.4 we obtain the following

Corollary 6.5 Under the above notation, assume that there exist elements
z;,y; € S,1<i<mn,suchthatb=">,_, . x;y; is a non-zero divisor of S and
> icion Lit (yia) = 0, for any a € Sy,-1 and id # 0 € G. Then Q is an -
partial Galois extension of Q° and there exists a one-to-one correspondence
between the subgroups of G and the Q“-separable subalgebras of ) which
are o-strong.

Proof. As b is a non-zero divisor, then bS is an essential ideal of S and
it follows that b is invertible in (). Also, since S, is essential in S}, for any
o € G, it easily follows that the elements elements {b~'z;, 9,1 < ¢ < n}
give a Galois coordinate system in (). Consequently () is an a-partial Galois
extension of Q¢ and the result follows. O

Example 6.4 suggests that we could also consider the case in which the
ideals S, are not necessarily generated by idempotents of S. But is not an
easy problem to give a “good” definition of a partial Galois extension in this
general case and to obtain some deep result, like the Fundamental Galois
Theorem. This seems to be indicated by the fact that until now there is no a
Galois Theory for rings without identity element. We were unable to obtain
intrinsic results for this more general case in which there are not identities
in the ideals S,, even when S is a reduced ring.
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